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ABSTRACT. In this paper, (a, B)-interval valued set is studied. The order relation on (a, f3)-
interval valued set is defined. It is shown that (o, §)-interval valued set is complete lattice
by giving the definitions of infumum and supremum on these sets. Then, negation function
on these sets is introduced. With the help of («, 8)-interval valued set, (o, §)-interval valued
intuitionistic fuzzy sets are defined. The fundamental algebraic properties of these sets are
examined. The level subsets of (a, 8)-interval valued intuitionistic fuzzy sets are given.
Some propositions and examples are studied.

1. INTRODUCTION

Fuzzy set theory was introduced by Zadeh in 1965 [15]. The concept of interval valued
fuzzy set was introduced by Zadeh [16-18]. The basic properties of interval valued fuzzy
sets were studied by many authors [7-10,13,14,16-18]. It is crucial to analyze the properties
of interval fuzzy sets on different structures in these sense, the topological properties of
interval valued fuzzy sets were studied by Mondal and Samantha [11].

Interval valued intuitionistic fuzzy sets which is the generalization of intuitionistic
fuzzy sets and interval valued fuzzy sets were introduced by Atanassov and Gargov in
1989 [2]. Membership and non-membership functions on interval valued intuitionistic
fuzzy sets are closed intervals whose the sum of supremums is equal to 1 or less than 1 of
unit interval I = [0,1] [2]. Other properties of these sets were studied and the concept of
intuitionistic fuzzy sets was introduced by Atanassov [1-5]. The topological properties of
interval valued intuitionistic fuzzy sets were studied by Mondal and Samantha [12]. a-
interval valued fuzzy sets were introduced by Cuvalcioglu, Bal and Citil in 2022 [6].

2. PRELIMINARIES
In this paper, D(I) represents all closed intervals of unit interval I = [0,1]. The elements of
D(I) set are shown with capital letters such as M,N... In this place, ML and MY are called
respectively lower end point and upper end point for interval M = [M", MV].
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Definition 1: [6] D(I,) = {{[M*, MY; a] |« € I} is called a-interval valued set. In order to
make easy, it is shown that

{IMY, MY; o]|a € 1} = {[M; a]|M € D(I) and a € M}
Order relation on D(I,) is defined below.

Definition 2: [6] V[M;a], [N; a] € D(1,),
[M; a] < [N;a]: © MY < NYand MU > NV
It is easily seen from definition,
[M; o] < [N;a]
o ML < NE,MY > NV or Mt < NE, MY > NV or M < NE, MY > NV

Proposition 1: [6] (D(I), <) is partial ordered set.

By the help of order relation on D(I,), the definitions of supremum and infimum on this
set are given below.

Definition 3: [6] V[M; a], [N; o] € D(I,),

inf{[M; a], [N; a]} = [inf{M", N}, sup{MY, NY}; o]

sup{[M; o], [N; o]} = [sup{M" N"},inf(M",N'}; o]

Lemma 1: [6] (D(I,),AV) is complete lattice with units [0,1; a] and [a, o; a].

Proposition 2: [6] Va € ],
|Jraa =pw

a€l

The following function is a negation function on D(I).

Proposition 3: [6] V[M; a] € D(I,) and V: D(I,) = D(I),
N(M;a]) = [a =M1+ a—MY;q]

Definition 4: [6] Let X be universal set and [A; a]: X - D(I,) be function.
[4; o = {[{x [A"(x), AY()]); o] |x € X}
where; A*: X - [0,1] and AY: X - [0,1] are fuzzy sets.
In order to make easy, it is shown that;
{[(x, [A*(0), AY(01); o] [x € X} = {[{(x, A()); o] |x € X}
[A; o] is called o —interval valued fuzzy set on X. The family of a —interval valued fuzzy
sets on X is shown by a —IVFS(X).

Complement, inclusion, equation, intersection and union of a —interval valued fuzzy sets
are given below.

Definition 5: [6] Let X be universal set and [A; o], [B; a] € a —=IVFS(X).
Aisindex set VA € A,
[A% o] = {[< % [a— AY(x), 1+ a — AV(%)] >; o | x € X}
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[B; a]: & Vx € X, Al(x) < B:(x) and AY(x) = BY(x)
;a] = [B;al: & vx € X, Al(x) = BX(x) and AY(x) = BY(x)

;o] = {[< x [inf{A" (x), BY(x)}, sup{A (x), BV (3)}] >; o] | x € X}
;a] = {[< x, [sup{A*(x), B (x)}, inf{AY (x), BY(x)}] >; a] I x € X}
Maea Ax al = {[< % [Area A ), Vaea 2" ()] >; o] Ix € X}

Unea A o] = {[< % [Vaea A" (), Aea B2 (®)] >; o] Ix € X}

The algebraic properties of a —interval valued fuzzy sets are expressed below.

