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Abstract
In this paper, we define a new type of Abel convergence by using the rough convergence of a sequence.
We also obtained some results for this convergence.
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1. Introduction and Background

The idea of rough convergence of a sequence was first given by Phu [1] in normed linear spaces as follows:
Let (an) be a sequence in the normed linear space X , and r be a nonnegative real number. The sequence (an) is

said to be rough convergent to a with the roughness degree r, denoted by an
r→ a, if for every ε > 0 there exists an

N (ε) ∈ N such that ‖an − a‖ < r + ε for all n ≥ N (ε) [1].
The r-limit set of the sequence (an) is denoted by

LIMran =
{
a ∈ X : an

r→ a
}

[1].

The sequence (an) is said to be rough convergent if LIMran 6= ∅.
If a sequence is convergent, then it is rough convergent to the same value for each r. The converse of this claim

is false, as shown in Example 1.1.

Example 1.1. Let X = R2 and define a sequence (an) as follows:

an :=

(
(−1)

n

2
, 0

)
This sequence is rough convergent to a = {(0, 0)} for r ≥ 1

2 . But it is not convergent to a = {(0, 0)}.
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A sequence (an) is said to be rough Cauchy sequence (or ρ-Cauchy sequence) with roughness degree ρ if for
every ε > 0 there exists an N (ε) ∈ N such that

‖am − an‖ < ρ+ ε for m,n ≥ N (ε) [1].

ρ is also called a Cauchy degree of (an).

Proposition 1.1. ([2]) Let (an) be rough convergent, i.e., LIMran 6= ∅. Then (an) is a ρ-Cauchy sequence for every ρ ≥ 2r.
This bound for the Cauchy degree cannot be generally decreased.

We note that a convergent (or non-convergent) sequence can have different rough limits with a certain degree of
roughness. This theory has been generalized by many authors with different theories. Aytar [3] gave the definition
of rough statistical convergence of a sequence. The rough ideal convergence of a sequence is given in [4] and [5].
Malik and Maity [6] introduced the rough statistical convergence for double sequences. Laterly, Kişi and Dündar
[7] defined the rough I2-lacunary statistical convergence of double sequences. The concept of rough convergence is
expressed in general metric spaces by Debnath and Rakshit [8]. Moreover, Arslan and Dündar [9] extended this
concept to 2-normed spaces. On the other hand, Dündar and Ulusu [10] studied on the rough convergence of a
sequence of functions defined on amenable semigroups. Kişi and Dündar [11] investigated the rough ∆I-statistical
convergence for difference sequences. Recently, the rough convergence of a sequence of sets has also been studied
(see [12], [13]).

Our aim is to show that the rough convergence theory can be applied on many types of convergence in the
summability theory, such as the Abel convergence. In this way, we think that new research topics can be obtained.

Throughout this paper, we suppose that (an) be a sequence of complex numbers. Now let’s remind the definition
of Abel convergence.

We say that a sequence (an) is Abel convergent to ` if the limit

lim
t→1−

(1− t)
∞∑
n=0

ant
n = ` for each t ∈ (0, 1) [14].

Note that any convergent sequence is Abel convergent to the same value but not conversely ([14]).
Finally, let’s give the series formulas that we will use throughout this paper:

(1− t)
∞∑
n=0

tn = 1 and (1− t)
∞∑
n=0

`tn = ` for each t ∈ (0, 1) .

Hence, we have

(1− t)
∞∑
n=0

ant
n − ` = (1− t)

∞∑
n=0

(an − `) tn.

In this paper, we first give the definition of the rough Abel convergence. We have proved that they are equivalent
by giving an alternative representation of this convergence (see Proposition 2.1). We also show that every rough
convergent sequence is rough Abel convergent (see Theorem 2.1). Lastly, we expressed the relationship between
rough Abel convergence and Abel convergence (see Theorem 2.2).

2. Main Results
Definition 2.1. A sequence (an) is said to be rough Abel convergent to ` if for every ε > 0 and each t ∈ (0, 1) there is
an N(ε) ∈ N such that ∥∥∥∥(1− t)

∞∑
n=0

ant
n − `

∥∥∥∥ < r + ε for all n ≥ N(ε).

In this case, we write an
r−A→ ` as n→∞.

The r-Abel limit set of the sequence (an) is denoted by

A− LIMran =
{
` ∈ X : an

r−A→ `
}

.

Let us now give an alternative representation of the rough Abel convergence of a sequence.
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Proposition 2.1. For every ε > 0 and each t ∈ (0, 1) there exists an N(ε) ∈ N such that∥∥∥∥(1− t)
∞∑
n=0

ant
n − `

∥∥∥∥ < r + ε for all n ≥ N(ε)

if and only if the following condition holds:

lim sup
n→∞

∥∥∥∥(1− t)
∞∑
n=0

ant
n − `

∥∥∥∥ ≤ r.

