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Abstract

In this work four uncertain delay di�erential equations of Volterra-Levin type will be considered. Applying
suitable contraction mapping and �xed point method, the stability of the equations will be studied. It will
be shown that the solutions are bounded and, with additional condition, the solutions tend to zero. Also,
a necessary and su�cient condition for the asymptotic stability of the solutions of an uncertain di�erential
equation will be presented.
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1. Introduction

Introducing uncertain measure, uncertain theory was founded by Liu in 2007 ([8]). Since then, the theory
has been spread in various �elds such as optimal control ([16]), game theory ([13]), �nance ([5]), heat con-
duction ([14]), uncertain risk analysis ([7]), uncertain logic ([6]) and uncertain programming ([4]). Uncertain
di�erential equations were introduced by Liu in [3]. In this work we are interested to study the stability of
uncertain (delay) di�erential equations (UDDEs). First, uncertain di�erential equations (UDEs) and some
of the previous results in this area will be presented.
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An uncertain process Ct is said to be a Liu process if
(i) C0 = 0 and almost all sample paths are Lipschitz continuous,
(ii) Ct has stationary and independent increments,
(iii) every increment Cs+t − Cs is a normal uncertain variable with expected value 0 and variance t2 ([3]).

An uncertain di�erential equation (UDE) is a type of di�erential equation which is driven by Liu process
as

dXt = f(t,Xt)dt+ g(t,Xt)dCt, (1.1)

where Ct is a Liu process. The existence and uniqueness of solutions of (1.1) is proved by Chen and Liu ([1]).
Recently, the existence and uniqueness of solutions of uncertain linear system has been presented by the
authors in [10]. Also, the Liouville formula and explicit solutions of uncertain homogeneous linear systems
is proved by the authors in [11]. Moreover, the continuity and di�erentiability of solutions with respect to
initial conditions and Peano theorem for uncertain di�erential equations have recently been presented in [9].

De�nition 1.1. An uncertain delay di�erential equation (UDDE) is an uncertain di�erential equation in
which the increment of the uncertain process depends on the values of the process in the past.

Stability is one of the most important problems in the study of UDEs. First, the concept of the stability
will be reviewed. Let Xt = (xt1, xt2, . . . , xtn) ∈ Rn, P = (p1, p2, . . . , pn) ∈ Rn, f = (f1, f2, . . . , fn) and g =
(g1, g2, . . . , gn) in which fi and gi are continuous and partially di�erentiable functions on {t ∈ [t0,∞), xti ∈
R}. Suppose Xt(P ) be the solution of system{

dXt = f(t,Xt)dt+ g(t,Xt)dCt,

Xt0 = X0 = P,

for all t > 0 and P ∈ Rn. Now, this is a question that, how small changes in the initial conditions a�ect
the long-term behavior of the solutions? If the system varies little under small perturbations of the initial
position, then we say that motion of the system is stable. In this manuscript, applying the �xed point
method, the concept of stability for UDDEs will be investigated.

The stability in measure, which is founded by Liu ([3]) in 2009, is de�ned as follows.

De�nition 1.2. An UDE is said to be stable if for any ϵ > 0 and ε > 0, there exists δ > 0 such that for
any solutions Xt and Yt we have

M{|Xt − Yt| > ϵ} < ε, ∀t > 0,

where |X0 − Y0| < δ and M is an uncertain measure ([3]).

Some stability results for Volterra-Hadamard random partial fractional integral equations have been given
by the authors in [12]. Also, a su�cient condition about the stability of solutions of an UDE is given by Yao
et al. in 2013 as follows ([15]).

Theorem 1.3. ([15]) The uncertain di�erential equation

dXt = f(t,Xt)dt+ g(t,Xt)dCt,

is stable if f(t,Xt) and g(t,Xt) satisfy the linear growth condition

|f(t,Xt)|+ |g(t,Xt)| ⩽ K(1 + |Xt|), ∀Xt ∈ R, t ⩾ 0,

for some constant K and strong Lipschitz condition

|f(t,Xt)− f(t, Yt)|+ |g(t,Xt)− g(t, Yt)| ⩽ L(t)|Xt − Yt|, ∀Xt, Yt ∈ R, t ⩾ 0,

for some bounded and integrable function L(t) on [0,∞).
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2. Preliminaries

In this section, to prove our main results, some needed preliminaries will be presented. First, consider
the following theorem which is proven by Ji and Zhau in [2].

Theorem 2.1. ([2]) Let Ct be an n-dimensional Liu process and Yt be an m × n Liu integrable uncertain
matrix process. Then, ∣∣∣∣ ∫ b

a
Yt(γ)dCt(γ)

∣∣∣∣ ⩽ Kγ

∫ b

a
|Yt(γ)|dt, ∀γ ∈ Γ,

where Kγ is the Lipschitz constant of the sample path Ct(γ).

We will study some UDEs in which the di�erence of two pairs of terms, say A− C and B −D, seem to
have little or no e�ect on the behavior of the solutions of the equations. For example consider the UDE

dXt = [f(t,Xt) +A]dt+ [g(t,Xt) +B]dCt,

which is most intractable but

dXt = [f(t,Xt) + C]dt+ [g(t,Xt) +D]dCt, (2.1)

would be easy to analyze. The real advantage of identi�cation of such two pairs is the idea of using the
technique of adding and subtracting the same thing with the hope that

dXt = [f(t,Xt) + (A− C) + C]dt+ [g(t,Xt) + (B −D) +D]dCt,

will have the same behavior of (2.1).
For example, let uncertain process Xt denotes the number of individuals in a population at time t.

Assume also that, A(t) = h(Xt) and B(t) = k(Xt) be the number of insure and uncertain births. If every
individual has lifespan L and dies at age L, then the population growth is governed by equation

dXt = [h(Xt)− h(Xt−L)]dt+ k(Xt)dCt − k(Xt−L)dCt−L. (2.2)

Note that h and k can be any Lipschitz functions and h(Xt) − h(Xt−L) and k(Xt) − k(Xt−L) are the net
change in the population and the �uctuation per unite of time, respectively. In real-word problems, because
of uncertainties, the freedom of taking h and k as two arbitrary Lipschitz functions is critical. Equation
(2.2) has the property that every constant process is a solution and every solution (under certain regularity
conditions) approaches to a constant. If the regularity conditions fail, then a solution may tend to ±∞.

