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ABSTRACT. We define enriched Jaggi contraction map, enriched Dass and
Gupta contraction map and almost (k, a, b, \)—enriched CRR contraction map

with A = %H in Banach spaces and prove the existence and uniqueness of fixed

points of these maps. Further, we show that the sequence of fixed points of
the corresponding enriched contraction maps converges to the fixed point of
the uniform limit operator of these enriched contraction maps.

1. INTRODUCTION

Generalization of contraction conditions and finding the existence of fixed points
play an important role in the development of fixed point theory. There are many
works where the notion of fixed point play some role, apparently, in different
context. For instance, we refer Mustafa, Hakan and Turkoglu [5], Mustafa, Hakan
and Sadullah [6] and the references cited in these papers. Further, there are several
generalizations of Banach contraction maps, one among them is contraction
conditions involving rational expressions. Dass and Gupta [3] initiated and
introduced contraction condition with rational expression as follows:

Let (X,d) be a metric space and T : X — X. There exist a, 8 € [0,1) with
a+ B <1 and T satifies

d(y, Ty)(1 + d(z, T'z))
1+d(z,y)
for all z,y € X. Dass and Gupta [3] proved that if T: X — X, X complete metric

space, satisfies the inequality (1.1 and if T is continuous then T" has a unique fixed
point in X.

d(Tx,Ty) < « + Bd(x,y) (1.1)
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In 1977, Jaggi [4] introduced a different rational type contraction condition
independent that of contraction condition , i.e., there exist o, 8 € [0,1) with
a+ B <1 and ( @ )
d(xz, Tx)d(y, Ty

A(r.y) + Bd(z,y) (1.2)
for all z,y € X,z # y, and proved that every map T : X — X, X complete metric
space, that satifies has a unique fixed point in X, provided T is continuous.

A map T that satisfies is said to be a Jaggi contraction map.

On the other hand, Berinde and Pacurar [I], introduced a larger class of
mappings, namely, enriched contraction mappings in normed linear spaces which
are more general than contraction maps.

d(Tz,Ty) < «

Definition 1.1. (Berinde and Pacurar [2]) Let (X, ||-||) be a normed linear space.
Let T : X — X. If there exist k € [0,+00) and a € [0,k + 1) such that

[k(z —y) + Tz — Ty| < allz - yl|, (1.3)
for all z,y € X, then we say that T is a (k,a)—enriched contraction.

Theorem 1.1. (Berinde and Pacurar [2]) Let (X, |-||) be a Banach space and
T:X — X be a (k,a)—enriched contraction. Let g € X and X\ € (0,1]. Then the
sequence {x,}52 defined by

Tpt1 = (1= Nzy + ATz, n >0, (1.4)
converges to p (say) in X and p is the unique fixed point of T

On further extensions of (k,a)—enriched contractions, we refer (Berinde and
Pacurar [2]).

Definition 1.2. (Berinde and Pacurar [2]) Let (X, ||-]|) be a normed linear space.
Let T : X — X. If there exist k € [0,400) and a,b > 0, satisfying a +2b < 1 such
that

[k(z —y) + Ta = Ty|| < allz -yl + b(le — Tz| + ly — Tyl), (1.5)
for all x,y € X, then we say that T is a (k,a,b)—enriched Ciric-Reich-Rus
contraction map .

Here onwards, we call these maps by (k, a, b)—enriched CRR contraction maps.
If a =0 in (1.5) then T is said to a (k,b)—enriched Kannan mapping [2].

Theorem 1.2. (Berinde and Pacurar [2]) Let (X, ||-||) be a Banach space and
T:X — X be a(k,a,b)—enriched CRR contraction map. Let xo € X and
A € (0,1]). Then the sequence {x,}52, defined by

Tnt1 = (1= N)xp + ATzp,n >0, (1.6)
converges to u (say) in X and u is the unique fized point of T.

