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Abstract

This paper is concerned with the study of stability analysis to a complicated recovered frac-
turing fluid model (RFFM, for short), which consists of a stationary incompressible Stokes
equation involving multivalued and nonmonotone boundary conditions, and a reaction-
diffusion equation with Neumann boundary conditions. Firstly, we introduce a family of
perturbated problems corresponding to (RFFM) and deliver the variational formulation
of perturbated problem which is a hemivariational inequality coupled with a variational
equation. Then, we prove that the existence of weak solutions to perturbated problems
and the solution sequence to perturbated problems are uniformly bounded. Finally, via
employing Mosco convergent approach and the theory of nonsmooth, a stability result to
(RFFM) is established.
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1. Introduction

Recently, in [5], the authors applied various constitutive laws, such as the law of con-
servation of mass, Fick’s diffusion law, inflow law, friction law and etc, for introducing
a complicated recovered fracturing fluid model, in order to study the flow behavior of
recovered fluid and the reaction-diffusion phenomenon of contaminants in the wellbore
of shale gas reservoir during the early stage of fracturing fluid flowback. Indeed, the
recovered fracturing fluid model in [5] is exactly formulated by a stationary incompress-
ible Stokes equation involving multivalued and nonmonotone boundary conditions, and a
reaction-diffusion equation with Neumann boundary condition.
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PrROBLEM 1.1. Find a velocity field u: Q — R?, a pressure field p: Q — R and a concen-
tration field y: € — R such that

TpAurVp=f n Q (1.1)

Vou=0 in Q (1.2)

v=0 on I'p, (1.3)
Uy = 0,

{ ~7-(u) € 6(y)0j(x, ur), on Tg, (1.4)

UZ/TV(u’p) = O’
7(u) =0,
uy, > 0,

Tl/(’u’,p) = _¢7 on FC37 (16)
7(u) =0,

uy <0,
14 ) S O)
7(u; ) on Tg,, (1.5)

and
—div(B(u)Vy) + g(x,y) =0 in Q,

0
GVZ; = (/B(u)vy) V= h‘XFCQUFCg on F)

(1.7)

where the boundary I' is assumed to be divided into fourth disjoint parts I'p, I'c;, I'c,
and I'c, with I'p having positive measure, v is the unit outward normal on the boundary
I, XT'e,Ule, stands for the characteristic function of I'c, and I'c,, v, = uw - v and u, =
u — u, v are the normal and tangential components of velocity field w on the boundary
T, 7,(u,p) = 7(u,p) - v and 7-(u) = 7(u,p) — 7,(u,p)v are the normal and tangential
components to traction vector field 7.

In Problem 1.1, condition (1.3) models that the velocity u satisfies homogeneous Dirich-
let condition on I'p; condition (1.4) reflects that there is no phenomenon of osmosis to
the recovered fracturing fluid and the tangential component of the traction vector 7,(u)
satisfies a multivalued and nonmonotone friction constitutive law on I'c,; condition (1.5)
indicate that recovered fracturing fluid satisfies the inflow boundary condition on I'c,;
condition (1.6) represent that recovered fracturing fluid satisfies the outflow boundary
condition on I'cy; condition (1.7)2 show that contaminants satisfies the nonhomogeneous
Neumann boundary condition on I'c, and I'c,.

Since the physical quantities, data and coefficients in recovered fracturing fluid measured
by various devices are not precise in general. Therefore, a necessary and significant study
concerning stability analysis should be carried out for determining the practicality and
effectiveness of a certain mathematical model (see [1,2,10,16]). On the other hand, stability
to a certain mathematical model is quite critical for ensuring whether the computational
implementation of the model under consideration is overly sensitive to possible round-off
errors (see [3,4,13-15,17,19,21,23-28]). From the view-point of numerical approximations,
the stability is particularly important since a numerical solution is meaningful only if
the certain mathematical model being solved is stable with respect to the data (see [11,
12,22]). Based on these motivations, this paper is devoted to explore the stability of
recovered fracturing fluid model, Problem 1.1. More precisely, the main aim of this paper
is twofold. The first one is to introduce a family of perturbated problems (see Problem 3.1)
corresponding to Problem 1.1, and to obtain the existence of weak solutions for perturbated
problems. However, the second goal is to apply Mosco convergent approach and the
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theory of nonsmooth for establishing a stability result to Problem 1.1, which reveals that
the solution set of Problem 1.1 can be approached in the sense of Kuratowski by the
perturbated problem, Problem 3.1, when perturbated parameter tends to zero.

The rest of this paper is organized as follows. In Section 2, we introduce some nec-
essary preliminary materials, and review the variational formula as well as the existence
of weak solutions to Problem 1.1. Section 3 is devoted to introduce a family of pertur-
bated problems (see Problem 3.1) corresponding to Problem 1.1, and to impose the mild
assumptions to perturbated operators in Problem 3.1. Finally, in Section 4, a stability
result to recovered fracturing fluid model, Problem 1.1, is established.