If
dXt = f(t,Xt)dt+ g(t,Xt)dCt,

enjoys the stability properties, then those properties should be shared with

dXt = [f(t,Xt) + h(Xt)− h(Xt−L)]dt+ [g(t,Xt) + k(Xt)]dCt − k(Xt−L)dCt−L,

under mild conditions on h, k and L and h(Xt)−h(Xt−L) and k(Xt)dCt−k(Xt−L)dCt−L should be considered
as harmless perturbations. Our goal is to construct a set of harmless perturbations.

To specify a solution of (2.2), an initial function on an initial interval is needed. Typically, we need a
continuous function ψ : [−L, 0] → R and obtain a continuous function Xt(0, ψ) with Xt(0, ψ) = ψ(t) on
[−L, 0], while Xt satis�es (2.2) for t > 0. For convenience, consider the solution starting at t0 = 0.

Considering the initial condition, equation (2.2) can be written as

Xt = ψ(0)−
∫ 0

−L
h(ψ(s))ds+

∫ t

t−L
h(Xs)ds−

∫ 0

−L
k(ψ(s))dCs +

∫ t

t−L
k(Xs)dCs. (2.3)
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To solve our problem, let L > 0 be constant and h and k satisfy

|h(Xt)− h(Yt)| ⩽ K1|Xt − Yt|,
|k(Xt)− k(Yt)| ⩽ K2|Xt − Yt|.

(2.4)

Suppose also that there is a positive constant α < 1 such that

L(K1 +K2Kγ) < α, (2.5)

where Kγ is the Lipschitz constant of sample pass C(γ).

Theorem 2.2. Let (2.4) and (2.5) hold and ψ : [−L, 0] → R be a continuous function. Then, there is a
unique constant λ satisfying

λ = ψ(0) + h(λ)L−
∫ 0

−L
h(ψ(s))ds+ k(λ)LKγ −

∫ 0

−L
k(ψ(s))dCs, (2.6)

such that the unique solution of (2.2) with initial function ψ satis�es Xt(0, ψ) → λ as t→ ∞.

Proof. De�ne mapping P : R → R as

Pλ = ψ(0) + h(λ)L−
∫ 0

−L
h(ψ(s))ds+ k(λ)LKγ −

∫ 0

−L
k(ψ(s))dCs.

We show that P is a contraction mapping. Let m,n ∈ R. Then,

|Pm− Pn| ⩽ L|h(m)− h(n)|+ LKγ |k(m)− k(n)| ⩽ L(K1 +K2Kγ)|m− n|
< α|m− n|.

Therefore, P is a contraction mapping on the complete metric space (R, |.|) where |.| denotes the absolute
value. Thus, P has a unique �xed point λ.

Now, de�ne

M ={ϕ : [−L,∞) → R | ϕ(t) = ψ(t) on [−L, 0], ϕ(t) → λ as t→ ∞, ϕ

is bounded continuous function}.

Then, (M, ∥.∥) is a complete normed space with the supremum norm. Applying (2.3), de�ne Q : M → M
on [−L, 0] as

(Qϕ)(t) = ψ(t),

and for t > 0 let

(Qϕ)(t) = ψ(0)−
∫ 0

−L
h(ψ(s))ds+

∫ t

t−L
h(ϕ(s))ds−

∫ 0

−L
k(ψ(s))dCs +

∫ t

t−L
k(ϕ(s))dCs. (2.7)

It is clear that a �xed point of Q will solve (2.2) and (2.3). Notice that since ϕ(t) → λ, we have∫ t
t−L h(ϕ(s))ds → h(λ)L and

∫ t
t−L k(ϕ(s))dCs → k(λ)(Ct − Ct−L) as t → ∞. Using this, (2.7) and then

(2.6), we see that (Qϕ)(t) → λ as t→ ∞. Thus, Q :M →M .
It will be shown that Q is a contraction mapping. Let ϕ, η ∈M . Then,

|(Qϕ)(t)− (Qη)(t)| ⩽
∫ t

t−L
|h(ϕ(s))− h(η(s))|ds+

∫ t

t−L
|k(ϕ(s))− k(η(s))|dCs

⩽ K1L∥ϕ− η∥+ LK2Kγ∥ϕ− η∥ ⩽ α∥ϕ− η∥.

Therefore, Q is a contraction mapping with unique �xed point ϕ ∈M and the proof is complete.
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3. Stability of uncertain delay di�erential equations

The study of UDDEs is a new �eld of the theory of uncertain di�erential equations. In this section the
�xed point method will be used to study the stability of four di�erent types of UDDEs of Volterra-Levin
type. As we see, each of these equations will be approached via the harmless perturbation idea.

The problems we consider here are:

dXt = −
∫ t

t−L
p(s− t)f(Xs)dtds−

∫ t

t−L
q(s− t)g(Xs)dCsdCs−t

dXt = −
∫ t

0
e−a(t−s) sin(t− s)dtf(Xs)ds−

∫ t

0
e−b(t−s) sin(t− s)dCt−sg(Xs)dCs,

dXt = −
∫ t

−∞
p(s− t)dtf(Xs)ds+

∫ t

−∞
q(s− t)dCs−tg(Xs)dCs,

dXt = [−a(t)f(Xq(t))]dt+ [−b(t)g(Xq(t))]dCt.

Each of these equations can be displayed as

dXt = −f(Xt)dt+ a harmless perturbation− g(Xt)dCt + an uncertain harmless perturbation.

Then, the stability of these equations will be studied by applying suitable contraction mappings. In this
way, we show that the �xed point technique can be applied on a distributed bounded delay, a distributed
unbounded delay, a distributed in�nite delay and a pointwise variable delay.

In all of the equations, let f, g : R → R be functions satisfying

|f(Xt)− f(Yt)| ⩽ K1|Xt − Yt|,
|g(Xt)− g(Yt)| ⩽ K2|Xt − Yt|,

(3.1)

for some positive K1 and K2 and for all Xt, Yt ∈ R. Also, assume that

f(Xt)

Xt
⩾ 0 and

g(Xt)

Xt
⩾ 0,

lim
Xt→0

f(Xt)

Xt
and lim

Xt→0

g(Xt)

Xt
exist,

(3.2)

and sometimes
f(Xt)

Xt
⩾ β and

g(Xt)

Xt
⩾ β, (3.3)

for some β > 0.
Brie�y, for the type of initial function, owing to the continuity and the Lipschitz condition, there will be

a unique solution. Because of the Lipschitz growth condition, that solution can be continued for all future
time. In the following four theorems, we will show that the solutions of the mentioned equations are bounded
and, with an additional condition, their solutions tend to zero.