In Section 2 of this paper, we define enriched Jaggi contraction map, enriched
Dass and Gupta contraction map in Banach spaces and prove the existence and
uniqueness of fixed points.

In Section 3, we define almost (k, a, b, \)—enriched CRR contraction maps with
A= %ﬂ in Banach spaces and prove the existence and uniqueness of fixed points.

In Section 4, we prove that, if the sequence of enriched contraction maps
converges uniformly to an operator with a unique fixed point then the corresponding
sequence of fixed points of sequence of enriched contraction maps also converges to
the fixed point of the limit operator in Banach spaces.
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2. FIXED POINT RESULTS ON ENRICHED CONTRACTION MAPS WITH RATIONAL
EXPRESSIONS

Let (X, | - ||) be a normed linear space and T': X — X. For any A € [0,1), we
denote

Th(z)=(1—-XNz+ Tz, z € X. (2.1)

Definition 2.1. Let (X, || -||) be a normed linear space. Let T : X H X. If there

exist a, § € [0,1) with o+ < 1 and k € [0,4+00) such that for A = k— T satisfies

the inequality

= = Tallly — Th
R

for all x,y € X and x # y, then we say that T is an enriched Jaggi contraction

map.

[k(x —y) +Te —Tyl| < afle -yl + (2.2)

Here we note that every Jaggi contraction is a special case of enriched Jaggi
contraction when k = 0. But, every enriched Jaggi contraction need not be a Jaggi
contraction. The following example illustrates this fact.

Example 2.1. Let X = R with the usual norm. We define T : X — X by

Tr=1- %Jc,x € R. We choose k = 2, a:% and 8 = %. We now consider
k(z—y)+Te—Ty| =2z —y)+1 -3z -1+ 2y

= zlz —y|

< 2‘x_y|+1‘2L\ach?/Tl 5l
_ ‘x_ |+1\$+ w‘gloH?;l—gU
—alz—y |_|_5\r T‘zllylexm,

so that T satisfies the inequality (2.2 (-) witha+ 5 < 1.
Hence T is an enriched Jaggi contraction map.
Now, by choosing x =0,y = % we have

2 2
Te —Ty| = |T0-T(3)| = 2 £ a-2+8-0=al0 - F + 5
= afo —y| + gle=tellital,

for any o > 0,8 >0 with o+ 5 < 1.
Hence T is not a Jaggi contraction map.

Theorem 2.1. Let (X,||-||) be a Banach space. Let T : X — X be continuous.
Assume that T is an enriched Jaggi contraction map. Let xg € X. Then the
sequence {xp 0 defined by xpy1 = Than,n = 0,1,2,..., converges to s (say) in
X, and s is the unique fixed point of T. Further, s is the unique fized point of T.

Proof. Let zg € X. We consider the sequence {z,}52, defined by z,41 = Th2n,
n=012.

For A = k+1 < 1, we have k = + — 1 and thus the condition becomes

(3 —1)(z—y)+Tz—Ty| < oz||x yl| +5M for all z,y € X for x # y.
i.e.,

||(1 — Nz —y) + ATz — A\Ty|| < a)||z -y Jrﬂ%, x # y and hence

x — Thz|l|ly — Tyl
|z -yl

IThz—Thy| < oz)\||x—y||—|—ﬂ|| forallz,y € X and z #y. (2.3)
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By taking = z,,_; and y = ,, in (2.3)), we get
I Ta@n 1 — Tan|| < aA||zn_1 — an + 5““ =Dty fllen—Thazall ;0

lzn—1—24]
|Tn — Tni1]l < @M||Tn_1 — zn|| + Bllzn= ll‘;f”l”x;]lm"ﬂll. This implies that
[#n = Znt1 || < adlln—1 — @nll + Bll@n — Tn41ll; so that
2 = Zni1ll < nl|2n—1 — 2y for n =1,2,..., where n = % <1
Hence, inductively, it follows that
lxn — Tnt1ll < n™||2o — 21| for n =1,2,... .
Therefore it is easy to see that the sequence {z,} is Cauchy.
Since X is complete, we have nhﬁn;(} xn = s (say), s € X.