Its proof can be given in a similar way by taking

fn (t) =

∥∥∥∥(1− t)
∞∑
n=0

ant
n − `

∥∥∥∥
instead of the f function in the proof of [12, Proposition 2.2].

Theorem 2.1. If an
r→ `, then an

r−A→ `.

Proof. Given 0 < ε < 1. Since an
r→ `, for every ε > 0 and each t ∈ (0, 1) there exists an N = N(ε) ∈ N such that

‖an − `‖ < r +
ε

2

for all n ≥ N . Let M = max {‖a0 − `‖ , ‖a1 − `‖ , . . . ‖aN − `‖}. Take δ = δ (ε) = ε
2(N+1)(M+1) . If t ∈ (1− δ, 1) then∥∥∥∥(1− t)

∞∑
n=0

ant
n − `

∥∥∥∥ =

∥∥∥∥(1− t)
∞∑
n=0

(an − `) tn
∥∥∥∥

≤
∥∥∥∥(1− t)

N∑
n=0

(an − `) tn
∥∥∥∥+

∥∥∥∥(1− t)
∞∑

n=N+1

(an − `) tn
∥∥∥∥

< (1− t) (N + 1)M + r +
ε

2

<
ε

2 (N + 1) (M + 1)
(N + 1)M + r +

ε

2

<
ε

2
+ r +

ε

2
= r + ε.

Consequently, we have an
r−A→ `.

The next theorem shows the relationship between rough Abel convergence and Abel convergence.

Theorem 2.2. The sequence (an) is rough Abel convergent to ` if and only if there exists a sequence (bn) in C such that
bn

A→ ` and ‖an − bn‖ ≤ r for every n ∈ N.

Proof. (⇐) Since bn
A→ `, for every ε > 0 and each t ∈ (0, 1) there exists an N(ε) ∈ N such that∥∥∥∥(1− t)

∞∑
n=0

bnt
n − `

∥∥∥∥ < ε for all n ≥ N(ε). (2.1)

By assumption ‖an − bn‖ ≤ r, we can write for each t ∈ (0, 1)∥∥∥∥(1− t)
∞∑
n=0

(an − bn) tn
∥∥∥∥ = |1− t|

∥∥∥∥ ∞∑
n=0

(an − bn) tn
∥∥∥∥

≤ |1− t|
∞∑
n=0
‖an − bn‖ |tn|

≤ (1− t)r
∞∑
n=0

tn = r.
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Thus we have ∥∥∥∥(1− t)
∞∑
n=0

(an − bn) tn
∥∥∥∥ ≤ r. (2.2)

On the other hand, ∥∥∥∥(1− t)
∞∑
n=0

ant
n − `

∥∥∥∥ =

∥∥∥∥(1− t)
∞∑
n=0

(an − bn + bn) tn − `
∥∥∥∥

=

∥∥∥∥(1− t)
∞∑
n=0

(an − bn) tn + (1− t)
∞∑
n=0

bnt
n − `

∥∥∥∥
≤
∥∥∥∥(1− t)

∞∑
n=0

(an − bn) tn
∥∥∥∥+

∥∥∥∥(1− t)
∞∑
n=0

bnt
n − `

∥∥∥∥ .

From (2.1) and (2.2), we see immediately that∥∥∥∥(1− t)
∞∑
n=0

ant
n − `

∥∥∥∥ < r + ε.

This shows that the sequence (an) rough Abel converges to `.
(⇒) Let an

r−A→ ` and define the sequence (bn) by

bn :=

{
` , ‖an − `‖ ≤ r
an + r `−an

‖`−an‖ , ‖an − `‖ > r
.

It follows that the inequality ‖an − bn‖ ≤ r holds for every n ∈ N. We also obtain

‖bn − `‖ ≤
{

0 , ‖an − `‖ ≤ r
‖an − `‖ − r , ‖an − `‖ > r

.

Let us show that bn
A→ `. ∥∥∥∥(1− t)

∞∑
n=0

bnt
n − `

∥∥∥∥ =

∥∥∥∥(1− t)
∞∑
n=0

(bn − `) tn
∥∥∥∥

≤ (1− t)
∞∑
n=0
‖bn − `‖ tn

≤ (1− t)
∞∑
n=0

(‖an − `‖ − r) tn

= (1− t)
∞∑
n=0
‖an − `‖ tn − (1− t)r

∞∑
n=0

tn

and thus we have ∥∥∥∥(1− t)
∞∑
n=0

bnt
n − `

∥∥∥∥ ≤ (1− t)
∞∑
n=0
‖an − `‖ tn − r. (2.3)

Since an
r−A→ `, we can write

lim sup
n→∞

∥∥∥∥(1− t)
∞∑
n=0

ant
n − `

∥∥∥∥ = lim sup
n→∞

∥∥∥∥(1− t)
∞∑
n=0

(an − `) tn
∥∥∥∥ ≤ r.