Consider the �rst equation which is an scalar uncertain equation of Volterra-Levin type as

dXt = −
∫ t

t−L
p(s− t)f(Xs)dtds−

∫ t

t−L
q(s− t)g(Xs)dCsdCs−t, (3.4)

where L > 0 and p and q are continuous functions satisfying∫ 0

−L
p(s)ds =

∫ 0

−L
q(s)dCs−t = 1. (3.5)
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For K1 and K2 of (3.1) let

2K1

∫ 0

−L
|p(v)v|dv + 2K2Kγ

∫ 0

−L
|q(v)v|dv =: α < 1, (3.6)

where Kγ is the Lipschitz constant for sample path C(γ).

Theorem 3.1. Let (3.1), (3.2), (3.5) and (3.6) hold. Then, every solution of (3.4) is bounded. Moreover,
every solution of (3.4) tends to zero if (3.3) holds.

Proof. Let ψ : [−L, 0] → R be a continuous initial function and X1t := Xt(0, ψ) be the unique solution.
Then, (3.4) can be written as

dXt = −f(Xt)dt+ d

∫ 0

−L
p(s)

∫ t

t+s
f(Xu)duds− g(Xt)dCt + d

∫ 0

−L
q(s)

∫ t

t+s
g(Xu)dCudCs.

De�ne non-negative continuous functions a, b : [0,∞) → [0,∞) as

a(t) :=
f(X1t)

X1t
, b(t) :=

g(X1t)

X1t
.

Therefore, for the �xed solution, the equation can be written as

dXt = −a(t)Xtdt+ d

∫ 0

−L
p(s)

∫ t

t+s
f(Xu)duds− b(t)XtdCt + d

∫ 0

−L
q(s)

∫ t

t+s
g(Xu)dCudCs.

Now, by the variation of parameters and integration by parts, we have

Xt = ψ(0)e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs +

∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs

d

dv

∫ 0

−L
p(s)

∫ v

v+s
f(Xu)dudsdv

+

∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs

d

dv

∫ 0

−L
q(s)

∫ v

v+s
g(Xu)dCudCsdCv

= ψ(0)e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs + e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs

∫ 0

−L
p(s)

∫ v

v+s
f(Xu)duds

∣∣t
0

−
∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
p(s)

∫ v

v+s
f(Xu)dudsdv

+ e−
∫ t
v a(s)ds−

∫ t
v b(s)dCs

∫ 0

−L
q(s)

∫ v

v+s
g(Xu)dCudCs

∣∣t
0

−
∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
q(s)

∫ v

v+s
g(Xu)dCudCsdCv

= ψ(0)e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs +

∫ 0

−L
p(s)

∫ t

t+s
f(Xu)duds

− e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs

∫ 0

−L
p(s)

∫ 0

s
f(ψ(u))duds

−
∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
p(s)

∫ v

v+s
f(Xu)dudsdv

+

∫ 0

−L
q(s)

∫ t

t+s
g(Xu)dCudCs − e−

∫ t
0 a(s)ds−

∫ t
0 b(s)dCs

∫ 0

−L
q(s)

∫ 0

s
g(ψ(u))dCudCs

−
∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
q(s)

∫ v

v+s
g(Xu)dCudCsdCv.
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Let
M = {ϕ : [−L,∞) → R | ϕ0 = ψ, ϕ is bounded and continuous}.

De�ne P :M →M by (Pϕ)(t) = ψ(t) for −L ⩽ t ⩽ 0. If t ⩾ 0, then de�ne

(Pϕ)(t) = ψ(0)e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs +

∫ 0

−L
p(s)

∫ t

t+s
f(ϕ(u))duds

− e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs

∫ 0

−L
p(s)

∫ 0

s
f(ψ(u))duds

−
∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
p(s)

∫ v

v+s
f(ϕ(u))dudsdv

+

∫ 0

−L
q(s)

∫ t

t+s
g(ϕ(u))dCudCs

− e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs

∫ 0

−L
q(s)

∫ 0

s
g(ψ(u))dCudCs

−
∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
q(s)

∫ v

v+s
g(ϕ(u))dCudCsdCv.

Let ϕ, η ∈M . Then,

|(Pϕ)(t)− (Pη)(t)| ⩽
∫ 0

−L
|p(s)|

∫ t

t+s
|f(ϕ(u))− f(η(u))|duds

+

∫ t

0
e−

∫ t
v a(s)ds+

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
|p(s)|

∫ v

v+s
|f(ϕ(u))− f(η(u))|dudsdv

+

∫ 0

−L
|q(s)|

∫ t

t+s
|g(ϕ(u))− g(η(u)|dCudCs

+

∫ t

0
e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs [a(v) + b(v)]

∫ 0

−L
|q(s)|

∫ v

v+s
|g(ϕ(u))− g(η(u))|dCudCsdCv

⩽

[
2K1

∫ 0

−L
|p(s)s|ds+ 2K2Kγ

∫ 0

−L
|q(s)s|ds

]
∥ϕ− η∥ ⩽ α∥ϕ− η∥.

Hence, P is a contraction mapping on M and there is a unique �xed point, a bounded solution.
If (3.3) holds and we add to M the condition that ϕ(t) → 0 as t → ∞, then it can be shown that

(Pϕ)(t) → 0 whenever ϕ(t) → 0 and the solution of (3.4) tends to zero.

Consider the second equation as

dXt = −
∫ t

0
e−a(t−s) sin(t− s)dtf(Xs)ds−

∫ t

0
e−b(t−s) sin(t− s)dCt−sg(Xs)dCs, (3.7)

where a, b > 0. For K1 and K2 of (3.1) suppose

2K1 sup
t⩾0

∫ t

0

∫ ∞

t−u

e−av| sin(v)|dvdu+ 2K2Kγ sup
t⩾0

∫ t

0

∫ ∞

t−u

e−bv| sin(v)|dvdu =: α < 1. (3.8)

De�ne

l1 :=

∫ ∞

0
e−av sin(v)dv, l2 :=

∫ ∞

0
e−bv sin(v)dCv.

Because of the Lipschitz condition on f and g, it can be shown that for each X0 there is a unique solution
Xt(0, X0).
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Theorem 3.2. Let (3.1), (3.2), and (3.8) hold. Then, every solution of (3.7) is bounded. If, in addition,
(3.3) holds, then every solution tends to zero as t→ ∞.

