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Abstract. By using the definition of q-difference operator, we defined the new

q-Al-Oboudi-Al-Amoudi operator, which generalize modified Al-Oboudi-Al-

Amoudi operator. Using the new operator, we defined a new class of uniformly
functions and obtained subordination result for functions in it. Our results not

only generalize previous results but also modified some previous results.

1. Introduction

The class of univalent analytic functions

F (z) = z +

∞∑
k=2

akz
k, (ak ≥ 0), z ∈ D = {z ∈ C :| z |< 1}, (1)

is denoted by S.
The class of convex functions K satisfies

Re

{
1 +

zF
′′
(z)

F ′(z)

}
> 0.

If F, g are analytic in D, then F is subordinate to g, written F ≺ g if there exists
a Schwarz function w(z) analytic in D with w(0) = 0 and |w(z)| < 1 for all z ∈ D,
such that F(z) = g(w(z)). (see [14, 16])
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For F given by (1) and g given by

g(z) = z +

∞∑
k=2

bkz
k, (2)

the Hadamard product (or convolution) is

(F ∗ g) (z) = z +

∞∑
k=2

akbkz
k = (g ∗ F ) (z).

For F ∈ S, 0 < q < 1, the q−derivative operator ∇q is given by (Jackson [15]) and
many authors studied it for example see ([1] , [4− 6] , [9] , [16, 17] and [22, 23]) .

∇qF (z) =

{
F (z)−F (qz)

(1−q)z
,z ̸=0

F ′ (0) ,z=0

that is

∇qF (z) = 1 +

∞∑
k=2

[k]qakz
k−1, (3)

where

[k]q =
1− qk

1− q
, [0]q = 0. (4)

The fractional q−derivative operator of order α for analytic function F defined in
a simply connected domain, contains zero is defined by [5],

Dα
q,zF (z) =

1

Γq (1− α)

z∫
0

F (t)

(z − t)
α dqt , 0 ≤ α < 1,

Ωα
q F (z) = Γq (2− α) zαDα

q,zF (z) , (5)

= z +

∞∑
k=2

Γq(k + 1)Γq(2− α)

Γq(k + 1− α)
akz

k (0 < q < 1, 0 ≤ α < 1) ,

where multiplicity of (z − t)
−α

is removed by requiring log (z − t), to be real when
z − t >0 (for q → 1− see [19] , [20]).

Definition 1. For λ ≥ 0, 0 ≤ α < 1, 0 < q < 1, n ∈ N0 = N ∪ {0} , N = {1, 2, ...}
and F is given by (1) we defined new q−fractional derivative operator as follows,

D0,0
λ,qF (z) = F (z), (6)

D1,α
λ,qF (z) = (1− λ) Ωα

q F (z) + λzDq

(
Ωα

q F (z)
)
= Dα

λ,qF (z) ,

D2,α
λ,qF (z) = Dα

λ,q

(
Dα

λ,qF (z)
)
,
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Dn,α
λ,q F (z) = Dα

λ,q

(
Dn−1,α

λ,q F (z)
)
,

= z +

∞∑
k=2

Ψk,n,q(α, λ)akz
k,

where

Ψk,n,q(α, λ) =
Γq(k + 1)Γq(2− α)

Γq(k + 1− α)

[
1 + λ([k]q − 1)

]n
. (7)

We note that:
(i) Dn,0

1,q F (z) = Dn
q F (z) [8, 18] .