Proposition 4: [6] Let X be universal set. V[A; o], [B; o], [C; a] € a —IVFS(X) and
Aisindex set VA € A,
[AnNB;al =[BMA;q

[AuB;a] = [BUA;«a]
[A;a] n([BUCa]) = ([AnB;a]) u ([ANCal)

[A; o] u([BNGal) = ([AuB;a]) N ([AuCal)

[A; af 1 ([Upea Bas al) = [Upca (AT By); af

[A; o] U ([Maca Bas al) = [Maca (AL By); ol

Features about complement of a —interval valued fuzzy sets are stated following

proposition.

Proposition 5: [6] Let X be universal set. V[A; o], [B; a] € a —IVFS(X) and
Aisindex set VA € A,

[([AS; o€ o] = [A; o]
([AnB;a])¢ = [A° U B q]
([AuB;a)¢ =[A°N B a]
([Maea Ax; a)® = [Upea A% a]
([Unea Axs a)® = [Myen A% @]

Proposition 6: [6] Let X be universal set. 0x: X — [0,1; a] and 1x: X = [a, o;; a].
(0x)° = 1x
(1x)c =0

Definition 6: [6] Let X be universal set and [A; a] € a —=IVFS(X).
[A; a] has sup — property
1o Vx € X,3[A, A, a] € D(I) 3 [AX); o] = [Ag, 255 a]

Definition 7: [6] Let X be universal set and [A; a] € a —IVFS(X).
V[A, 225 a] € D),
[A; alp, 201 = (% € X|AY(X) = L and AY(x) < 1,3
The set [A; alpp, a,;q1 1s called [A;,25; a]-level subset of [A; a]. It is easily seen from
definition, [A,A,; a]-level subsets of [A; a] are crisp sets.
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Definition 8: [6] Let X be universal set and [A; a] € a —IVFS(X).
V[Ay, Az 0] € D(I),

V[A; a][a, 2,;00-level subsets of [A; o],

AI7\1 ={x e X|A'(x) = A}

AI{Z ={xeX| AV(x) <A}

By, = {x e XIBL(x) > A,}

By = {x e X|B'(x) <1,}

The relations between level subsets of a —interval valued fuzzy sets and crisp sets are
given below.

Proposition 7: [6] Let X be universal set and [A; a], [B; a] € a —IVFS(X).
VA, Ay a] € D(I,) and I is index set, Vi,j €, [7\1')\]'2 oc] € D(,),
X € [A; ol a0 © [AR); o] = [Ag, 2455 a]

[A; alpny a0 = A%, N AR,
([AuB; oD, agia
= 1A apy g U (B apyagia U (A3, N BR,) U (B, N A7)

([AnB; O(D[)\l)\z;cx] =[A;d] MAzia] N [B; a] [A122;0]
A%, 2 A},
A3 € A3,
Nier A"y = Al p
UjEI AU}[]‘ = AUV]'EI 71]'
Definition 9: [2] Let X be universal set.
M, and Np: X = D(I) such that vx € X, M,U(x) + N, (x) < 1,

A ={<x,My(x),Na(x) > [x € X}
is called interval valued intuitionistic fuzzy set. The family of interval valued intuitionistic
fuzzy sets on X is shown by IVIFS(X).

Example 1: Let X = {a, b, ¢, d}.
A {< a,[0.0,0.5],[0.2,0.4] >, < b, [0.1,0.3], [0.4,0.5] >,}
< ¢,[0.2,0.7],[0.0,0.1] >, < d, [0.6,0.8],[0.1,0.2] >
is interval valued intuitionistic fuzzy set.

Definition 10: [2] Let X be universal set and A, B € IVIFS(X).
AC i B:e Vx € X, My"(x) < Mg"(x)

AE qpBevxeXM'x) <Mz (x)
AT B:o Vx € X, Ny (x) = Ng" (%)
ACoep B Vx e X, N,Y(x) = N5 (%)
Ac B:<©AC jyBandAE 4, B
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A Eo B:= A Eo,inf Band A EO,Sup B
AEB:e= AC BandAC, B
A=B:<= ACBandBC A
It is easily seen that from definition,
AC B vx € XMy (x) < Mph(x) and M, U (x) < MY (%)
AC,B & vx€eX Ny (x) = Ngl(x) and N,Y(x) > Nz (%)
AEB o vx € X, M "(x) < Mg (%), M, " (x) < Mg (x)
and Ny "(x) = Ng"(x),N,"(x) = Np"(x)
A=B o vx € XM "x) = Mgh(x) and M, (x) = Mg (x)
and NAL(X) = NBL(X) and NAU(X) = NBU(X)

Definition 11: [5] Let X be universal set and A, B € IVIFS(X).
A = {<x,NA(x),My(x) > |[x € X}