Proof. Let Xt0 = X0 and X1t be the unique solution. Hence, (3.7) can be written as

dXt = −l1f(Xt)dt+ d

∫ t

0

∫ ∞

t−s
e−av sin(v)dvf(Xs)ds− l2g(Xt)dCt + d

∫ t

0

∫ ∞

t−s
e−bv sin(v)dCvg(Xs)dCs.

De�ne c1(t) and c2(t) as

c1(t) :=
f(X1t)

X1t
, c2(t) :=

g(X1t)

X1t
.

Therefore, the equation can be written as

dXt = −l1c1(t)Xtdt+ d

∫ t

0

∫ ∞

t−s
e−av sin(v)dvf(Xs)ds− l2c2(t)XtdCt + d

∫ t

0

∫ ∞

t−s
e−bv sin(v)dCvg(Xs)dCs.

Use the variation of parameters formula to write the solution as

Xt = X0e
−l1

∫ t
0
c1(s)ds−l2

∫ t
0
c2(s)dCs +

∫ t

0

e−l1
∫ t
u
c1(s)ds−l2

∫ t
u
c2(s)dCs

d

du

∫ u

0

∫ ∞

u−s

e−av sin(v)dvf(Xs)dsdu

+

∫ t

0

e−l1
∫ t
u
c1(s)ds−l2

∫ t
u
c2(s)dCs

d

du

∫ u

0

∫ ∞

u−s

e−bv sin(v)dCvg(Xs)dCsdCu

= X0e
−l1

∫ t
0
c1(s)ds−l2

∫ t
0
c2(s)dCs + e−l1

∫ t
u
c1(s)ds−l2

∫ t
u
c2(s)dCs

∫ u

0

∫ ∞

u−s

e−av sin(v)dvf(Xs)ds
∣∣t
0

−
∫ t

0

e−l1
∫ t
u
c1(s)ds−l2

∫ t
u
c2(t)dCs [l1c1(u) + l2c2(u)]

∫ u

0

∫ ∞

u−s

e−av sin(v)dvf(Xs)dsdu

+ e−l1
∫ t
u
c1(s)ds−l2

∫ t
u
c2(s)dCs

∫ u

0

∫ ∞

u−s

e−bv sin(v)dCvg(Xs)dCs

∣∣t
0

−
∫ t

0

e−l1
∫ t
u
c1(s)ds−l2

∫ t
u
c2(t)dCs [l1c1(u) + l2c2(u)]

∫ u

0

∫ ∞

u−s

e−bv sin(v)dCvg(Xs)dCsdCu

= X0e
−l1

∫ t
0
c1(s)ds−l2

∫ t
0
c2(s)dCs +

∫ t

0

∫ ∞

t−s

e−av sin(v)dvf(Xs)ds+

∫ t

0

∫ ∞

t−s

e−bv sin(v)dCvg(Xs)dCs

−
∫ t

0

e−l1
∫ t
u
c1(s)ds−l2

∫ t
u
c2(t)dCs [l1c1(u) + l2c2(u)]

∫ u

0

∫ ∞

u−s

e−av sin(v)dvf(Xs)dsdu

−
∫ t

0

e−l1
∫ t
u
c1(s)ds−l2

∫ t
u
c2(t)dCs [l1c1(u) + l2c2(u)]

∫ u

0

∫ ∞

u−s

e−bv sin(v)dCvg(Xs)dCsdCu.

Now, de�ne
M = {ϕ : [0,∞) → R | ϕ is bounded and continuous, ϕ(0) = X0}.

Also, using the equation above, de�ne P : M → M like in the proof of the Theorem 3.1. Let ϕ, η ∈ M .
Then,

|(Pϕ)(t)− (Pη)(t)| ⩽
(
2K1 sup

t⩾0

∫ t

0

∫ ∞

t−u

e−av| sin(v)|dvdu+ 2K2Kγ sup
t⩾0

∫ t

0

∫ ∞

t−u

e−bv| sin(v)|dvdu
)
∥ϕ− η∥

< α∥ϕ− η∥.

Thus, P is a contraction mapping and we have a unique �xed point, a bounded function satisfying the
di�erential equation. If f(Xt)

Xt
, g(Xt)

Xt
⩾ β > 0, then it can be shown that (Pϕ)(t) → 0 whenever ϕ(t) → 0.

Thus, all solutions tend to zero.



V.Roomi, H.R.Ahmadi, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 215�231. 223

We next consider the third equation as

dXt = −
∫ t

−∞
p(s− t)dtf(Xs)ds+

∫ t

−∞
q(s− t)dCs−tg(Xs)dCs, (3.9)

in which ∫ 0

−∞
p(s)ds =

∫ 0

−∞
q(s)dCs = 1 and∫ 0

−∞

∫ v

−∞
|p(u)|dudv and

∫ 0

−∞

∫ v

−∞
|q(u)|dCudCv exist.

(3.10)

Assume also that for K1 and K2 of (3.1), there exists a positive α < 1 such that(
2K1 sup

t⩾0

∫ t

0

∫ s−t

−∞
|p(u)|duds+ 2K2Kγ sup

t⩾0

∫ t

0

∫ s−t

−∞
|q(u)|duds

)
⩽ α. (3.11)

Theorem 3.3. Let (3.1), (3.2), (3.10) and (3.11) hold. Then, every solution of (3.9) with bounded continuous
initial function ψ : (−∞, 0] → R is bounded. If in addition (3.3) holds, then those solutions tend to zero as
t→ ∞.

Proof. We can write (3.9) as

dXt =− f(Xt)dt+ d

∫ t

−∞

∫ s−t

−∞
p(u)duf(Xs)ds− g(Xt)dCt + d

∫ t

−∞

∫ s−t

−∞
q(u)dCug(Xs)dCs.

For a given bounded continuous initial function ψ, let X1t be the unique solution which is de�ned on [0,∞).
De�ne continuous functions a(t) and b(t) as

a(t) :=
f(X1t)

X1t
, b(t) :=

g(X1t)

X1t
,

and write the equation as

dXt =− a(t)Xtdt+ d

∫ t

−∞

∫ s−t

−∞
p(u)duf(Xs)ds− b(t)XtdCt + d

∫ t

−∞

∫ s−t

−∞
q(u)dCug(Xs)dCs.