Since T is continuous on X, we have T) is so and hence

s = hm Tpt1 = hm Thx, =Ty lim z,, =T)s.
n— o0

Therefore sisa ﬁxed point of T.
Let t be another fixed point of Ty and s # ¢. Now, from the inequality , we
have
0 < |ls—t]| = ||Ths — Tat|
< aM|s—t|| +BHS TAIiH*”tII T)\t”
which implies that
0<|[s—t] <ails—t,
a contradiction.
Therefore t = s, and T has a unique fixed point s.
Thus, it follows that T" has a unique fixed point s in X. O

Remark. If k =0 and 8 = 0 in the inequality , then T is a contraction and
in this case, contraction principle follows as a corollary to Theorem[2.1}

Example 2.2. Let X = R with the usual norm and we define T : X — X by

Txr=—-2x—3,z € R. We choose k = %, a:% and B = % We now consider
k(z —y) +Te — Tyl = [§(x —y) — 22— 3 — (~2y — 3)]
= 3lz —yl o
S%\l‘ y|+1‘$ (=2z— ?[;\Lu‘( sy—2)l
=a|$—y|+5‘z Tz|ly—Tryl

lz—y|
Therefore T satisfies the inequality (2.9) of Theoreml with a4+ <1 and ‘=3’
s the unique fixed point of T.

Here we observe that T is not a contraction. So contraction mapping principle
is not applicable.

For any positive integer p, we denote TP, the composition of p number of selfmaps
T. Here we note that 7! = T. Also we denote T° = I, I the identity map of X. In
this case, TV = I for every A € [0, 1].

Theorem 2.2. Let (X, ||-||) be a Banach space. Let T : X — X. Assume that T
is an enriched Jaggi contraction map. Let xg € X. If TP s continuous for some
positive integer p, then T has a unique fized point in X.

Proof. Let zp € X. We define the sequence {z,} by 41 = Th2,,n=0,1,2,....
Then by applying Theorem to T}, we get that the sequence {z,} converges to
s, and T4 (s) = s, and this s is unique.

We now show that Th(s) = s.

Let {xy, } be a subsequence of {x,}. Then {z,,} also converges to s. Now
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TV (s) = Tf(kli_)ngo T, ) = kli_{rolo TYxy, = kli)rrgo Tpptl = S.
Let r be the smallest positive integer such that 7% (s) = s. Then T4 (s) # s for all
i=1,2, .7 —1.
For i € {1,2,...,r — 1,7}, we have
IT5(s) = Ty ()| = ITA (TR (5)) = TA(T3 () B

S CV)\HT;\_l(S) . T;\_Q(S)H + ﬁ”T)\ (S)‘;zﬂjgi(ls()Jl)‘l_Tj):;*gzi‘Tx ()l

= aX| T (s) = Ty ()|l + BITR T (5) = T3(5)]

7305 - T O < (I ) - T (24)
If » > 1, then

IT3(9) = sll = IT3s = T5(9)]

ITs — T3 (75 (5)

r— s—Tx(S)|IITT = (s)=T7 (s
Oz)\HS — T)\ 1(5)“ + 6” A(H)S‘UITE’I((S))H L

r— s—Ta(s) 1T (s)—s
as = T3 (s)]| + LR T =

= a\||s — T (s)|| + B|ls — T (s)|| which implies that
(1= B8)|ls — Ta(s)|| < aX||s — Ty~ *(s)|. Therefore

ad r—1
T plls— TGl (2.5)

IN

lls = Th(s)l| < (

Also, by with ¢ = r, we have
Is = T3 (s)ll = T3 (s) = T~ ()]
< (2|15 () = T 2(3)]1.
On repeated application of the inequality , we get
s = T3 ()l = 175 (s) = TR (o)l < () ITX () = T 2(s)]|

< (%)T’lﬂT)\(s) —TY(s)]|, and hence

a\
1-p
From and (2.6, we have
l[s = Tx(s)ll < (1255)"ls = Tx(s)lI,
a contradiction, since % < 1.
Therefore Tys = s.