2. Preliminaries and hypotheses

In this section, we shall recall some necessary notations, basic definitions and a result
on solvability to Problem 1.1.

Given a normed space X, we denote by || - || x and X* the norm and topological dual
of X, respectively. In what follows, the symbol (-, ) x=xx stands for the duality pairing
between X* and X. However, if no confusion arises, we often skip the subscript. The weak
and the strong convergences in X are denoted by "—" and "—", respectively. Furthermore,
we denote by £(X1, X2) the space of linear and bounded operators from a normed space
X1 to a normed space Xo endowed with the operator norm || - ||z(x, x,)-

Let us recall the definitions concerning the generalized directional derivative and gen-
eralized gradient in the sense of Clarke for locally Lipschitz functions, see [6-9].

DEFINITION 2.1. Let h: X — R be a locally Lipschitz function defined on a Banach space
X. The generalized Clarke directional derivative of h at the point u € X in the direction
v € X, denoted by h°(u;v), is defined by
h Av) —h
RO (u;v) = limsup (w+ Av) (w) .

A—=0t, w—u A

The generalized Clarke subgradient of h at u € X, denoted by Oh(u), is a subset in the
dual space X* given by

Oh(u) = { € € X* [ W¥(u;v) > (&,v) forallve X }.

Some critical properties for generalized directional derivative and generalized subgradi-
ent in the sense of Clarke are selected by the following proposition, see [18, Proposition
3.23].

PROPOSITION 2.2. Assume that h: X — R is a locally Lipschitz function. Then the
following assertions hold:

(i) for every u € X, the function X 3 v — h%(u;v) € R is positively homogeneous
and subadditive, i.e.,
RO (u; M) = AR (u; v) and hO(u; vy + va) < hO(u;vr) + hO(u;v9)

for all A > 0 and v, u,v1,v9 € X.
(i) for each v € X fixed, there exists an element &, € Oh(u) satisfying h°(u;v) =
(€,,v), so, by the definition of generalized Clarke subgradient, we have h°(u;v) =

max { ({,v) | £ € Oh(u) }.

(iii) the function X x X 3 (u,v) ~ h%(u;v) € R is upper semicontinuous.
Also, we review the definition of Mosco convergence, see e.g. [8, Chapter 4.7] and [20].

DEFINITION 2.3. Let X be a Banach space and {K,, K},~0 C 2% \ {#}. We say that K,

converges to K in the sense of Mosco as p — 0, denoted by K, MK , if and only if the
conditions hold:
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i) for each u € K, there exists a sequence {u,},~o such that u, € K, for every p >0
pIp P P P
and u, — u in X;
(ii) for each sequence {u,},~0 such that u, € K, for every p > 0 and u, — u in X,
we have u € K.

In order to give the definition of weak solutions to Problem 1.1, we need the following
function spaces and admissible set for velocity fields:

YN/:{UECC’O(Q;Rdﬂ V-u=0in Qu=0onTp and uV:00nF01}, (2.1)

=H(;R?) ~ 1 d

V=V , 1.e., V is the closure of V in H(Q2; R?), (2.2)

K={ueV |u,<0onTl¢ and u, >0 on '} (2.3)
Because I'p has positive measure, it is not difficult to apply Korn inequality to conclude
that the norm || - ||y defined by

[vllv = [[D(v)||2(se) forallv eV,

is an equivalent norm of V. In the meanwhile, by the Rellich-Kondrachov theorem (see
e.g. [18, Theorem 2.16]), we can see that the embeddings

HY (O R3) ¢ LA R?), and HY(Q;R?) c LY(Q;R?) for any ¢ > 1

are continuous and compact.
Moreover, we make the following hypotheses on the data of Problem 1.1.

H(f): fe€ L2(;RY).

H(h): h € L*(Tc,).

(
M: ¢ € LZ(FC3).
(

H(j): j: T, x R — R satisfies the following conditions:

(i) j(-,€) is measurable on I'c, for all £ € R, and j(-,0) € L'(T¢,);
(ii) j(,-) is locally Lipschitz for a.e. & € I'c;
(iii) there exist co € L?('¢,;Ry) and ¢; > 0 such that

107 (x, €)||ga < co(x) + c1]|€||ga  for all £ € R? and a.e. x € Ty,

where 07 is the generalized Clarke subdifferential operator of j with respect to its
second variable;
(iv) there exists a constant «; > 0 such that

jo(w,rl;rz —71) +j0(:c,r2;r1 —r2) < ajfjry — r2||ﬂid for all 71,72 € R and ae. z € Le,.