Now, use the variation of parameters formula to write the solution as

Xt = ψ(0)e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs +

∫ t

0
e−

∫ t
v a(u)du−

∫ t
v b(u)dCu

d

dv

∫ v

−∞

∫ s−v

−∞
p(u)duf(Xs)dsdv

+

∫ t

v
e−

∫ t
v a(u)du−

∫ t
v b(u)dCu

d

dv

∫ v

−∞

∫ s−v

−∞
q(u)dCug(Xs)dCsdCv

= ψ(0)e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs + e−

∫ t
v a(u)du−

∫ t
v b(u)dCu

∫ v

−∞

∫ s−v

−∞
p(u)duf(Xs)ds|t0

−
∫ t

0
[a(v) + b(v)]e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs

∫ v

−∞

∫ s−v

−∞
p(u)duf(Xs)dsdv

+ e−
∫ t
v a(u)du−

∫ t
v b(u)dCu

∫ v

−∞

∫ s−v

−∞
q(u)dCug(Xs)dCs|t0

−
∫ t

0
(a(v) + b(v))e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs

∫ v

−∞

∫ s−v

−∞
q(u)dCug(Xs)dCsdCv
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= ψ(0)e−
∫ t
0 a(s)ds−

∫ t
0 b(s)dCs +

∫ t

−∞

∫ s−t

−∞
p(u)duf(Xs)ds

− e−
∫ t
0 a(u)du−

∫ t
0 b(u)dCu

∫ 0

−∞

∫ s

−∞
p(u)duf(ψs)ds

−
∫ t

0
[a(v) + b(v)]e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs

∫ v

−∞

∫ s−v

−∞
p(u)duf(Xs)dsdv

+

∫ t

−∞

∫ s−t

−∞
q(u)dCug(Xs)dCs − e−

∫ t
0 a(u)du−

∫ t
0 b(u)dCu

∫ 0

−∞

∫ s

−∞
q(u)dCug(ψs)dCs

−
∫ t

0
[a(v) + b(v)]e−

∫ t
v a(s)ds−

∫ t
v b(s)dCs

∫ v

−∞

∫ s−v

−∞
q(u)dCug(Xs)dCsdCv.

Let
M = {ϕ : [0,∞) → R | ϕ is bounded and continuous, ϕ(t) = ψ(t) for t ⩽ 0}.

For t ⩽ 0 de�ne P :M →M as (Pϕ)(t) = ψ(t) and for t ≥ 0 de�ne

(Pϕ)(t) = ψ(0)e−
∫ t
0
a(s)ds−

∫ t
0
b(s)dCs +

∫ t

−∞

∫ s−t

−∞
p(u)duf(ϕ(s))ds

− e−
∫ t
0
a(u)du−

∫ t
0
b(u)dCu

∫ 0

−∞

∫ s

−∞
p(u)duf(ψs)ds

−
∫ t

0

[a(v) + b(v)]e−
∫ t
v
a(s)ds−

∫ t
v
b(s)dCs

∫ v

−∞

∫ s−v

−∞
p(u)duf(ϕ(s))dsdv

+

∫ t

−∞

∫ s−t

−∞
q(u)dCug(ϕ(s))dCs − e−

∫ t
0
a(u)du−

∫ t
0
b(u)dCu

∫ 0

−∞

∫ s

−∞
q(u)dCug(ψs)dCs

−
∫ t

0

[a(v) + b(v)]e−
∫ t
v
a(s)ds−

∫ t
v
b(s)dCs

∫ v

−∞

∫ s−v

−∞
q(u)dCug(ϕ(s))dCsdCv.

Let ξ, η ∈M . Then,

|(Pξ)(t)− (Pη)(t)| ⩽
∫ v

−∞

∫ s−t

−∞
|p(u)|du|f(ξ(s))− f(η(s))|ds

−
∫ t

0

[a(v) + b(v)]e−
∫ t
v
a(s)ds−

∫ t
v
b(s)dCs

∫ v

−∞

∫ s−v

−∞
|p(u)|du|f(ξ(s))− f(η(s))|dsdv

+

∫ v

−∞

∫ s−t

−∞
|q(u)|du|g(ξ(s))− g(η(s))|dCs

−
∫ t

0

[a(v) + b(v)]e−
∫ t
v
a(s)ds−

∫ t
v
b(s)dCs

∫ v

−∞

∫ s−v

−∞
|q(u)|dCu|g(ξ(s))− g(η(s))|dCsdCv

⩽

(
2K1 sup

t⩾0

∫ t

0

∫ s−t

−∞
|p(u)|duds+ 2K2Kγ sup

t⩾0

∫ t

0

∫ s−t

−∞
|q(u)|duds

)
∥ξ − η∥

< α∥ξ − η∥.

Therefore, P is a contraction and there is a unique �xed point.
If in addition (3.3) holds, then modify M to include the condition ϕ(t) → 0. Then, it can be shown that

(Pϕ)(t) → 0 whenever ϕ(t) → 0 and the solution of (3.4) tends to zero.

Our �nal equation is as follows.

dXt = [−a(t)f(Xq(t))]dt+ [−b(t)g(Xq(t))]dCt, (3.12)

where q : R → R is continuous and strictly increasing to ∞, q(t) < t, q has the inverse function h(t) and a
and b are continuous from [0,∞) to [0,∞). Suppose that for K1 and K2 of (3.1), there is an α such that

sup
t⩾0

∫ h(t)

t
[K1a(u) +K2Kγb(u)]du ⩽ α < 1. (3.13)
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Theorem 3.4. Let (3.1), (3.2) and (3.13) hold. Then, every solution of (3.12) is bounded. If, in addition,
(3.3) holds and (∫ t

0
a(s)ds+

∫ t

0
b(s)dCs

)
→ ∞ as t→ ∞, (3.14)

then every solution of (3.12) tends to zero as t→ ∞.

Proof. Write (3.12) as

dXt = −a(h(t))h′(t)f(Xt)dt− b(h(t))h′(t)g(Xt)dCt − d

∫ t

h(t)
a(s)f(Xq(s))ds− d

∫ t

h(t)
b(s)g(Xq(s))dCs.

Now, considering a continuous initial function ψ : [q(0), 0] → R, let X1t denotes the unique solution and
de�ne the following continuous functions.

L(t)Xt := a(h(t))h′(t)
f(X1t)

X1t
, D(t)Xt := b(h(t))h′(t)

g(X1t)

X1t
.

Therefore, the equation can be written as

dXt = −L(t)Xtdt− d

∫ t

h(t)
a(s)f(Xq(s))ds−D(t)XtdCtd

∫ t

h(t)
b(s)g(Xq(s))dCs.