(ii) limq→1− Dn,α
λ,q F (z) = Dn,α

λ F (z), where this operator modified the operator

of [3, 7] ,

(iii) limq→1− D0,α
λ,qF (z) = Dα

z F (z) (see [19, 20]) ,

(iv) limq→1− Dn,0
1,q F (z) = DnF (z) (see [21]) ,

(v) limq→1− Dn,0
λ,qF (z) = Dn

λF (z) (see [2]) ,

Definition 2. For λ, µ ≥ 0, γ ≥ 1, 0 ≤ α, β < 1, 0 ≤ δ ≤ 1, n ∈ N0, a function F
∈ S is in the class Sn,α

λ,q (δ, γ, µ, β), if

Re

{
γz∇qG(z)

G(z)
− (γ − 1)

}
> µ

∣∣∣∣γz∇qG(z)

G(z)
− γ

∣∣∣∣+ β, (8)

where

G(z) = (1− δ)Dn,α
λ,q F (z) + δz

(
∇qD

n,α
λ,q F (z)

)
. (9)

We note that as q → 1− : Sn,α
λ,q (0, 1, µ, β) = SPn

α,λ (µ, β) and Sn,α
λ,q (1, 1, µ, β) =

UCV n
α,λ (µ, β) [3, 7, with Ψk,n,q(α, λ) of the form (1.7)] . For different values of n, α,

λ, δ, γ, µ and β, we get the classes defined by [3] , [8] , [10− 13] , and [17].

2. Main Results

Unless indicated, let 0 ≤ α, β < 1, λ, µ ≥ 0, γ ≥ 1, 0 ≤ δ ≤ 1, n ∈ N0, 0 < q < 1
and Ψk,n,q(α, λ) as (7) . The following definition and lemma are needed.

Definition 3. [24]. A sequence {bk}∞k=1 of complex numbers is called a subordinat-
ing factor sequence if, whenever F (z) ∈ K then,

∞∑
k=1

akbkz
k ≺ F (z) (z ∈ D; a1 = 1) .
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Lemma 1. [24]. The sequence {bk}∞k=1 is a subordinating factor sequence if and
only if

ℜ

{
1 + 2

∞∑
k=1

bkz
k

}
> 0 (z ∈ D) .

Theorem 1. If F ∈ S, satisfies

∞∑
k=2

[
1− β + γ

(
[k]q − 1

)
(1 + µ)

] [
1 +

(
[k]q − 1

)
δ
]
Ψk,n,q(α, λ) |ak| ≤ 1− β,

(10)
then, F ∈ Sn,α

λ,q (δ, γ, µ, β).

Proof. Assume that (10) holds. Since for real β and complex number w, □

Re(w) ≥ β ⇔ |w + (1− β)| − |w − (1 + β)| ≥ 0, (11)

then by Definition 2 it is sufficient to show that∣∣∣∣γz∇qG(z)

G(z)
− (γ − 1)− µ

∣∣∣∣γz∇qG(z)

G(z)
− γ

∣∣∣∣− (1 + β)

∣∣∣∣ ≤∣∣∣∣γz∇qG(z)

G(z)
− (γ − 1)− µ

∣∣∣∣γz∇qG(z)

G(z)
− γ

∣∣∣∣+ (1− β)

∣∣∣∣ . (12)

For the right-hand side of (12)

R : =

∣∣∣∣γz∇qG(z)

G(z)
− (γ − 1)− µ

∣∣∣∣γz∇qG(z)

G(z)
− γ

∣∣∣∣+ (1− β)

∣∣∣∣
=

1

|G(z)|
∣∣γz∇qG(z) + (2− β − γ)G(z)− µeiθ |γz∇qG(z)− γG(z)|

∣∣
>

|z|
|G(z)|

{2− β −
∞∑
k=2

[
2− β + γ

(
[k]q − 1

)
(1 + µ)

]
×

[
1 +

(
[k]q − 1

)
δ
]
Ψk,n,q(α, λ) |ak|}.

Similarly, the left

L : =

∣∣∣∣γz∇qG(z)

G(z)
− (γ − 1)− µ

∣∣∣∣γz∇qG(z)

G(z)
− γ

∣∣∣∣− (1 + β)

∣∣∣∣
=

1

|G(z)|
∣∣γz∇qG(z)− (γ − 1)G(z)− µeiθ |γz∇qG(z)− γG(z)| − (1 + β)G(z)

∣∣
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<
|z|

|G(z)|
{β +

∞∑
k=2

[
γ
(
[k]q − 1

)
(1 + µ)− β

] [
1 +

(
[k]q − 1

)
δ
]
Ψk,n,q(α, λ) |ak|}.