H(0): 0: Ty x R — R is such that

(i) 0(+,y) is measurable on I'¢, for all y € R;
(ii) (=, -) is continuous in R for a.e. € I'¢y;
(iii) there exist constants dp,d1 > 0 such that

0<dy<d(x,z) <oy forall zeRand a.e. ¢ €T

H(B): B: 2 x R? = R enjoys the following properties

(i) B(-,u) is measurable in Q for all u € R%
(ii) B(,-) is continuous in R for a.e. = € Q;
(iii) there exist constants [y, 1 > 0 such that

0<pfo<pB(x,z)<pyforall z € R? and a.e. ¢ € Q.

H(g): g: 2 xR — R is a Carathéodoary function such that
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(i) there exist a function o, € L4(Q;R) and a constant ¢, > 0 such that
lg(x,7)| < ag(x) + cglr|* for all » € R and a.e. = € Q;
(ii) there exists a constant dy > 0 such that
(g(x,r1) — g(x,72))(r1 — 19) > dy|r1 — 12| for all r1, 7y € R and a.e. = € Q.
From [5], we have the weak variational formulation of Problem 1.1 as follows.

PROBLEM 2.4. Find a concentration field y € H'(Q) and a velocity filed u € K such that

QM/QD(U) :D(v —u)de + 5()7%(x, wr; vy — uy)dl

e,
2/ f-(v—u)de— (v, — uy) dl (2.4)
Q Loy
for all v € K, and
/ B(u)Vy - Vzdx —I—/ g(x,y)zde — / hzdl' =0 forall z€ H'(Q). (2.5)
Q Q FeyUlcy

It should be pointed out that a pair of functions (u,y) € K x H(Q) that satisfies Prob-
lem 2.4 is called to be a weak solution of Problem 1.1.
Let us consider the functions

AV SV (Au,v) = 2u/ D(u): D(v)dz for all u,v €V, (2.6)
Q
fev, <f,fv>:/f~'vd:c— dv, dl for all v € V, (2.7)
Q Tcy
v:V = LA;RY, yw =wv, forallveV. (2.8)

Using (2.6)—(2.8), we can observe that Problem 2.4 can be rewritten equivalently to the
following one:

PROBLEM 2.5. Find a concentration field y € H'(Q2) and a velocity filed u € K such that
(Au—f,v—u) + 5()5%(x, yu; y(v — w))dl > 0 for all v € K, (2.9)
e,

and

/B(u)Vy-Vzd:c—i—/g(x,y)zdw—/ hzdl' =0 for all z € H'(Q).
Q Q r

Ul

Under the assumptions H(j), H(9), H(S), H(f), H(h), H(¢) and H(g), the authors
in [5, Theorem 5.1] applied a surjective theorem of pseudomonotone operators, mono-
tonicity arguments and Schauder fixed point theorem to establish the following existence
theorem for Problem 1.1.

THEOREM 2.6. Assume that H(j), H(5), H(B), H(f), H(h), H(¢), H(g) and the following
smallness condition are satisfied

20 > S0y

Then Problem 1.1 has at least one weak solution (u,y) € K x H(Q).
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3. Perturbation of recovered fracturing fluid model

In order to explore the stability analysis for the recovered fracturing fluid model, Prob-
lem 1.1, this section is devoted to introduce a family of perturbated problems correspond-
ing to Problem 1.1 and to deliver the variational formulations for perturbated problems.
Let p > 0 be a given parameter. Assume that data u, f, ¢, 9, j, 5, g and h are perturbated
by parameter p, (so, we have perturbated operators and coefficients 5, fy, 0p, Jp, @p, Bp,
gp and h,. Let us consider the following pertubated recovered fracturing fluid model.

ProBLEM 3.1. Find a velocity field u,: Q — R?, a pressure field Pp: 2 — R and a
concentration field y,: 2 — R such that

— pplAu, + Vp, = f, in Q, (3.1)
V-ou,=0 in (3.2)
u, =0 on I'p, (3.3)

Uy, = 0,

. on I¢, (3.4)
—Tp, (Up) € 6p(Yp)0jp(x, 1y, ), !

(upu - p)TpV (up’pp) = 07
T, (up) =0,

Up,, <p,
Tp, (Wp,pp) <0, on I'¢ (3.5)
29 :

up, > 0,
T, (Ups Dp) = —Pps on Igy, (3.6)
Tor (up) =0,
and
- div(ﬁp(up)Vyp) + gp(“’» yp) =0 in Q,
Yp (3.7)

ovs, = (Bo(up)Vy,) -v = thFCQUch on I'.