< %, [min{M,"(x), Mg" (%) }, min{M," (x), Mg" ()}], }
[max{N," (), Ng" (0}, max{N," (0, Ng" (0 }] > [x € X
< %, [max{M,"(x), Mg"(x) }, max{M," (x), Mg’ (x)}], }
[min{N,"(), Ng" (0}, min{N," (9, Ns" G0}] > [x € X

AI‘IBz{

AuB:{

Theorem 1: [5] Let X be universal set and A, B, C € IVIFS(X).
ANMB=BMA

AuUB=BUA
(ANB)NC=AN(BNC)
(AUB)UC=AU(BUC)
(AnB)uC=(Auc)n(BuC
(AuB)nC=(AnNncu(Bnc

Theorem 2: [5] Let X be universal set and A, B € IVIFS(X).
(A=A

(AN B9 =AUB

(AUBS“=AnNB

Definition 12: [5] There are some special sets on vague set theories. These special sets on
the theory of crisp set are null set and universal set. The special sets on interval valued
intuitionistic fuzzy sets are given below.

0" ={<x/[0,0],[1,1] > |x € X}

U* = {<x,[0,0],[0,0] > |x € X}
X* ={<x[1,1],[0,0] > |x € X}

It is easily seen that;
orsEuU X

VA € IVIFS(X),
ANO* =0
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Auo*=A

3. (o, B)-INTERVAL VALUED INTUITIONISTIC FUZZY SETS
D(l,) is all closed sub-intervals of I = [0,1] including a € [0,1].

Definition 13:
D(I,) x D(Ig) = {(IM"% MY; a], [N5,NY; )| MV + NV < 1and M € D(I,), N € D(Ig) }
is called (a, B)-interval valued set.
To make clear, it is shown below,
{(IM*,MY; a], [NY,NY; B])| MY + NV < 1and M € D(I,), N € D(I)}
= {(IM; ], [N; D) IMY + NV < 1and M € D(I,), N € D(Ig)}

The order relation on D(I,) X D(IB) is defined below.

Definition 14: V([M; al, [N; B]), ([P; ], [R; B]) € D(I,) x D(Ip),
(IM; a], [N; B]) < ([P; a, [R; BD): & [M; a] < [P; a] and [N; B] = [R; B]
Here;
(IM; o], [N; B]) < ([P; o], [R; B]): & [M; ] < [P; ], [N; B] = [R; B] or
[M; o] < [P;a], [N; B] > [R; B] or [M; a] < [P; o], [N; B] > [R; B]

Proposition 8: (D(I,) x D(Ig), <) is partial ordered set.
Proof: ([M; a], [N; BD), ([P; o, [R; B, ([S; al, [T; B]) € D(I,) % D(IB) are given arbitrary.
ML < ME,MY > MY and NY > NI, NU < NY

= [M; o < [M;a] and [N; B] = [N; B] = ([M; o, [N; B]) < ([M; o], [N; B])

(IM; o], [N; B]) < ([P; o, [R; B]) and ([M; a], [N; B]) = ([P; ], [R; B])
= [M;a] < [P;a], [N; B] = [R; B] and [M; a] = [P; a], [N; 8] < [R; B]
= M" < P', MY > PY,N* > R}, NV < RV and
ML > P MU < PY,NL <RL, NU >RV
= ML = pL, MY = PV, Nl = RE,NU = RY
= [M; a] = [P;a] and [N; B] = [R; B] = ([M; o, [N; B) = ([P; al, [R; B]
(IM; al, [N; B < ([P; al, [R; B]) and ([P; o], [R; B]) < ([S; o, [T; B])
= [M; o] < [P;a], [N; B] = [R; B] and [P; o] < [S; o], [R; B] = [T; B]
= ML < PL,MY > PY,NL > RE, NV < RV and
PL < St PYU>SYRL>TLRY <TY
> Ml< S MY > SYUNL>TE NY < TU

= [M;a] < [S; o] and [N; B] = [T; B] = ([M; ], [N; B]) < ([S; ], [T; B])

With the help of relation order on D(I,) x D(Ig), the definitions of supremum and infimum

on this set are given below
Definition 15: V([M; o], [N; B]), ([P; o, [R; B]) € D(I,) x D(Ig),

inf{([M; a], [N; B, ([P; a], [R; BD} = (inf{[M; a], [P; a]}, sup{[N; 8], [R; B]})
sup{([M; al, [N; B]D), ([P; o], [R; BD} = (sup{[M; a], [P; o]}, inf{[N; B], [R; B]})
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Lemma 2: (D(Ia) X D(IB),/\,V) is a complete lattice with units

([0,1 = B; o], [B, B; B]) and ([a, a; ], [0,1 — o; B]).

Proof: It is clear from known order relation on R.

Remark 1: The intersection and union of the family of (a, §)-interval valued sets are again
(o, B)-interval valued sets. If any function satisfies below conditions, then it is called
negation function.