Like the method used in the previous theorems, we have

Xt = ψ(0)e−
∫ t
0
L(s)ds−

∫ t
0
D(s)dCs −

∫ t

0

e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

d

ds

∫ t

h(t)

a(u)f(Xq(u))duds

−
∫ t

0

e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

d

ds

∫ t

h(t)

b(u)g(Xq(u))dCudCs

= ψ(0)e−
∫ t
0
L(s)ds−

∫ t
0
D(s)dCs − e−

∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

a(u)f(Xq(u))du|t0

+

∫ t

0

[L(s) +D(s)]e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

a(u)f(Xq(u))duds

− e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

b(u)g(Xq(u))dCu|t0

+

∫ t

0

[L(s) +D(s)]e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

b(u)g(Xq(u))dCudCs

= ψ(0)e−
∫ t
0
L(s)ds−

∫ t
0
D(s)dCs −

∫ t

h(t)

a(u)f(Xq(u))du+ e−
∫ t
0
L(u)du−

∫ t
0
D(u)dCu

∫ 0

h(0)

a(u)f(Xq(u))du

+

∫ t

0

[L(s) +D(s)]e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

a(u)f(Xq(u))duds

−
∫ t

h(t)

b(u)g(Xq(u))du+ e−
∫ t
0
L(u)du−

∫ t
0
D(u)dCu

∫ 0

h(0)

b(u)g(Xq(u))dCu

+

∫ t

0

[L(s) +D(s)]e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

b(u)g(Xq(u))dCudCs.

Let
M = {ϕ : [0,∞) → R | ϕ is bounded and continuous, ϕ(0) = X0},
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and de�ne P :M →M for t ⩾ 0 by

(Pϕ)(t) = ψ(0)e−
∫ t
0
L(s)ds−

∫ t
0
D(s)dCs −

∫ t

h(t)

a(u)f(ϕ(u))du+ e−
∫ t
0
L(u)du−

∫ t
0
D(u)dCu

∫ 0

h(0)

a(u)f(ϕ(u))du

+

∫ t

0

[L(s) +D(s)]e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

a(u)f(ϕ(u))duds

−
∫ t

h(t)

b(u)g(ϕ(u))du+ e−
∫ t
0
L(u)du−

∫ t
0
D(u)dCu

∫ 0

h(0)

b(u)g(ϕ(u))dCu

+

∫ t

0

[L(s) +D(s)]e−
∫ t
s
L(u)du−

∫ t
s
D(u)dCu

∫ s

h(s)

b(u)g(ϕ(u))dCudCs.

For ϕ, η ∈M , we have

|(Pϕ)(t)− (Pη)(t)| ⩽
∫ t

h(t)
a(u)|(fϕ)(u)− (fη)(u)|du+

∫ t

h(t)
b(u)|(gϕ)(u)− (gη)(u)|dCu ⩽ α∥ϕ− η∥.

Thus, according to (3.13), P is a contraction mapping on M , and we have a bounded solution. If we have
(3.3), (3.14) and ϕ(t) → 0 as t→ ∞, then the solution (3.12) tends to zero.

Example 3.5. Consider the equation

dXt =

[
−
(
1.1 +

sin t

A

)
Xt−r

]
dt+

[
−
(
1.1 +

cos t

B

)
Xt−r

]
dCt, (3.15)

where A, B and r are positive real numbers. It is easy to see that for r small enough and A and B large
enough, all conditions of Theorem 3.4 are satis�ed. Thus, every solution of (3.15) tend to zero as t→ ∞.

4. A necessary and su�cient condition

In this section, a necessary and su�cient condition for the asymptotic stability of an UDDE will be
presented.

Consider the UDDE

dXt = [−a(t)Xt + f(t,Xt−r)]dt+ [−m(t)Xt + g(t,Xt−r)]dCt, (4.1)

in which a,m : [0,∞) → R and f, g : [0,∞) × G → R are continuous where G = {ϕ : (−∞, 0] →
R, ϕ is bounded continuous} which is a Banach space with the supremum norm ∥.∥.

For each β > 0, de�ne G(β) = {ϕ ∈ G : ∥ϕ∥ ⩽ β}. Also, given a function ψ : R → R, de�ne
∥ψ∥[s,t] = sup{|ψ(u)| : s ⩽ u ⩽ t}. For A > 0, a continuous function Xt : (−∞, A) → R is called a solution
of (4.1) through (t0, ϕ) ∈ [0,∞)×G if Xt0 = ϕ and Xt satis�es (4.1) on [t0, A).

If f(t, ϕ) and g(t, ϕ) are not linear functionals, we may �nd many fundamental di�culties in the process
of constructing a Lyapunov function. Therefore, �xed point method will be used to present a necessary and
su�cient condition about the stationary of (4.1).

Theorem 4.1. Suppose that there exist positive constants α and L and continuous functions b,d : [0,∞) →
[0,∞) such that the following conditions hold.

(I) lim inft→∞
∫ t
0 a(s)ds > −∞ and lim inft→∞

∫ t
0 m(s)dCs > −∞.

(II)
∫ t
0 e

−
∫ t
s a(u)du−

∫ t
s m(u)dCuh(s)ds ⩽ α < 1 where h(s) = max{b(s), d(s)} for 0 ⩽ s ⩽ t and t ⩾ 0.

(III) |f(t, ϕ) − f(t, ψ)| ⩽ b(t)∥ϕ − ψ∥ and |g(t, ϕ) − g(t, ψ)| ⩽ d(t)∥ϕ − ψ∥ for all ϕ, ψ ∈ G(L) and
f(t, 0) = g(t, 0) = 0.
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(IV) For each ϵ > 0 and t1 > 0, there exists t2 > t1 such that [t ⩾ t2, Xt ∈ G(L)] implies |f(t,Xt)| ⩽
b(t)(ϵ+ ∥X∥[t1,t]) and |g(t,Xt)| ⩽ d(t)(ϵ+ ∥X∥[t1,t]).

Then, the zero solution of (4.1) is asymptotically stable if and only if

(V)
∫ t
0 a(s)ds→ ∞ as t→ ∞ and

∫ t
0 m(s)dCs → ∞ as t→ ∞.