It follows from Problem 1.1 that 7(u,p) := P - v stands for the traction vector of total

stress tensor P on I', and the total stress tensor P on I' satisfies the following equation
=

(see equation (3.8) in paper [5])
P=—pIl+8S with S=2uD(u).
However, on the boundary I'c, UT'c, UT'¢c,, we can decompose the extra stress tensor field
S into the normal and tangential components, i.e., S, = (Sv) - v = 2uD(u), and
S;=8Sv— (Sv-v)v=2uD(u)v — (2uD(u),)v

=2pD(uw)v — (2uD(u)v — 2uD(u);)

=2uD(u);.
Using these notation above, we have 7, (u,,p,) = T,(up,p,) - v and 7, (u,,p,) =
To(Up, Dp) — Tp, (Up, pp)v. Therefore, it holds
Tp, (Wps Pp) = Sp, (Wp) — pp =21, D(up)y —pp and 7, (u,) = Sy, (up) = 2p,D(up);.

Moreover, we assume that 1, f,, ¢y, 0p, Jp, By, gp and h, satisfy the following condi-
tions.

H(f,): f» € L*(Q;R%), and fo— fin L*(Q:R%) as p — 0.

H(hy): h, € L*(I'c,), and h, — h in L*(T'¢,) as p — 0.
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H(¢,): ¢p € L*(T¢y,), and ¢, — ¢ in L*(T¢,) as p — 0.
H(pp): pip, it € (0,400), and p, — p as p — 0.

H(j,): jo: Ty x RY — R is such that

(i) jp is such that hypotheses H(j) hold with cq, € L*(T¢y s Ry), c1, >0, aj, >0,
respectively;

(ii) for all {u,},{v,} € R? with u, — uw and v, — v in L}(I'c,;;RY) as p — 0, we
have

limsupjg(up; v, —u,) < (u;v —u) forae xelg,.
p—0

H(6,): 0p: T'c, x R — R is such that

(i) 6, satisfies H(J) with dp, > 0 and 61, > 0;
(ii) for all {z,} C R with z, — z as p — 0, we have

})i_r>r(1) dp(x,2p) = 6(x,2) forae xelc,.

H(B,): By: © x RY — R is such that

(i) B, fulfills condition H(3) with g, > 0, $1, > 0 and inf,~¢ By, > 0;
(ii) for all {u,} C R? and u € R? with u, — w as p — 0, we have

il)i_ri%ﬁp(w,up) = B(x,u) for a.e. x € Q.

H(gp): gp: @ x R — R is such that

i) g, reads hypotheses H(g) with oy, € L*(Q;R), ¢, > 0, d,, > 0 and inf,~d, > 0;
P 9p 9p 9p p 9p
(ii) for all {r,} C R with r, — r as p — 0, we have

ii_r}r(l)g,,(:n,m) = g(z,r) for a.e. ¢ €.

Next, let us establish the variational formula of Problem 3.1. We denote by K, C V
the admissible set to velocity filed given by

K,={ueV | u,<ponl¢, and v, >0onI'g,}. (3.8)

Given a smooth tensor o: Q — S% two smooth vector fields v: @ — R? w: QO — RY,
and a smooth function ¥:  — R, so, the following Green formulas are available (see
e.g., [18, Theorems 2.24 and 2.25])

/U:D(v)dm—i—/Diva"vda::/ ov-vdl, (3.9)
Q Q o9
and

/V?/)~wdm~l—/wdivwdm:/ Y(w - v)dl. (3.10)
Q Q o9

REMARK 3.2. If the subsets K and K, are defined by (2.3) and (3.8), respectively, then it

is not hard to prove that K and K, are nonempty, closed and convex of V', and K, Mg
as p — 0 (namely, K, converges to K in the sense of Mosco, when p tends to 0). Indeed,
let sequence {u,},>0 be such that u, € K, for each p > 0 and u, = u in V as p — 0.
Then, from the Sobolev embedding theorem, we have u,, — u, in L*(T') as p — 0. Since
K,={veV|v <pommIg}n{veV | v, >0onTlc}, weobtainu,—pec {velV|
v, <0onl¢g,} and u, € {v € V| v, >0o0nTI'c}. Moreover, since the sets {v € V|
v, <0onT¢e} and {v eV |v, >0o0nTe} are weakly closed by Mazur’s theorem, we
deduce that u e {fv € V | v, <0onT¢,} and u € {v € V| v, > 0on I'cy}, and hence,
u € K. On the other hand, for any u € K, we can observe that u, = u + pe € K, and
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u, —u as p— 0in V, where e € V' is such that e, <1 on I'c, and e, > 0 on I'c;. This
means that K, M K.