Definition 16: L is complete lattice with units 0 and 1.V: L. » Land Va,b € L,
NO)=1land N(1) =0

N@<<N(b):eoa=b

N(N(a)) =a

We try to define a negation function on D(I,) x D(Ig) by the help of following relation,
v([M; o, [N; B) € D(Io) x D(Ip),
N((IM; o, [N; BD) = ([a = MY a— B+ NYal, [B — NY B — o + MY; B])
This relation on € D(I,) X D(IB) is a function. Indeed,
(IM; a], [N; B]) € D(I,) X D(IB) is given arbitrary.
Ml<a=0<a-M!'<aand
NV>B=2a—-B+NV>a-B+B=«
besides,
MU+NV<1=2NY<1-MY=2a-B+N <a-B+1-MYand MY > a= a—B+NY
<a-f+l-a=1-p<1
From above consequences, we get that [a — MY a— B+ NY;a]
NE<B=>0<pB-—NL<pBand
MUl>a=B-—a+MU>2B—a+a=8
besides,
MU+N'<1=>MY<1-N'=2B-—a+MU<B-a+1—-NVandNY >B=>B—a+ MY
<B-a+1-B=1-a=1
From above consequences, we get that [ — N*, g — a + MY; f]
a—B+NV+B—a+MY=MV+NU<1

From above results,

([a — MY a—B+NYal, [p— N B —a+MYB]) € D) x D(Ip)
From previous discussions, we claim that V" is negation function on D(I) x D(Ip).

Proposition 9: V([M; o], [N; B]) € D(I) % D(IB),
N:D(,) % D(Ig) - D(1,) x D(Ig),
N((IM; o, [N; D)) = ([a = MY, a = B+ NY af, [B — N*, B — a + MY; B])

IV satisfies conditions of Definition 16.
Proof: ([M; al, [N; BD), ([P; al, [R; B]) € D(1,) X D(IB) are given arbitrary.
(IM; ], [N; BI) = ([P; a], [R; B]) = [M; ] = [P; a] and [N; B] = [R; ]

= ML =P:, MY = PUVand NV = RE, NV = RU

sa-M=a—-PLha—B+NV=a—-B+RYand
B—N=B-R\B—a+MY=B—a+PY
([a =M% a—B+NY%a],[B— N B —a+MYB])
= (fa=P"a—B+R%al,[B—RYB—a+PY;B)
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= W (([M; od, [N; BI)) = V([P o, [R; BD))
2. Now, it is shown that IV satisfies the conditions of negation function,
i m(([0,1-B;al [B,B; B])
=(a-0,a—B+pBal,[B-BB—a+1-pBD = (o all01—aB]
N (w050, [01 =0 B]) = ([a =, a =B+ 1 = al, [B—0,B — a+apl)
= ([0,1 —B;al, [B,B; BD
ii.  N((IM;al, [N; BD) < NV (([P; o], [R; BD))
- <[a— ML,a—B+NU;a],> < ([(x— PLa—B + RU;oc],>
[B—N"B—a+M’;B] )~ \[B—R"B—a+PY;B]
& [a—MYa—B+NY;a] < [a—PYa—B+RY;a]and
[B-N-B—a+M%B] = [B—RYB—a+PY;f]
sa-M<a—-Pha—-B+NV>a-p+RVand
B—N:>B—-R:EB—a+MV<B—a+PY
© ME > P NY >RV NV <R MY < PY
& [M;a] = [P;a] and [N; B] < [R; B]
< ([M;a], [N; B) = ([P; al, [R; BD
iii. v (W ((M; al, [N; BD)))

=N([a—MYa—B+NY% ol [B—NYB—a+MYB])
_([(x—(a—ML),a—B+B—a+MU;a],>
~\[B-(B—-N,B—a+a—B+Np]
= (MY MY; o, [N, NY; B]) = (IM; o], [N; BD)

Definition 17: Let X be universal set.
For functions [Ma; a]: X = D(Io) and [Ny; Bl: X - D(Ig), Vx € X, Ma"(x) + N,"(x) < 1,
[A; o; B] = {(x, [MA(X); a], [NA(x); B]}|x € X}

To make clear, it is denoted by;

{{x, [Ma(x); o], [NA(x); B x € X} = {(x, [A(X); a; B]}|x € X}
is called (a, ) —interval valued intuitionistic fuzzy set. The family of (a, ) —interval
valued intuitionistic fuzzy sets on X is shown by (o, )-IVIFS(X).

Some algebraic operations on (a, B)-IVIFS(X) are defined below.