Uniqueness of fixed point of T follows as in the proof of Theorem
Thus s is the unique fixed point of 7. O

s —T5 1 (s)| < ( )" To(s) — s]|, since TY is the identity map.  (2.6)

Theorem 2.3. Let (X, |-||) be a Banach space. Let T : X — X. Assume that
there exist o, 8 € [0,1) with a«+ 8 < 1 and k € [0,00) such that for A = ﬁ, and
for some positive integer q, T satisfies
lz — T |ly — TXy||
[z —yll
for all x,y € X and x # y; where TY () = (1 — )z + \Tz.
If T? is continuous then T has a unique fized point in X.

[k(z —y) + T2 = TYy| < aflz -yl + 8 (2.7)
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Proof. By Theorem Ty has a unique fixed point s (say) in X. Then

T (s) = Tx(TY(s)) = Ty (Tx(s)). Hence T)(s) is also a fixed point of TY.

Now, by the uniqueness of fixed point of Ty, we have Tx(s) = s.

Since TY has a unique fixed point s, it follows that s is a unique fixed point of T}.
Hence it follows that s is the unique fixed point of T O

The following example shows that Theorem [2.3] is more general than Theorem

2T

Example 2.3. Let X = R with the usual norm. We define T : X — X by
1 .
_ 3 ifz €[0,00)
Tw { —z if x € (—00,0)

Then T?z = % for all x € R so that T? is continuous on X. Indeed, inequality
|D of Theorem holds with ¢ = 2, k = %,a = % and B = %. For, for any
x €]0,00), y € (—00,0), we have

k(z —y) + Tz — Ty = |3(x —y) + 5 — 5

1
—§W—m
1 1 le—3lly—3l
<sle—yl+ 1™
1y 1 |2=T2x|ly—TRy|
- 2|x yl+ 4 [z—y]
a||ly—T3yl

-7
:Cv|x_y|"‘ﬁlm o—y
Thus T? satisfies the hypotheses of Theorem and % 7 is the unique fized point of
T. Here we observe that T is not continuous and so Theorem [2.1] is not applicable.

Definition 2.2. Let (X,||"||) be a normed linear space. Let T : X — X. If there

exist a, B € [0,1) with a4+ B < 1 and k € [0,400) such that for A = k%rl, T satisfy
the inequality
y—Ty||(1+ |z —Thz
k(e ) + Tx — Ty < afle -y + g1 TAQ LI DD o )

L+ lz =yl
for all x,y € X, then we say that T is an enriched Dass and Gupta contraction
map.

Theorem 2.4. Let (X,||-||) be a Banach space. Let T : X — X be continuous.
Assume that T is an enriched Dass and Gupta contraction map. Let xo € X. Then
the sequence {x,}22, defined by xpni1 = Thazn,n = 0,1,2,... converges to q (say)
i X, and q is the unique fized point of T.
Proof. The proof of this theorem is similar to that of Theorem [2.1]

O

Definition 2.3. Let (X, ||-||) be a Banach space. Let S,T : X — X. If there exist
a,f €[0,1) witha+ 8 <1 and k € [0,4+00) such that for A = %H’ S and T satisfy
the inequality

|2 — Sz[l[ly — Thy|l

lz =yl

for all z,y € X and = # y then we say that the pair (S,T) is an enriched Jaggi
contraction pair of maps. Here we note that if S =T in the inequality , then
T is an enriched Jaggi contraction map.

[k(z —y) + Sz —Ty|| < alle —yll+ 5 (2.9)

In the following, we extend Theorem to a pair of selfmaps.
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Theorem 2.5. Let (X, ||-||) be a Banach space. Let S,T : X — X. Suppose that
the pair (S,T) is an enriched Jaggi contraction pair of maps. Let xqg € X. We
define the sequence {x,}22 o by

A S\Tom—1, ifn=2m, m=12,..
" Thaxom, ifn=2m+1, m=0,1,2....