Let u,: @ — R9, p,: Q — Rand y,: Q — R be sufficiently smooth such that (3.1)—(3.7)
hold, and v, € K, be arbitrary. Multiplying (3.1) by v, —u,, and integrating the resulting
equality on 2, we get

—MP/QAUP (vp — ) de + /Q Vpp - (v —up) da = /pr (v —up)de. (3.11)

By using the Green formula (3.10), and the conditions v, = u, = 0 on I'p and v,, =
up, = 0 on I'c;, as well as the fact that u, and v, satisfy divergence free condition, we
obtain

/QVpp (v, —up)de = — /Q (V- (v, —up))p,de + /FD pov - (v, —u,)dl’ (3.12)

+/ Pp(vp, — up, ) dl +/ Pp(vp, — up,) dl
Fcl FCQUFC3

= v, — U, )dl.
/FCQUFc?, Pp( P pu)

But, the divergence free condition V - u, = 0 in 2 points out that

ou
(Z] 1 8;5]7

d
Z 0Gij = in €,

DPuyy s
where u, ji; = Dm0, b = 1,...,d. Then, we have

d d
Au, - (v, — Z Z Up,ijj) (Vpi — Upi) = z (Z(up,i,jj + “p,j,ij))(vp,i — Upi)
i=1 j =1 j=1
(3.13)

d
Z Upij + Upji ,J)(Upz upi) = 2Div D(u,) - (v, —up,) in Q.

M&

@
Il
—_

Combining the Green formula (3.9) with equation (3.13), it has

- ,up/ Au, - (v, —u,)de = —2up/ Div D(u,) - (v, — u,) dz (3.14)
Q Q

= 2,LL,,/QD(up) :D(v, —u,)dx — 2,up/FD(up)1/ (v, —u,)dl.

Subsequently, we use the conditions v, =u, =0onIp, v,, =u,, =0onT¢,, 7, (u,) =

0 on FC27 and (upu - p)TPu (uﬂvpp) =0, (U,Du - p)Tpu (upapp) > 0on FC27 and Tou (upapp) =
—¢p, Tp.(up) =0 on 'y, and

Tp, (Wps p) = Sp, (Wp) — pp = 21 D(up)y —pp and 7, (uy) =S, (uy) = 2p,D(up)r
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on I'c, Ul'g, UT'c,, to obtain

—2u, /F D(u,)v - (v, —u,)dz (3.15)
=— 2 (D(“p)u(vpu — up,) + D(up)r - (v, — “m)) dl’
Fey,Ule,Ul ey
== / Tp, (Up) - (Vp, —up,)dl' — (7o, (Wps Dp) + Pp) (Vp, — up,) dT
FCI FCQUFC3
= - / To, (Up) : (Upf - upf) dl’ + / d)p(”pu - upu) dr’ — pﬁ(qu - um) drl’
Fcl FC3 FCQUFC3

- / Toy ('U'p?pp)(vpu —p)dl' + / Tpy (Upypp)(up,, —p)dl’
FCQ FC2

< - / T, (Wp) - (Vp, —up, ) dl + / Gp(vp, — up,)dl’ — Pp(vp, — up,)dr.
Iy Fey

Tc,Ulcy,
From the definition of the Clarke subgradient and the boundary condition (3.4), it yields
—7p. (u,) = 0,(yp)&p and &, € 0j,(x,u,, ) with €, - (v,, —u,, ) < jg(a:,upT;UpT —u, ) on ¢, .
Hence, we have
*/ T, (Wp) - (Vp, —up, ) dl’ < / 5p(3/p)j2($»upr§ vy, — Uy, ) dl (3.16)
e, e,
Combining with (3.14)—(3.16), one has

— ,up/QAup (v, —u,)de < 2up/QD(up) :D(v, —u,)dx +/F bp(vp, — Up, ) dl’
C3

+ /F 5p(yp)j2(a7v Up, i Vp, — Up, ) dl' — Pp(vp, —up,)dl. (3.17)
&1

FC2 UFC3

Inserting (3.12) and (3.17) into (3.11), we deduce

2NP/QD(UP) :D(v, —u,)dx +/F (5p(yp)j2(:c,upf;vpf —u,, )dl
Cy

> /Q for (v, — u,)da — /rcg (v, — p,) dl (3.18)

for all v, € K,,.
On the other hand, for the diffusion system (3.7), we apply the Green formula (3.10)
and the boundary condition (3.7)2 to obtain the following variational equation

/ Bp(u,)Vy, - Vzdx +/ gp(x,yp)zdx — / hyzdl =0 for all z € H'(Q).
Q Q r

o Ulcy

Therefore, we obtain the weak variational formulation of Problem 3.1 as follows.

PROBLEM 3.3. Find a concentration field y, € H*(Q) and a velocity filed u, € K, such
that

QMP/QD(UP) :D(v, —u,)dx —i—/F (5p(yp)j2(a:,up7;vm —u, )dl
Cy

2/ fo- (v, —u,)de — / ép(vp, —up,)dl (3.19)
Q oy
for all v, € K, and
/ Bp(uy)Vy, - Vzdx + / gp(x,yp)zdx — / hpzdl =0 for all z € H'(Q)(3.20)
Q Q FCQUFC3
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It is not difficult to see that Problem 3.3 can be equivalently rewritten to the following
one.