Definition 18: Let X be universal set. [A; a; 8], [B; o; B] € («, B)-IVIFS(X) and
A is index set VA € A,
) e <X, [(x—MAL(x),a—B+NAU(x);(x],
b el {[B — NA"(0,B—a+Mp " (0; B] > Ix € x}
ii.  [AoBlE[Baple vx € XM x) < Mgh(x), M, Y (x) = Mg (%)
and N " (%) = Np¥(x), NoY(x) < NgU(x)
iii. [A; a; B] M [B; o; B]

_( <x[inf{My" (), Mg" (0}, sup{M, " (), Mg" (0)}; ],
- {[sup{NAL(x>. Ng“(0}, inf{N," (), Ng" (O} B] > |x € X}
iv. [A; a; B] U [B; o; B]

<X, [sup{MAL(x), MBL(X)}, inf{MAU(x), MBU(X)}; a],
{[inf{NAL(x). Ng" (0}, sup{N," (), Ng" (0 }; B] > [x € X}
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X, [Area May (%), Vaea May (%); o

' X
[Vaea Nay (), Axea Nay (x); B Y€ }

Maea [A;5 05 Bl = {(

X, [Vaea May (%), Axea May (x); @],
Urea [A:a:Bh={< e VX EX
[Area Nay (), Vaea Najy ); B]
Example 2: Let X = {a,b, ¢, d}.
[A; 05 B] =
{ < a,[0.1,0.3; 0.3],[0.4,0.6; 0.4] >, < b, [0.0,0.4; 0.3],[0.3,0.6; 0.4] >, }
< ¢, [0.2,0.5;0.3],[0.1,0.4; 0.4] >, < d, [0.15,0.45; 0.3],[0.3,0.5; 0.4] >
[B; o; B] =
{< a,[0.05,0.35; 0.3],[0.25,0.65; 0.4] >, < b, [0.15,0.45; 0.3], [0.2,0.4; 0.4] >,}
< ¢,[0.1,0.3; 0.3],[0.3,0.7; 0.4] >, < d,[0.1,0.4; 0.3], [0.15,0.55; 0.4] >
For a = 0.3 and = 0.4, A and B are (q, )-interval valued intuitionistic fuzzy sets,
[A; 05 B]¢ =
{ < a,[0.2,0.5; 0.3],[0.0,0.4; 0.4] >, < b, [0.3,0.5; 0.3],[0.1,0.5; 0.4] >, }
< ¢,[0.1,0.3; 0.3],[0.3,0.6; 0.4] >, < d, [0.15,0.4; 0.3], [0.1,0.55; 0.4] >
[A;0; B] M [B; o B] =
{< a,[0.05,0.35; 0.3], [0.4,0.6; 0.4] >, < b, [0.0,0.45; 0.3], [0.3,0.4; 0.4] >,}
< ¢,[0.1,0.5; 0.3],[0.3,0.4; 0.4] >, < d,[0.1,0.45; 0.3],[0.3,0.5; 0.4] >
[A; o; B] U [B; o B] =
{< a,[0.1,0.3; 0.3], [0.25,0.65; 0.4] >, < b, [0.15,0.4; 0.3], [0.2,0.6; 0.4] >,}
< ¢,[0.2,0.3;0.3],[0.1,0.7; 0.4] >, < d, [0.1,0.4; 0.3], [0.15,0.55; 0.4] >

Proposition 10: Let X be universal set.
[A; o; B], [B; a; B, [C; o; B] € (o, B)-IVIFS(X) and A is index set VA € A,

[A; a; B] 1 [B; o; B] = [B; a; B] M [A; o; ]
[A; o; B] U [B; o; B] = [B; a; B] U [A; a; B]
[A; o B] 1 ([B; o; B] U [C; a; B])

= ([A 05 B]1 1 [B; o5 BD U ([A; o5 8] 1 [C; a5 B])
[A; o; B] U ([B; o; B] 1 [C; o; B
= ([A5 05 B] U [B; o5 BD M ([A; o5 B] L [C a5 B])
M (Unea [B; &5 Bl2) =Uaca ([A; o B] 1 [B; o5 Bl2)
U (Maca [B; o5 Bla) =Maea ([A; 05 B L [B; o Bl2)
A; o; B1, [B; o BL, [C; a; B] € (o, B)-IVIFS(X) are given arbitrary.
n [B; o; B]
<X, [inf{MAL(x), MBL(X)}, sup{MAU(x), MBU(X)}; a],
B {[sup{NAL(x). Ng"(0},inf{NA" (0, Ng" (0 }; B] > Ix € X}
[ <x [inf{MBL(x), MAL(X)}, sup{MBU(x), MAU(X)}; a],
- {[sup{NBL(x), NA"(0},inf{Ng" (), NA"(O}; B] > [x € X
[A; o; B] L [B; a; B]
<X, [sup{MAL(X), MBL(X)}, inf{MAU(x), MBU(X)}; a],
- {[inf{NAL(X). Ng" ()}, sup{N,"(x), Ng" () }; B] > Ix € X}
<X, [sup{MBL(X), MAL(X)}, inf{MBU(X), MAU(X)}; a],
N {[inf{NBL(x), NA“ (0}, sup{Ns" (%), Na(0)}; B] > [x € X
[A; o; B] 1 ([B; o B] U [C; o; B])