Then {x,} converges to u (say) in X, and u is the unique common fized point of
S and T, provided S and T are continuous.

Proof. Let A = A= < 1. In this case, we have k = % — 1 and thus the condition

Bt
(2.9) becomes
I3 - D(@—y)+Se-Ty| < alle—y|+pL=eDul forall 2,y € X, # y.ice.,

[|=

11— N =)+ Sz = Ty < axfle | + BRI e,

|Sxz — Thyl| < aX||lz —y|| + ﬁ% for any z,y € X and = # y.

Case (i) n = 2m. In this case, we consider
||$n+1 - an = Hx2m+1 - x2mH

= [|[Taz2m — Sxzom—1]|

= [Sxz2m-1 — Trzaml|

|2m —1—=Sxz2m—1ll|Z2m —TrT2m ||
< O[)\Hme 1 — me” + ﬁ Hm2m—1—12m‘|

_ lZz2m—1—22m | |T2m —T2m+1l
- OZA”mgm 1 a:QmH +B ‘$2rn 1— x2'm”

(1 = B)|zam — Tam+1l| < ad||zam—1 — Zom]|- Thus we have
lz2m+1 — Zaml| < nl|T2m — Tam—1|| where n = 5 <L
Case (ii) n = 2m + 1. In this case, we c0n51der

[Zn+1 — Znll = [|T2m+2 — T2m1]]
= ISrz2m+1 — Tazam]|

lz2m+1—=SxTom+1lll[T2m —Trzam]l
< Ol/\”1172m+1 - $2m|| + TT2mt1—2am |

_ lz2mt1—z2m2|l|T2m —22m1 |l
- a)\||x2m+1 o x2m|| + B [[T2m+1—z2ml|

(1 = Bllw2mt2 = Tami1ll < @A[wam i1 — zoml|

That is

[z2m+2 — Toms1ll < NllT2m+1 — Tam|| Where n = 29 < 1.

Thus from Case (i) and Case (ii), it follows that

lzns1 — x|l < nl|lzn — Tp-1]| for alln=1,2,3, ... .

Now, inductively, it follows that

|Znt1 — znl| < 9"||z1 — 20| for all n =1,2,... .

Thus the sequence {z,} is Cauchy.

Since X is complete, we have lim x,, = u (say), v € X.
n—0o0

Suppose that S is continuous. So S) is continuous on X.

u= lim zo,, = lim S\Zo,_1 = S\ hm Tom—_1 = S)u.
m— o0 m—ro0

Therefore u is a fixed point of Sy.
Suppose that T is continuous. So T is continuous on X.
u = hm Tom+1 = hm Thxom = T hm Tom = Thu.
— 00
Therefore u is a common fixed point of T and Sy, and hence u is a common fixed

point of S and T

Uniqueness of this common fixed point follows trivially from the inequality (2.9).
O
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Remark. Theorem [2.]] follows by choosing S =T in Theorem[2.5

3. FIXED POINTS OF ALMOST (k,a,b, \)—ENRICHED CRR CONTRACTION MAPS

Definition 3.1. Let (X, |- ||) be a normed linear space. Let T : X — X. If there
exist k € (0,+00),L > 0 and a,b > 0 satisfying a + 2b < 1 such that

[k(z —y) + Tz — Ty| < alle — yll+b(|z — Txl|+|ly — Tyl))+ (3.1)
. z—Thz||[1+]||x—T"
me{Hy_T)\l'”v I Alﬂ[ug:;”y” AZ/H]}
for all x,y € X with A = k%rl, then we say that T is an almost (k,a,b, \)—enriched

CRR contraction map with \ = T}H

Theorem 3.1. Let (X,]| - ||) be a Banach space. Let T : X — X be an almost
(k,a,b, \)—enriched CRR contraction map with A = %H Let xy € X. Then the
sequence {xn }22, defined by xpt1 = Than,n =0,1,2, ... converges to p (say) in X,

and p is the unique fized point of T'.