Proof. First, suppose that (V) holds. Let t0 ⩾ 0 and �nd δ0 > 0 such that δ0K + (1 +Kγ)αL ⩽ L where

K = sup
t⩾t0

{
e
−

∫ t
t0

a(s)ds−
∫ t
t0

m(s)dCs
}
. (4.2)

Let ϕ ∈ G(δ0) be �xed and de�ne

S = {X : R → R, Xt0 = ϕ,Xt ∈ G(L) for t ⩾ t0, Xt → 0 as t→ ∞}.

Then, S is a complete metric space with metric ρ(X,Y ) = sup
t⩾t0

{|Xt − Yt|}. De�ne P : S → S by (PX)(t) =

ϕ(t) for t ⩽ t0 and

(PX)(t) = ϕ(t0)e
−

∫ t
t0

a(s)ds−
∫ t
t0

m(s)dCs +

∫ t

t0

e−
∫ t
s a(u)du−

∫ t
s m(u)dCuf(s,Xs)ds

+

∫ t

t0

e−
∫ t
s a(u)du−

∫ t
s m(u)dCug(s,Xs)dCs,

for t ⩾ t0. Clearly (PX) : R → R is continuous with (PX)(t0) = ϕ and

|(PX)(t)| ⩽ |ϕ(t0)|e−
∫ t
t0

a(s)ds−
∫ t
t0

m(s)dCs +

∫ t

t0

e−
∫ t
s
a(u)ds−

∫ t
s
m(u)dCub(s)∥Xs∥ds

+

∫ t

t0

e−
∫ t
s
a(u)ds−

∫ t
s
m(u)dCud(s)∥Xs∥dCs

⩽ |ϕ(t0)|e−
∫ t
t0

a(s)ds−
∫ t
t0

m(s)dCs +

∫ t

t0

e−
∫ t
s
a(u)ds−

∫ t
s
m(u)dCuh(s)∥Xs∥ds

+Kγ

∫ t

t0

e−
∫ t
s
a(u)ds−

∫ t
s
m(u)dCuh(s)∥Xs∥ds ⩽ Kδ0 + αL+KγαL ⩽ L.

Thus, (PX)(t) ∈ G(L) for t ⩾ t0.

Now, we show that (PX)(t) → 0 as t → ∞. Let X ∈ S and ϵ > 0 be given. Since Xt → 0 as t → ∞,
there exists t1 > t0 such that |Xt| < ϵ for all t > t1. Since |Xt| ⩽ L for all t ∈ R, by (IV) there is t2 > t1
such that t > t2 implies

|f(t,Xt)| ⩽ b(t)(ϵ+ ∥X∥[t1,t]), |g(t,Xt)| ⩽ d(t)(ϵ+ ∥X∥[t1,t]).
For t ⩾ t2, we have∣∣∣∣∫ t

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCuf(s,Xs)ds+

∫ t

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCug(s,Xs)dCs

∣∣∣∣
⩽

∫ t2

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCu |f(s,Xs)|ds+

∫ t

t2

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCu |f(s,Xs)|ds

+

∫ t2

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCu |g(s,Xs)|dCs +

∫ t

t2

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCu |g(s,Xs)|dCs

⩽
∫ t2

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCub(s)∥Xs∥ds+

∫ t

t2

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCub(s)(ϵ+ ∥X∥[t1,s])|ds

+Kγ

∫ t2

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCud(s)∥Xs∥ds+Kγ

∫ t

t2

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCud(s)(ϵ+ ∥X∥[t1,s])|ds

⩽ αLe
−

∫ t
t2

a(u)du−
∫ t
t2

m(u)dCu + 2αϵ+KγαLe
−

∫ t
t2

a(u)du−
∫ t
t2

m(u)dCu + 2Kγαϵ.
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By (V), there exists t3 > t2 such that

δ0e
−

∫ t
t0

a(s)ds−
∫ t
t0

m(s)dCs + Le
−

∫ t
t2

a(s)ds−
∫ t
t2

m(s)dCs +KγLe
−

∫ t
t2

a(s)ds−
∫ t
t2

m(s)dCs < ϵ.

Thus, for t ⩾ t3, we have

|(PX)(t)| ⩽ δ0e
−

∫ t
t0

a(s)ds−
∫ t
t0

m(s)dCs + αLe
−

∫ t
t2

a(s)ds−
∫ t
t2

m(s)dCs

+ 2αϵ+KγαLe
−

∫ t
t2

a(s)ds−
∫ t
t2

m(s)dCs + 2Kγαϵ ⩽ 2(1 +Kγ)αϵ.

Therefore, (PX)(t) → 0 as t→ ∞ and hence (PX) ∈ S.
To show that P is a contraction mapping, observer that for t ⩾ t0

|(PX)(t)− (PY )(t)| ⩽
∫ t

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCu |f(s,Xs)− f(s, Ys)|ds

+

∫ t

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCu |g(s,Xs)− g(s, Ys)|dCs

⩽
∫ t

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCub(s)|Xs − Ys|ds

+Kγ

∫ t

t0

e−
∫ t
s
a(u)du−

∫ t
s
m(u)dCud(s)|Xs − Ys|ds

⩽ α|Xt − Yt|+Kγ |Xt − Yt| = α(1 +Kγ)|Xt − Yt|.

Thus, P has a unique �xed point X in S which is a solution of (4.1) with ϕ ∈ G(δ0) and Xt = Xt(t0, ϕ) → 0
as t→ ∞.

To prove the asymptotic stability, we need to show that the zero solution of (4.1) is stable. Let ϵ > 0
(ϵ < L) be given. Choose δ > 0 (δ < ϵ) such that δK + (1 +Kγ)αϵ < ϵ. If Xt = Xt(t0, ϕ) be a solution of
(4.1) with ∥ϕ∥ < δ, then

Xt = ϕ(t0)e
−

∫ t
t0

a(u)du−
∫ t
t0

m(u)dCu +

∫ t

t0

e−
∫ t
s a(u)du−

∫ t
s m(u)dCuf(s,Xs)ds

+

∫ t

t0

e−
∫ t
s a(u)du−

∫ t
s m(u)dCug(s,Xs)dCs.