[A; o B
[A; o; B
Proof:
[A; o; B

—_— —_— = =

}=Mmmﬂmmm

} = [B; o; B] U [A; o; B]
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( sup{Mg"(x), Mc*®)}, 1
i [inf{MB”(x), M} al”
=[A Bl 0 [ inf{Np (9, NH ),
sup{NBU(x), NCU(X)}; B
inf{MAL(x), sup{MBL(x), MCL(X)}}, \
B [sup{MA”(x), inf{Mg" (), Mc" (0 }}; a]
[ sup{N," (), inf{Ng"(x), Nc" (0},
inf{N," (%), sup{Ng" (x),Nc" ()}}; B
I [ sup{inf{MAL(X),MBL(X)},inf{MAL(X),MCL(X)}}, ] l

> |x€eX

> |x €X

1nf{sup{MAU(x) Mg ()}, sup{M," (x), Mc" (0 }}; «
inf{sup{N,"(x), Ng"(x)}, sup{N,"(x), N¢" () }},
k sup{lnf{NAU(X) NBU(X)} mf{NAU(X) NCU(X)}} B
<X, [mf{MAL(X) MBL(X)} sup{MAU(x) MBU(X)} ]
{[SUP{NAL(X) Ng" ()}, inf{N,"(x), Ng" () }; B] > |x € X}
<X, [inf{MAL(X), MCL(X)}, a, sup{MAU(x), MCU(X)}; a],
{[sup{NAL(x), N}, B8,inf{N,"(x), N ()} B] > [x € X}
= ([A; 05 B] 1 [B; a; B]) U ([A; oz B] 1 [C; a5 B

>|XEXJ

iv.  [A;o;B] U ([B;a; Bl 1 [C; o; B])

[ inf{MBL(X),MCL(X)}, ]
. I * lsup{M5U (0, MU )} o) l
sup{Ng"(0), Nc" (0},
k mf{NBU(X) NCU(X)} B
( <x [ sup{M," (%), inf{Mg"(x), Mc" () }}, ] \
_ ’ inf{MAU(X),sup{MBU(X),MCU(X)}};a ’
B {[ inf{NAL(x),sup{NBL(x),NCL(X)}}, > xe X}
SUP{NAU(X)' inf{NBU(X), NCU(X)}}; B
( <x [ inf{sup{MAL(x),MBL(x)}, sup{MAL(x),MCL(x)}}, \
_ ' sup{inf{MAU(X), MBU(X)}, inf{MAU(x), MCU(X)}}; ol
B {[ sup{inf{NAL(X), NBL(X)}, inf{NAL(x), NCL(X)}}, }
inf{sup{NAU(x), NBU(X)}, sup{NAU(x), NCU(X)}}; B
[ <x [sup{MAL(X), MBL(X)}, inf{MAU(x), MBU(X)}; a],
- {[inf{NAL(X). Ng" ()}, sup{N,"(x), Ng" () }; B] > Ix € X}
<X, [sup{MAL(x), MCL(X)}, inf{MAU(X), MCU(X)}; a],
) {[inf{NAL(x). N}, sup{N,"(x), Nc" (0} 8] > Ix € X}
= ([A; o5 Bl U [B; o B 1 ([A; o5 Bl L [C o B

>|XEXJ

> |x €X

v.  [Aa; Bl M (Upea [Bs o Bl
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XP

=[A 0Bl M<(

\/ Mk, \ Moy (o) al.

A€EA AEA

S\ Nekeo, \/ NeY G0 B]

A€EA AEA

Y|x €X

% [Ma 60 A \/ Mak00, MoV G0 v\ M 00 al ,

AEA AEA ) |X eX

NA" GO v\ Nak 0, NG 1 \ [ N 00 B]

AEA AEA

%, \/ ML (x) A Mg, (), /\ MAY (%) V Mg, (3); al ,

— ( LAEA AEA

J\NA*60 v Ngy 09, \/ NAY GO A NG 00 B]

LAEA AEA
IRE [Ma () A Mg, (9, M " (9) v Mg, (0); ],
U [NAtG0 v Ny (90,2000 A NG 0 B]
vi.  [A; Bl U (Myeq [B; o Bl

YIxEX

YIx € X} =Lea ([A; 05 8] 1 [B; o Bl3)

([« /\MB';(@.\/MB;’(x);al, |
=[A;O(;B]L| ( AEA AEA )|X6X¥
L\ ko0, \ NaY oo Bl |
U LG T J