Proof. Let g € X. We consider the sequence {x,}52, defined by z, 1 = ThZn,
n=0,1,2,....

For \ = k%rl <1, we have k = §+ — 1 and thus the condition (3.1) becomes

(% = D@ —y) + Tz — Ty < allz — y[[+b(|lx — Ta+]ly — Tyl)

i —Thz||[1+|lz—T;
—I—Lmln{Hy—TAxH,”’” Aﬂ[\lwlljﬂ AZIH]}

for all z,y € X. Therefore
(1 =M —y) + ATz = ATy|[< Aallz — y|[+b([[ Az — ATz|[+[| Ay — ATyl)+

3 —T; 1+4||xz—T:
AL min ly—Ty||, L=l e Tl

That is
— Daz||[1+([z — Thyll]

. x
ITyo-Tal< Aallo—yll 4o~ Tsal +ly-Tapl) +ALmin T, I =B
3.2)

1.

By taking z = z,—1 and y = z,, in (3.2)), we get
[Trzn—1 — Toaznl|< Aal|zn—1 — zn[|[+0(|2n—1 — Tazp-1ll+[lzn — Tazal|)

AL min{ e, ~Tay |, L2t =Tszactllleas=Tarul]y

which implies that

2n = Tns1l|< Aal|zn—1 — 2p || +0(|2n—1 — Zall+ |20 — Znt1]]) + AL min{|[z, — 24|,
[Zn—=Znt1||[I+Tn—1—=2nt1]]] }
1+Hmn7171’n”

< a||xp—1—2n||+b(|Tn-1—2n||+||Tn—2n+1]])+AL min{0, ”xn_Z"ﬂi”Llntnffgjﬂ_x”“ Ty

so that

(1= )20 — 2ns1|< (@ +b) s — 2l

|y — Zns1]|< Sl|2p—1 — zn| where § = 42 < 1.

Inductively, it follows that

|z — 2ni1l|< 0™z — 21| for n =1,2,....

Therefore {x,} is Cauchy. Since X is complete, we have lim z, = p (say), p € X.
n—oo

Now we show that p is the fixed point of T.
We consider
Ip = Topll<llp — Tnta1ll+@nt1 — Topll

:Hp - T)\an—’_HT)\mn - T)\p“

Sllp=Txzn [[+Aalzn —pll+b(]|xn —=Trzn [+ ]lp=Topl))+ AL min{||p—Tyz,
[z =Trzn ||[1+][zn —Trpll] }
14|z —pl| :
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On letting n — co, we get

lp=Tspl < llp—pl+alp—pl+b(lp—pl+Ip=Tapll)+ L min{[lp—p], =2 TR
< b|lp — Thpl| so that

(1 =b)|lp — Tap||< 0. Since (1 —b) > 0, it follows that

|lp — Thpl|= 0 and hence Thp = p.

Therefore p is a fixed point of T).

Let g be another fixed point of Ty and ¢ # p. Then

0 <[lp — qlI=1Txp — Txql|< allp — ql[+b(llp — Txpl+llg — Txql]) + AL min{|[q — Thpl,
lp—=Txpll[14+]lp—Txqll] }
1+lp—qll

so that

lp = glI< allp — 4,

a contradiction.

Therefore p = q.