Since

R− L >
|z|

|G(z)|
{2 (1− β)− 2

∞∑
k=2

[
1− β + γ

(
[k]q − 1

)
(1 + µ)

]
×

[
1 +

(
[k]q − 1

)
δ
]
Ψk,n,q(α, λ) |ak|}

≥ 0,

then (12) is satisfied, so F ∈ Sn,α
λ,q (δ, γ, µ, β).

Let Śn,α
λ,q (δ, γ, µ, β) be the class of functions satisfy (10) so Śn,α

λ,q (δ, γ, µ, β) ⊂

Sn,α
λ,q (δ, γ, µ, β).

Theorem 2. Let F ∈ Śn,α
λ,q (δ, γ, µ, β) and g ∈ K, then

(
[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

2 {[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}

)
(F ∗ g) (z) ≺ g (z) (13)

and

ℜ{F (z)} > −{[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}
[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

. (14)

The constant factor
[1−β+γq(1+µ)](1+δq)Ψ2,n,q(α,λ)

2{[1−β+γq(1+µ)](1+δq)Ψ2,n,q(α,λ)+1−β} in (13) cannot be replaced

by a larger one.

Proof. Let F ∈ Śn,α
λ,q (δ, γ, µ, β) and g (z) = z +

∞∑
k=2

bkz
k ∈ K, then □

(
[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

2 {[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}

)
(F ∗ g) (z)

=

(
[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

2 {[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}

)(
z +

∞∑
k=2

akbkz
k

)
.

(15)
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Thus, by Definition 3, (13) will be true if{
[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

2 {[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}
ak

}∞

k=1

(16)

is a subordinating factor sequence, with a1 = 1. In view of Lemma 1, this is
equivalent to

ℜ

{
1 +

∞∑
k=1

[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

{[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}
akz

k

}
> 0, (17)

where

Θ (k) =
[
1− β + γ

(
[k]q − 1

)
(1 + µ)

] [
1 +

(
[k]q − 1

)
δ
]
Ψk,n,q(α, λ) (k ≥ 2),

is an increasing function of k (k ≥ 2), when |z| = r < 1, we have,

ℜ

{
1 +

∞∑
k=1

Θ(2)

Θ (2) + 1− β
akz

k

}

= ℜ
{
1 +

Θ (2)

Θ (2) + 1− β
z +

∑∞
k=2 Θ(2)

Θ (2) + 1− β
akz

k

}

≥ 1− Θ(2)

Θ (2) + 1− β
r −

∞∑
k=2

Θ(k)|ak|

Θ(2)+1−β rk

> 1− Θ(2)

Θ (2) + 1− β
r − 1−β

Θ(2)+1−β r

= 1− r > 0 (|z| = r < 1) .

By taking the convex function g(z) = z
1−z = z +

∑∞
k=2 z

k. To prove the sharpness

of Θ(2)
2[Θ(2)+1−β] , the function F0(z) ∈ Śn,α

λ,q (δ, γ, µ, β) given by

F0(z) = z − 1− β

[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)
z2. (18)

Thus from (14), we have

[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

2 {[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}
F0(z) ≺

z

1− z
.

Moreover, it can easily to verify for F0(z) given by (18) that

min
|z|≤r

{
ℜ [1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ)

2 {[1− β + γq (1 + µ)] (1 + δq)Ψ2,n,q (α, λ) + 1− β}
F0(z)

}
= −1

2
(19)

This shows that the
[1−β+γq(1+µ)](1+δq)Ψ2,n,q(α,λ)

2{[1−β+γq(1+µ)](1+δq)Ψ2,n,q(α,λ)+1−β} is the best possible .