PROBLEM 3.4. Find a concentration field y, € H'(£2) and a velocity filed u, € K, such
that

(Apu, — fp, v, — Up) —i—/r 6p(yp)j2(w,’yup;’y(vp —u,))dl’ >0 forall v, € K,
C1

(3.21)
and
/ Bp(uy)Vy, - Vzdx + / gp(x,yp)zdx — / hyzdl =0 for all z € H'(Q),
Q Q Fo,Ul'cy
where A,: V — V* and fp € V* are defined by
(Ayu,v) = 2#;:/ D(u) : D(v)dx for all u,v €V, (3.22)
Q
(fp,v> = / fo-vdx — / ¢pv, dl’ for allv e V. (3.23)
Q oy

4. Stability analysis

In this section, we provide a stability result to the Problem 1.1 which reveals that
the solution set of Problem 1.1 can be approached in the sense of Kuratowski by the
perturbated problem, Problem 3.1, when perturbated parameter tends to zero.

The main theorem of this section is stated as follows.

Theorem 4.1. Let {p,} C (0,400) be such that p, — 0 as n — oco. Assume that H(j,),
H(6,), H(B,), H(f,), H(¢,), H(hy), H(gp) and H(u,) are satisfied. In addition, the
smallness condition inf 0 (2p, — 61,0,[17/|*) > 0 holds. Then, we have

(i) for each p > 0, Problem 3.1 has at least one weak solution (u,,y,) € K, x H'(Q);

(ii) for each n € N, if (Un,yn) := (Up,, Yp,) @S a solution of Problem 3.1 with p = py,
then there exists a subsequence of {(up,,¥Yp,)}, still denoted by the same way, and
(u,y) €V x HY(Q) such that

u, = w in'V and y, — y in HY(Q),
and (u,y) is a weak solution of Problem 1.1.

Proof. (i) Arguing as in the proof of Theorem 2.6, it can be obtained directly that
Problem 3.1 is solvable.

(ii) Let Z = H'(Q). Suppose that (wn,yn) = (U, yp,) is a solution of Problem 3.1
with p = p, for every n € N.

Step 1. The boundedness of Upen{(tn,yn)}- B B
Set K,, = K,,, A, = Apna Op = 5pn7 Jn = Jpns fn = fpna Bn = /Bpna gn = Yp, and

hyp = h,,. Then, for each n € N, it has
(Apuy, — fn,vn — Uyp,) —i—/r (5n(yn)j2(w,'yun;'y(vn —uy))dl' >0 for all v, € K,,
C1
(4.1)

and

/ Bn(un)Vyy - Vzdx +/ gn (2, yn)z dx —/ hpzdl' =0 forall z€ Z. (4.2)
Q Q r

Ul
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We argue by contradiction to assume that Upen{(un,yr)} is unbounded in V' x Z. Then,
without loss of generality, we may suppose that

|lun|lv — o0 and |jyn]|lz — 00 as n — occ.

Keeping in mind that Oy € K, (see (3.8)), we insert v,, = Oy into inequality (4.1) to
get that

(Antn, un) — . 5n(yn)j2(ma7un3 —Uy) dl' < <fna Up). (4.3)
C1
From the definition of A,, (see (3.22)) and py, = fi,,, the following result holds
(Antt, ) = 2%/ D(w,) : D(uy) dz = 24i|un]|?- (4.4)
Q

Using hypothesis H(j,)(i) implies
Jo (@, YU —YUR) = Go (T, YUn; YOy — ) + 59(, Y0v; yun) — jo(x,Y0v; Yy,
< aj, [Yunlia — 59(2, Y0V Yu,),
and

In(®,70v; 7)) > —[1€ 0y [re | Yttnllre > —co, () [Iyeen e
for all &,0, € Ojn(x,70y). The estimates above together with the hypotheses H(d,)
concludes that

[ a2 v —yun) T (4.5)

Ly

> [ bulva) @, 7wl — 32(@, 103 7)) dT
C1
== v, Pl + [ Gl )i@ 10y ) T
C1
> = 01,05, [Pl + 0o, [ 3@ 20vs ) T
C1

> = 01,05, 1P lwnll} = o, llco, llz2me, 17l wnllv-

By the definition of fp (see (3.23)), hypotheses H(f,) and H(¢,), we have
(Frun) = / fo Up da — / G, dT (4.6)
Q oy

< [ fnllz2@mayllunll r2@may + €nll L20ey) lun, L2y
< Cil[fall 2 @mey [unllv + Colldnll L2y l1unllv,
with some C; > 0,Cy > 0. Taking into account (4.3)—(4.6), we have
(24tn = 01,05, VP 1wl — do, llco 12 e, ) IV Ienllv
< Cillfull2 @y llunlly + Colldnll 2 (rey) llwnllv,
ie.,
(b0 — 01,05, [P [wnllv < 8o, lleo, 2o, I+ Cull full L2(@umay + Callénll 2re,)- (4.7)

Because of |||y — 0o as n — oo, we use the smallness condition inf ,~(2u,—61, a5, [|7]/)
> 0 to obtain