X, [Ma" () v /\ Mg (), Ma" (x) A \/ Mg, (%); a] ,

AEA AEA ) |X eX

NA") A \/NB;‘(X), NV v /\NBS(X); Bl

A€EA A€EA

%, /\ MaL(x) Vv Mh(), \/ MAY (%) A Mg, (3); al ,

— ( LAEA AEA

\/ Na60 ANgy 0, [\ NAYGO v N (0 B]

LAEA AEA
L U
{ %, [Ma" (0 V Mgy (9, Ma" (%) A Mg, (),
=Mrea

[NabGo) A Np, (9, NoY () v NpY (%); B]

YIxEX

YIx € X} =Myen ([A; o B] U [B; o; Bl)

Proposition 11: Let X be universal set. [A; o; B, [B; a; B] € (a, B)-IVIFS(X) and
Ais index set VA € A,
i (([A B = [A; ;]
i ([A Bl M [B; o BDC = ([A;5 05 BD U ([B; oz BDC
iii.  ([Ae Bl U [B; o BDC = ([A; 05 BD N ([B; o BDC
iv. (M [A5 @ Bl =Uaea ([A; 05 B¢
V. (Unea [A5 a5 BIE =Maea ([A5 o BIC

Proof: [A; a; B], [B; a; B] € (o, B)-IVIFS(X) are given arbitrary.

- e _ [ <xfa= My 00, 0= B+ NAU (0,
b (aht= {[B = NA"(), B —a+ M (x); B] > Ix € x}
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= (([A; 05 BDO)C
<xfa—(a=My"(0), a—B+B—a+ M x)ql,
{[B-(B—Na"00) B =t = B+ Ny"(0i B] > x € X
= {< %, [Ma"(0), M, (®); a], [NA (), N2V (%); B] > [x € X} = [A; ; B]
ii.  ([A;05B] 0 [B;o; BDC

a—B+ (inf{N," (), Ng' () }); o)’

{ <X’[ a— (inf(My"(x), Mg"(x)}), }

B — (sup{NA"(:), Ng"()}),

>|XEX}

B — o+ (sup{MaY(x), Mz" (x)}); B

( sup{a — M (%), a — Mg"(x)}, 3
<% [inf{a —B+N ), a—B+ NBU(X)}; oc]'

[ inf{B — No"(x), B — Ng"(0)},
sup{B —a+ MAU(X), B—a+ MBU(X)}; B
B { <X, [cx — Mphx), 0 = B+ NV (%); (x], } L { <X, [oc — Ml (), a — B+ Np¥(x); (x], }

[B—NA"(®),B—a+M"(x);B] > |xeX [B— Ng"(x), 8 — a+ Mg"(x); B] > |x € X
= ([A;0; D L ([B; s B¢

> |x€eX

iii.  ([A;a;B] U [B o BDC
( oy [ a— (sup{M,"(x), Mg"()}), \
! o= B+ (sup(Ns 0, N5 O o L
u B — (inf{N5" (0, Ng"(0}),
B—a+ (inf{MAU(x), MBU(X)}); B
inf{(x —MaH (), 0 — MBL(X)}, \
sup{a —-B+ NAU(X), a—B+ NBU(X)}; al’
[ sup{B — N»"(x), B — Ng"()},
inf{B — o+ MY (%), — a + Mg’ (x)}; B
_ { <X, [a —Mp ), a0 — B+ N,V (%); a], } n { <X, [oc — M), a — B + Ng¥(x); a], }
[B=Na"C,B—a+My"CO;B] > Ix€X)  ([B—Ng"(x),B—a+Mp"(x); ] > [x € X
= ([A; o BD 1 ([B; o5 BDC
(X: [Asea Mf;}j(x), Vien M;{x}f (x); 0(].) e X}
[Vaea Nay (), Axea Nay (); B]

= (Maea [A;5 a; B

I X, [(X—/\MA;(X),O( -B+ /\NAE(X);G], 1
=
| |
\ )

>|X€XJ
[
<X,

> |x €X

iv. H?\EA [A, Q; B])L = {

AEA AEA ) |X eX

VA ON EXERVATRIEN:

AEA AEA

’

( X, [\/a— MAI):(X),/\OL -B+ NA;\J(X); a
={( Aen l YIx € X =Lhen ([A; 05 BI)*

lk [/\B—NA;(xx\/B—mMA;’(x);B

AeA AEA
%, [Vaea May (%), Anea May (%); o
[Area Nay (), Vaca Nay (%); B]

V. Wen[A Bl = {( Yx € X}
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= (Upea [A5 a5 BT

( X, [(X—\/MA;(X),O( -B+ VNAE(X);G], |
- |
|

)