Therefore T has a unique fixed point. Thus, it follows that T has a unique fixed
point in X. |

Remark. Theorem extends Theorem to the case of almost (k,a,b, \)—enriched
CRR contraction map with \ = k%rl

Example 3.1. Let X = R with the usual norm. We define T : X — X by

z 0<z<?2
— 87 g
Tz {0 (—00,0) U [2, 50)

Wechoosek—% —% ndb—fwztha+2b<1
Let z € [0,2),y € [2,00) We now conszder
k(z —y)+ Tz —Ty| = |3(x —y) + £ -0
=5 —y)+ 3
< sle—yl+ 5 1
< Lo -yl + Fo+ Lyl + Lminly — Saf, 230
1
2l

—yl+ (e — £+ |y — 0)) + Lmin{ly — al, 1125}

= a|x yl+b(|z— Tl + |y — Ty|) + Lmin{|y - Thal|, {724}
Therefore mequalzty ) holds for any L > 0. Hence T is an almost (57 5 %, %) enriched
CRR contraction map on R. So T satisfies the hypotheses of Theorem[3.1] and 0’

is the unique fized point of T.

4. CONVERGENCE OF SEQUENCE OF FIXED POINTS OF ENRICHED CONTRACTION
MAPS

In the following, Z™ denotes the set of all natural numbers.

Theorem 4.1. Let {T,} be a sequence of (k,a)—enriched contraction maps defined
on a Banach space (X,||"||) and uy,, the fized point of T, for each n = 1,2,3,...,
which exists by Theorem . If {T,} converges uniformly to T, then u, — u
implies that u is a fized point of T. Conversely if u is a fixed point of T, then u,
converges to u provided k < 1 — a.

Proof. First suppose that u,, — u as n — oo. Assume that Tu # u.
Let € = ||[Tu — ul| > 0. Then there exists N; € ZT such that [ju, —u| < 3
for all n > Nj.

1+a+k)
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Since T, — T uniformly, we have, there exists No € Z* such that || T,,u — Tul|| < §
for all n > Ny and for all u € X.
Let N = max{Nj, No}. Then for n > N, we have
0<e=lu—Tull <llu—=wun|+llun = Thull + | Tpu — Tul|
= |lun — ull + [|[Taupn — Trull + | Tou — Tul|
= ||upn — ul| + |k (un — ) + Trpun — Tou—k(uy —w) || 4+ || Tnu — Tul|
< =l + [Catm — ) + Tyt — Tt + Kl =]+ [ Ty~ T
< Jlun =l + alln — ul] + Flun = wl] + [T — Tl
= (1+a+ ) Jun — ul + | T — T
< (1 +a+ k‘)m + %
=5+5=¢
a contradiction.
Therefore Tu = w.
Conversely, assume that Tu = u. Let ¢ > 0 be given. Then there exists N € ZT
such that || T,u — Tu|| < £ for all n > N and for all u € X, where ¢ = ;—— > 0.
Let n > N. Then
Jun — ull = [Tt — T
< | Twun — Toull + | Tou — Tull
= |lk(un — u) + Thup — Tnu — k(uy, —w)||[+|Thu — Tul|
< aflun — ull + Ellun — ull + | Tou — Tl
= (a+k)|lun — ull + | Thu — Tull
(1= a— )l — ol < |Tou — Tu]
lun —ull < c|Thu —Tul| < c.§ =e.
Therefore u,, — u© as n — 0o.
Hence the theorem follows. O

Theorem 4.2. Let {T,,} be a sequence of enriched Jaggi contraction maps defined
on a Banach space (X,|]|]) and u,, the fized point of T,, for each n = 1,2,3, ...,
which exists by Theorem . If {T,,} converges uniformly to T, then u, — u
implies that u is a fized point of T. Conversely if u is a fived point of T, then u,
converges to u provided k < 1 — «.

Proof. Follows as that of Theorem
([

Theorem 4.3. Let {T,} be a sequence of enriched Dass and Gupta contraction
maps defined on a Banach space (X, |-||) and wuy, the fized point of T, for each
n=1,2,3, ..., which exists by Theorem . If {T,.} converges uniformly to T, then
Uy — u implies that u is a fixed point of T. Conversely if u is a fired point of T,
then u,, converges to u provided k < 1 — .