We claim that |Xt| < ϵ for all t ⩾ t0. Notice that |Xt0 | < ϵ. If there exists t∗ > t0 such that |Xt∗ | = ϵ and
|Xs| < ϵ for t0 ⩽ s < t∗, then

|Xt∗ | ⩽ δe
−

∫ t∗
t0

a(s)ds−
∫ t∗
t0

m(s)dCs +

∫ t∗

t0

e−
∫ t∗
s a(u)du−

∫ t∗
s m(u)dCub(s)∥Xs∥ds

+

∫ t∗

t0

e−
∫ t∗
s a(u)du−

∫ t∗
s m(u)dCud(s)∥Xs∥dCs

⩽ δe
−

∫ t∗
t0

a(s)ds−
∫ t∗
t0

m(s)dCs +

∫ t∗

t0

e−
∫ t∗
s a(u)du−

∫ t∗
s m(u)dCub(s)∥Xs∥ds

+Kγ

∫ t∗

t0

e−
∫ t∗
s a(u)du−

∫ t∗
s m(u)dCud(s)∥Xs∥ds

⩽ δK + (1 +Kγ)αϵ < ϵ,

which contradicts the de�nition of t∗. Thus, |Xt| < ϵ for t ⩾ t0 and the zero solution of (4.1) is stable. This
shows that the zero solution of (4.1) is asymptotically stable if (V) holds.
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Conversely, assume that (V) does not satis�ed. Then, by (I) there exists a sequence {tn}, tn → ∞ as
n→ ∞, such that

lim
n→∞

∫ tn

0
a(s)ds+ lim

n→∞

∫ tn

0
m(s)dCs = l,

for some l ∈ R. We may choose a positive constant Q satisfying

−Q <

∫ tn

0
a(s)ds+

∫ tn

0
m(s)dCs < Q,

for all n = 1, 2, . . . . By (II), we have∫ tn

0
e−

∫ tn
s a(u)du−

∫ tn
s m(u)dCuh(s)ds < α.

This yields ∫ tn

0
e
∫ s
0 a(u)du+

∫ s
0 m(u)dCub(s)ds+

∫ tn

0
e
∫ s
0 a(u)du+

∫ s
0 m(u)dCud(s)dCs

⩽ αe
∫ tn
0 a(u)du+

∫ tn
0 m(u)dCu + αKγe

∫ tn
0 a(u)du+

∫ tn
0 m(u)dCu

< α(1 +Kγ)e
∫ tn
0 a(u)du+

∫ tn
0 m(u)dCu < α(1 +Kγ)e

Q.

Therefore, the sequence{∫ tn

0
e
∫ s
0 a(u)du+

∫ s
0 m(u)dCub(s)ds+

∫ tn

0
e
∫ s
0 a(u)du+

∫ s
0 m(u)dCud(s)dCt

}∞

n=0

is bounded. Hence, there exists a convergent subsequence. We may assume

lim
n→∞

∫ tn

0
e
∫ s
0 a(u)du+

∫ s
0 m(u)dCu [b(s)ds+ d(s)dCs] = γ,

for some γ ∈ [0,∞) and choose a large enough positive integer k̄ such that∫ tn

tk̄

e
∫ s
0 a(u)du+

∫ s
0 m(u)dCu [b(s)ds+ d(s)dCs] <

1− α− αKγ

2K2
,

for all n ⩾ k̄. By (I), K in (4.2) is well-de�ned. Now, consider the solution Xt = Xt(tk̄, ϕ) with ϕ(s) = δ0
for s ⩽ tk̄. Then, |Xt| ⩽ L for all t ⩾ tk̄ and

|Xt| ⩽ δ0e
−

∫ t
tk̄

a(s)ds−
∫ t
tk̄

m(s)dCs
+

∫ t

tk̄

e−
∫ t
s a(u)du−

∫ t
s m(u)dCub(s)∥Xs∥ds

+

∫ t

tk̄

e−
∫ t
s a(u)du−

∫ t
s m(u)dCud(s)∥Xs∥dCs ⩽ δ0K + (1 +Kγ)α∥Xt∥.

This implies that

∥Xt∥ ⩽
δ0K

[1− (1 +Kγ)α]
=: λ,
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for all t ⩾ tk. On the other hand, for n ⩾ k̄, we have

|Xtn | ⩾ δ0e
−

∫ tn
tk̄

a(s)ds−
∫ tn
tk̄

m(s)dCs −
∫ tn

tk̄

e−
∫ tn
s a(u)du−

∫ tn
s m(u)dCub(s)∥Xs∥ds

−
∫ tn

tk̄

e−
∫ tn
s a(u)du−

∫ tn
s m(u)dCud(s)∥Xs∥dCs

⩾ δ0e
−

∫ tn
tk̄

a(s)ds−
∫ tn
tk̄

m(s)dCs − λe−
∫ tn
0 a(u)du−

∫ tn
0 m(u)dCu

∫ tn

tk̄

e
∫ s
0 a(u)du+

∫ s
0 m(u)dCub(s)ds

− λe−
∫ tn
0 a(u)du−

∫ tn
0 m(u)dCu

∫ tn

tk̄

e
∫ s
0 a(u)du+

∫ s
0 m(u)dCud(s)dCs

⩾ e
−

∫ tn
tk̄

a(s)ds−
∫ tn
tk̄

m(s)dCs

[
δ0 − λK

∫ tn

tk̄

e
∫ s
0 a(u)du+

∫ s
0 m(u)dub(s)ds− λK

∫ tn

tk̄

e
∫ s
0 a(u)du+

∫ s
0 m(u)dud(s)dCs

]
⩾

1

2
δ0e

−
∫ tn
tk̄

a(s)ds−
∫ tn
tk̄

m(s)dCs
⩾

1

2
δ0e

−2Q.

This implies Xt ↛ 0 as t → ∞. Thus, condition (V) is necessary for the asymptotic stability of the zero
solution of (4.1) and the proof is complete.

Example 4.2. Consider the UDDE

dXt =

[
−
√
tXt +

1

A
e

−2
3
t
3
2Xt−r

]
dt+

[
− 3

√
tXt +

1

B

√
tXt−r

]
dCt, (4.3)

where A and B are positive real numbers. It is easy to see that for A and B large enough and by choosing

b(s) = 1
Ae

−2
3
s
3
2 and d(s) = 1

B

√
s, there exist α ∈ (0, 1) and L such that all conditions of Theorem 4.1 are

satis�ed. Therefore, the zero solution of (4.3) is asymptotically stable.

5. Conclusion

In this work, we have studied the stability of four types of uncertain delay di�erential equations of
Volterra-Levin type. We have showed that the solutions were bounded and, with an additional condition,
the solutions tend to zero. Also, we have presented a necessary and su�cient condition for the stability of
an uncertain delay di�erential equation with the mean of the �xed point method.
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