+o0 = lim (2pn — 81,05, [7]*) Junllv < Co
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with some Cp. This leads to a contradiction, therefore, we conclude that {u,} is bounded
in V.
On the other hand, let us take z = y,, in equation (4.2) to get

/ Bn(wn)Vyn - Vy, dx + / In (T, Yn )y d — / hnyn dT = 0. (4.8)
Q Q r

cWlog

By virtue of hypothesis H(/3,)(i), one has

Also, we use the condition H(g,)(i) to obtain

/an(w>yn)ynd$:/g(gn(wayn)_gn(wvo))yn dw—i—/ﬂgn(m,O)yn dx (4.10)

> [ dy lya dz ~ [ 0y, (@) o] d
Q Q

> dg, [lynl|Z20) — lag. ||z 1nll r2(0) -

Applying Hélder inequality, it gives
[ haadC = = [l lgaldr = [ ol gl dr (3.11)
F02 UFC3 F02 FC3

> —hnllzzwo) lunllzzwe,) = Ihall2@opllynlliz2ee,)-
Employing (4.8)—(4.11), it yields
Bou IV ynll72(@ma) + dgallynl| 220 — lag, |2y 1nll z2(0) (4.12)
— 2oy lunllz@e,) = nll2@e) lunll r2ee,) < 0
Passing to the limit as n — oo in (4.12) and using the assumption, ||y,||z — oo as n — oo,

it yields

+oo = lim <5on||Vyn\%2(Q;Rd) +dyg, lynll72 () — llag, lL2@) 19l z2(0)

~ Wrallzaey lomllzarey) = Wnllzzqeellonlz2irc,) )
<0.

This triggers a contradiction. Consequently, we conclude that {y,} is bounded in Z.
By the reflexivity of V' x Z, passing to a subsequence if necessary, we may suppose

that there exists a subsequence of {(uy,,y,)}, still denoted by the same way, and a pair of
functions (u,y) € V x Z such that

(Un,Yn) = (u,y) iInV xZ as n — oc. (4.13)

Step 2. (un,yn) converges strongly to (u,y) in V x Z.
Since V is embedded compactly into L?(£2; R%) and the trace operator 7: Z — L%(T¢,)
is compact. So, we have

(Un,yn) — (u,y) in LQ(Q;Rd) X L2(Fcl) as n — o0o.

Remark 3.2 reveals that K, M K asn — . Exploiting condition (ii) of Definition 2.3
and (4.13), it yields (u,y) € K x Z.
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We next show that A,: V — V* is continuous and A,u — Awu in V* for any u € V as
n — oco. Using Holder inequality, one has

(Aptt — Anv, w) = 241 /Q (D(u) — D(v)) : D(w) da (4.14)

< 20| D(u) = D(0)| 2 (089 |1 D(w) | 2(0;50)
< 2upllu — v||y||wl|y for all u,v,w €V,
and

[Anully- = sup  [(Apu, w)| < 2pn|[ully. (4.15)
wev|w|ly=1

This implies that A,, is bounded and continuous. Moreover, we use the inequalities (4.14)—
(4.15) to obtain

|Aru — Aully~ = sup [{(Apu — Au, w)| < 2|y, — pl||ully — 0 as n — oo.
weV|wlly=1

Therefore, we conclude that A,u — Aw in V* for all u € V as n — oo. Let {w,} CV be
a bounded sequence. So, we have

[Anwy — Awn v+ = sup [(Anwn, — Awy, v)| < 2|pn — pl ||wnlv — 0 as n — oo,
vevi||vlly=1

that is, A,w, — Aw, — 0in V* as n — .
Recall that (un,y,) € K, X Z is a weak solution of Problem 3.1, then we have
(Apu, — fn, Uy — Up) + / 6n(yn) 30 (2, Ytup; ¥ (Vs — uy)) dl > 0 for all v, € K, (4.16)
T'c,

and

/ Bn(un)Vyy - Vzdx +/ gn(@,ypn)zdx —/ hpzdl =0 forall ze€ Z. (4.17)
Q Q r

cpUlcy

Because of (u,y) € K x Z and K, M, K as n — 0o, we can find a sequence {u,} such
that w, € K, for each n € N and u, — u in V (see condition (i) of Definition 2.3).
Putting v,, = u,, into (4.16), it gives

<£’m Up — ﬁn> + 571(%1)]2(‘”7 YUn; ’Y(an - un)) dl’ + <Anﬂn7 ﬁn - un> (4‘18)

INoN

Z <Anun7 Up — ﬁn> + (Anana ﬂ/n - un)
= (Apuy, — Apty, Uy — Up) = 2y ||u, — ﬁn||%/

Hence, we obtain

lim sup(A,ty,, Uy, — Uyp,) (4.19)
n—oo
= limsup(A,u, — Au, u,, — u,) + limsup(Au, u, — u,)
n—o0 n—oo

< limsup [[Apty, — Awlly«||t, — w,||v + lim sup(Au, @, — u,)

< limsup (||Apt, — Auy||v+ + [[Aw, — Au|ly+) ||Bn — wn||v + lim sup(Au, w,, — uy,)
n—oo n—oo

=0.