Proof. Suppose that u,, — v as n — oc.
Now, we consider
u—Tull < [lu—un|l + [[un — Tpul| + | Tou — Tul|
= [Jun — ull + [|Toun — Tpull + | Tou — Tul|
= |lun — ul| + [[k(un — u) + Toun — Tpu — k(up — w)|| + | Tou — Tul|
< lup — || + |k (un — w) + Tpn — Tpul| + E|lun — || + | Tnw — Tul|
< lln = ull + @lfun — ] + LTl e =Csal) g, —
+[|Thu — Tul|
+ k|lun — ul| + || Thu — Tu|, since

—Tp
= Jlun — ull + oy — ul| + fol=Tad
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lun — (Tn)aunl =0

< (4 a4 E)|lun — ull + Bllu — Trul| + | Tyw — Tul|

< (T +a+k)llun —ull + Blllu = Tull + [ Tw — Toull] + [ Tou — Tul].
Therefore
(1=0)Ju—Tu|| < (1+a+k)|ju, —ull + (1 + B)||Thu — Tul|, and hence

lu—Tul| < %Hun —ul|+ %HTnu—TuH — 0 as n — 00, since {1}, } converges

1—

to T uniformly.

Therefore Tu = w.

Conversely, we assume that Tu = u. We consider

Jtm — ull = [Tt — Tl
S | Toun = Toull + [[Thu — Tull
= [|k(up — u) + Thun — Thu — k(u, — )|+ Thu — Tul|
< aflun — |+ BLE=Tetl0 =T bssa D g, — g 4 | Ty — T
< allun — ul| + Bllu — Tl + kllwn — ull + | T — T
< allun — ull + Blllu — Tull + | T — Tyl + kllwn — ul) + T — T
= (a+k)||up — ul| + (1 + B)||Thu — Tul|, and hence

(1—a—k)||u, —ul] < 1+ 8)||Thu — Tul|. Therefore

| — ul| < || Thu — Tul| = 0 as n — oo, where ¢ = lijﬁk is a positive constant.
Therefore u,, — u as n — oo.
Hence the theorem follows. O

5. CONCLUSION

In this paper, we defined enriched Jaggi contraction map, enriched Dass and
Gupta contraction map and almost (k, a, b, \)—enriched CRR contraction map with
A= %ﬂ in Banach spaces. It is noted that every Jaggi contraction is an enriched
Jaggi contraction but its converse is not true (Example so that enriched Jaggi
contraction maps are more general than Jaggi contraction maps. We proved the
existence and uniqueness of fixed points of enriched Jaggi contraction map
(Theorem . We provided an example in support of Theorem and we
observed that T is not a contraction and contraction mapping principle is not
applicable. Hence Theorem generalizes contraction mapping principle. Further,
we extended Theorem in which TP is continuous for some positive integer p
(Theorem . Also, we extended Theorem for the map T for some positive
integer ¢ (Thereoem [2.3). An example (Example is provided where TY is
satisfies the inequalit, but T is not continuous. Since T is not continuous,
Theorem [2.1]is not applicable. Also, it is easy to see that we can extend Theorem [2.1]
to enriched Dass and Gupta contraction map. Further, enriched Jaggi contraction is
extended to a pair of selfmaps and proved the existence and uniqueness of common
fixed points. Also, we proved the existence and uniqueness of fixed points of almost
(k,a, b, \)—enriched CRR contraction map with \ = k%rl

Also, we proved that the sequence of fixed points {u,} of the corresponding
enriched contraction maps {7, } converges to the fixed point u of the uniform limit
operator T of these enriched contraction maps {7, }. Conversely, if u is a fixed point
of T then {u, } converges to u under certain assumption. Further, we extended this
technique to a sequence of enriched Jaggi contraction maps and enriched Dass and
Gupta contraction maps.

In the direction of future research, we would like to suggest the following:

1) Some new fixed point results can be investigated by introducing more general
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enriched contraction conditions.
2) Some new fixed point results for multi-valued contractions can be investigated.
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