Taking the limit superior both sides in (2.3), we obtain

lim sup
n→∞

∥∥∥∥(1− t)
∞∑
n=0

bnt
n − `

∥∥∥∥ ≤ lim sup
n→∞

[
(1− t)

∞∑
n=0
‖an − `‖ tn

]
− r.

This implies that bn
A→ `.

Proposition 2.2. (i) If an
r−A→ `1 and bn

r−A→ `2, then an + bn
2r−A→ `1 + `2.

(ii) If an
r−A→ `, then λan

|λ|r−A→ λ` for each λ ∈ R.
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Proof. (i) Suppose that an
r−A→ `1 and bn

r−A→ `2. Let ε > 0 and t ∈ (0, 1). Then there exist N1 (ε) , N2 (ε) ∈ N such
that ∥∥∥∥(1− t)

∞∑
n=0

ant
n − `1

∥∥∥∥ < r +
ε

2
for all n ≥ N1 (ε)

and ∥∥∥∥(1− t)
∞∑
n=0

bnt
n − `2

∥∥∥∥ < r +
ε

2
for all n ≥ N2 (ε) .

Let N (ε) = max {N1 (ε) , N2 (ε)}. Hence, we have∥∥∥∥(1− t)
∞∑
n=0

(an + bn) tn − (`1 + `2)

∥∥∥∥ ≤ ∥∥∥∥(1− t)
∞∑
n=0

ant
n + (1− t)

∞∑
n=0

bnt
n − `1 − `2

∥∥∥∥
≤
∥∥∥∥(1− t)

∞∑
n=0

ant
n − `1

∥∥∥∥+

∥∥∥∥(1− t)
∞∑
n=0

bnt
n − `2

∥∥∥∥
< r + ε/2 + r + ε/2 = 2r + ε

for all n ≥ N (ε), which completes the proof.
(ii) For λ = 0 the statement is trivial. Let λ 6= 0. Since an

r−A→ `, for every ε > 0 and each t ∈ (0, 1) there exists an
N(ε) ∈ N such that ∥∥∥∥(1− t)

∞∑
n=0

ant
n − `

∥∥∥∥ < r +
ε

|λ|
for all n ≥ N (ε) .

Then we have ∥∥∥∥(1− t)
∞∑
n=0

λant
n − λ`

∥∥∥∥ = |λ|
∥∥∥∥(1− t)

∞∑
n=0

ant
n − `

∥∥∥∥
≤ |λ|

(
r +

ε

|λ|

)
= |λ| r + ε

for all n ≥ N (ε). Thus, we obtain λan
|λ|r−A→ λ` for each λ ∈ R.

3. Conclusion
The converse of Theorem 2.1 is not true. That is, if a sequence is rough Abel convergent, it may not rough

convergent to the same point. The Proposition 2.2 shows that the sum of rough Abel convergent sequences with the
same degree of roughness converges with a different degree of roughness. In other words, the roughness degree 2r
cannot be decreased. It also states that the scalar product of a rough Abel convergent sequence converges with a
different degree of roughness. After that, we can examine some properties of the set of rough Abel limit points of a
sequence.

Article Information
Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous

reviewers for their helpful comments and suggestions.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and
approved the final manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is
published under the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organi-
zations for this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study,
scientific and ethical principles were followed and all the studies benefited from are stated in the bibliography.



A note on rough Abel convergence 197

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of data and materials: Not applicable.

References
[1] Phu, H. X.:Rough convergence in normed linear spaces. Numerical Functional Analysis and Optimization. 22,

201-224 (2001).

[2] Phu, H. X.:Rough convergence in infinite dimensional normed spaces. Numerical Functional Analysis and Optimiza-
tion. 24, 285-301 (2003).

[3] Aytar, S.: Rough statistical convergence. Numerical Functional Analysis and Optimization. 29 (3-4), 291-303
(2008).

[4] Dündar, E., Çakan, C.: Rough I-convergence. Demonstratio Mathematica. 47 (3), 638-651 (2014).

[5] Pal, S. K., Chandra, D., Dutta, S.: Rough ideal convergence. Hacettepe Journal of Mathematics and Statistics. 42(6),
633-640 (2013).

[6] Malik, P., Maity, M.: On rough statistical convergence of double sequences in normed linear spaces. Afrika Matematika.
27, 141-148 (2016).
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