The compactness of v: V — L?(I'; R?) indicates that yu, — yu in L?(I';R?). Passing
to the upper limit as n — oo for the inequality (4.18), and utilizing hypotheses H (),
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H(f,), H(¢p), H(jp)(ii), H(d,)(ii), and inequality (4.19), it finds

Ozlimsup</ In (U —uy) de +
Q

n—o0

O (U, — Unp,) dF) + lim sup(A,ty,, up, — uy)

FCS n— 00

+ limsup/F On(Yn)gm (@, Ythn; Y (U, — wy)) dT
&1

n—oo

n—oo

Z lim sup <<fnaun - an> + /F 6n(yn)]2(w77un7’y(ﬂn - un)) ar + <Anﬂnaan - un>)
1
> lim sup 2/, || u, — an”%/
n—00

= lim sup 2w, — ﬂnH%/
n—oo

Hence, we obtain u,, — u,, — 0 in V. This implies that u,, — v in V as n — oo.
Besides, we insert z = y — y,, into inequality (4.17) for deriving

/ B (wn) Vi - V(y — ) da + / In(,yn) - (y — yn) dax (4.20)
Q Q

- / ho(y = yn) dI' = 0.
FCQUFCg

Passing to limit as n — oo in inequality (4.20), we have

0= lim hon(yn — y) dT" + nlggo/ggn(w,y)(y — Yn) d

n—oo FC’Q UFC’3

= lim /Qﬁn(un)Vyn V(Yo —y) dao + T}ggoA (gn (@, yn) = gn(®,y)) - (yn — y) de

n—oo

> lim (Bo, I Vyn — Vil i2qpa) + dullvn — yllZ2))-

The latter combined with hypotheses H(f,), H(g,) implies that y, — y in Z as n — oo.
Therefore, we have that {(un,y,)} converges strongly to (u,y) in V' x Z.

Step 3. (u,y) € K x Z is also a weak solution of Problem 1.1.
Since (un,yn) € K, X Z is a weak solution of Problem 3.1, namely,

(Apty, — fn,0n — un) + / 6 ()32 (@, Ytn; Y (v — uy)) dI > 0 for all v, € K,,,(4.21)
e,

and

/ Br(un)Vyp - Vzdx +/ (T, yn)zdx — / hpzdl =0 for all z € Z. (4.22)
Q Q r

Ul oy
Let w € K. Because of K, - K, by condition (i) of Definition 2.3, there exists a

sequence {w,} such that w, € K, and w,, — w in V. Inserting v, = w, in (4.21), it
gives

(Apuy — fnawn - un> + / 5n(yn)j2(wa7un?7<wn - un)) dr' = 0. (4'23)
Fcl
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We pass to the upper limit as n — oo to inequality (4.23) and use conditions H(f,),
H(,), H(j,)(ii), H(d,)(ii) with properties of A, to see that

(u— Frw—u)+ [ 8()7° (@, v y(w — ) dT (4.24)
e,
> (Au,w — u) + / f(u—w)de+ d(wy —uy) dl (4.25)
Q Loy
+ [ 6(y)i°(x, yu; y(w — w)) dT
e,
> lim sup(A,uy,, w, — u,) + limsup (/ o (U —wy)de + On(wy, — Up,) dF)
n—>00 n—>00 Feg

+ lim sup 5n(yn)j2(a:,'yun;'y(wn —uy))dl

n—o00 INoN

n—o0 n—o0

> lim Sup<Anun - fna Wn — un) + lim Sup/l" 5n(yn).72(w7 YUn; W(wn - un)) dr’
Cy

Z lim sup ((Anun - fna Wn — un) + / 5n(yn).72<xv YUn; V(wn - un)) dr)
Fcl

n—o0

> 0.

On the other hand, letting n — oo for inequality (4.22) and using the conditions H(f,)(ii),
H(g,)(ii), H(h,), we deduce that

/5 Wy - Vzdw—i—/g zdw—/ hzdl’ =0 forall z € Z.
FCQUFCg

This together with (4.24) and the arbitrariness of w € K implies that (u,y) € K x Z is a
weak solution of Problem 1.1.

Consequently, we conclude that for each n € N, if (u,,,y,,) is a weak solution of Prob-
lem 3.1 with p = py,, then there exists a subsequence of {(u,,,¥,,)}, still denoted by the
same way, and (u,y) € V x H'(Q) such that u,, — u in V and y,, — y in H*(Q2), and
(u,y) is a weak solution of Problem 1.1. O
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