Taking limq→1− in Theorem 2, we have
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Corollary 1. Let F ∈ Śn,α
λ (δ, γ, µ, β) whose coefficients satisfy (10) when q → 1−

and g (z) = z +
∞∑
k=2

bkz
k ∈ K, then(

[1− β + γ (1 + µ)] (1 + δ)Ψ2,n (α, λ)

2 {[1− β + γ (1 + µ)] (1 + δ)Ψ2,n (α, λ) + 1− β}

)
(F ∗ g) (z) ≺ g (z) (20)

and

ℜ{F (z)} > −{[1− β + γ (1 + µ)] (1 + δ)Ψ2,n (α, λ) + 1− β}
[1− β + γ (1 + µ)] (1 + δ)Ψ2,n (α, λ)

.

The factor
[1−β+γ(1+µ)](1+δ)Ψ2,n(α,λ)

2{[1−β+γ(1+µ)](1+δ)Ψ2,n(α,λ)+1−β} in (2.11) cannot be replaced by a larger
one.

Remark 1. Note that for γ = 1 and δ = 0, 1 respectively in Corollary 1 modified
Theorems 2.4 and 2.8 of [7] .

Taking γ = 0 in Theorem 2, we have

Corollary 2. Let F ∈ Śn,α
λ,q (δ, 0, µ, β) whose coefficients satisfy (10) when γ = 0

and g ∈ K, then(
(1− β) (1 + δq)Ψ2,n,q (α, λ)

2 [(1− β) (1 + δq)Ψ2,n,q (α, λ) + 1− β]

)
(F ∗ g) (z) ≺ g (z) (21)

and

ℜ{F (z)} > − [(1− β) (1 + δq)Ψ2,n,q (α, λ) + 1− β]

(1− β) (1 + δq)Ψ2,n,q (α, λ)
.

The factor
(1−β)(1+δ)Ψ2,n(α,λ)

2[(1−β)(1+δ)Ψ2,n(α,λ)+1−β] in (2.12) cannot be replaced by a larger one.

Taking µ = 0 in Theorem 2, we have

Corollary 3. Let F ∈ Śn,α
λ,q (δ, γ, 0, β) whose coefficients satisfy (10) with µ = 0

and g ∈ K. Then(
(1− β + γq) (1 + δq)Ψ2,n,q (α, λ)

2 [(1− β + γq) (1 + δq)Ψ2,n,q (α, λ) + 1− β]

)
(F ∗ g) (z) ≺ g (z) (22)

and

ℜ{F (z)} > − [(1− β + γq) (1 + δq)Ψ2,n,q (α, λ) + 1− β]

(1− β + γq) (1 + δq)Ψ2,n,q (α, λ)
.

The factor
(1−β+γq)(1+δq)Ψ2,n,q(α,λ)

2[(1−β+γq)(1+δq)Ψ2,n,q(α,λ)+1−β] in (22) cannot be replaced by a larger
one.
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3. Conclusions

Throughout the paper, first by using the definition of q−difference operator we
defined new q- Al-Oboudi - Al-Amoudi operator and which modified Al-Oboudi -
Al-Amoudi operator. After that, we used the new operator to introduce new class
Sn,α
λ,q (δ, γ, µ, β) which generalized a class of uniformly univalent functions. Finally,

we obtained some subordination factor sequence results for this class and its sub-
classes. Our results modified previous results.
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and associated Fekete-Szegő problem for p-valently q-starlike functions and p-valently q-

convex functions of complex order, Miskolc Mathematical Notes, 20(1) (2019), 489-509. doi:
10.18514/mmn.2019.2405

[24] Wilf, H.S., Subordinating factor sequences for convex maps of the unit circle, Proceedings of

the American Mathematical Society, 12(5) (1961), 689-693.


	1. Introduction
	2. Main Results
	3. Conclusions
	References