AEA AEA T)YxEX
|k B_/\NAk(x),B—(X+/\MA;{(X);B
AEA AEA -
x,[/\a—MA;<x>,\/a—s+NA£<x>:a ,
Y AEA AEA Y |x € X p =Mea ([4; o Bl)C
\/ 8- Nakeo, \ B+ MaY G0, B]
AEA AEA

Proposition 12: Let X be universal set.
Functions 0x: X — ([0,1 — B; al, [B, B; B]) and 1x: X = ([a, a; ], [0,1 — o; B])
i (0g)° =1y
ii.  (1y)° =0
Proof:
i (007 = (101~ B;cl, [B,B; BD)°
=(a—-0,a—B+pal,[B-—BB—a+1—-P;BD
= ([, 05 ], [0,1 — o B]) = 1
i (1= ((waal,[01 - BD)°
=(la—oa—B+1-cal[p—0B—a+ap])
= ([0,1—B;al, [B, B; BD) = Ox

Definition 19: Let X be universal set and [A; o; B] € (a, B)-IVIFS(X).
[4; o; B] € (o, B)-IVIFS(X) has sup-property: & Vx € X,
3([A1, 225 o, [61,02; B]) € D(1e) x D(Ig) 3 [A; 0 Bl = ([Ag, Az o, [61, 62 B])

Definition 20: Let X be universal set and [A; o; 8] € (o, B)-IVIFS(X).
V([A1,22; ], [01, 025 B]) € D(I) X D(IB).
(45 & Bl (a4,20500,[01,02:8D)
= {x € X|[Ma(x); o = [A1,A2; @] and [N, (x); B] < [64, 6;; B]}

[A; & Bl(1a, ap50,[04,04:8) 1S called ([Aq,2A;; al, [0, 8;; B])-level subset of [A;a;B]. It is easily
seen that from definition,
([A1, Az; a], [0, 6,; B])-level subsets of [A; a; B] are crisp sets . Besides,

[Ma(x); o] = [Ag,2550] = My (x) = A, and M, (x) < 2,

[NA(X); B] < [61,6,; Bl = Np“(%) < 6; and N, (x) = 6,

Proposition 13: Let X be universal set. V[A;a;], [B;a;B] € (o, B)-IVIFS(X),
V([Ay, Az; al, [64,6,; B]) € D(I,) % D(Ip),
L X €[A Bl a0010,,02:8D

& ([Ma(); o, [NA(); B]) = ([Ag, Az; o, [0, 055 B
ii. [A; a; B]([7t1‘7\220(]r[91‘92:[3]) = [Ma(x); ] Azl N [Na(x); B] [61,62;8]

i, ([A; o B] U [B; o B (tay gl i01,64:8])
= ([MA(X)i gz Y [Mp(X); adpy ag500 U (MALM n MBUAZ )) v (MBL;L1 n MAU)Q) N

([NA(X)i Blto,.0.:61 Y I8 (0; Blpo, 0,461 U (Na"g, N N5, ) U (Ng"y N NAUeZ))
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iv.  ([A o B] 1 [B; o BD (a2, 104,64:8])
= [A5 & Blag azsat01,05:8D N [B5 & Bl(ay aziat 61,0281
Proof: [A; a; B], [B; o; B] € (o, B)-IVIFS(X) and
([A, A5 al, [64, 04; B € D(1,) X D(IB) are given arbitrary.
L X €[4 Bl apal0162:8D
& [Ma(x); o] = [A1,22; a] and [NA(x); B] < [04,0;; 8]
© ([Ma(); o, [NAG); B]) = ([A1, 225 @], [01, 025 BD
ii.  x € [A;0; Bl apali0,,0,:6]) 1S given arbitrary.
(IMaA(); a, [NA(); B]) = ([A1, Az; a], [64, 0,5 BD)
© [Ma(x);a] = [A,25; aland [Na(x); B] < [64,6,; B]
© X € [Ma(%); ala, 2,500 @nd X € [No(X); Blie,,0,:p1
© X € [MaA(); alpp, ap500 N [INA; Bliey,0,:81
iii.  x € ([A; o B] U [B; o B]) (ja 2,500, [04,0,;8]) 1S given arbitrary.

(Maaprueian 0 o, INqawgiuBiws) 09 B1) 2 (A, A2; al, [0y, 055 B1)
[ sup{M,"(x), Mg" ()},
inf{MAU(x), MBU(X)}; al’
inf{NA"(x), Ng" (0},
[SUP{NAU(X). Ng"(0}; B
[ sup{M,"(x), Mg" ()},
inf{MAU(X), MBU(X)}; o
inf{NAL(x), NBL(X)},
Lup{NA”(x), NsU (0} s] = (006230
S sup{MAL(X), MBL(X)} > Al,inf{MAU(x), MBU(X)} <A, and
inf{N,"(x), Ng"(x)} <0;, sup{N," (%), Ng"(x)} > 0,
& {Ma"(x) = A; or Mg"(x) > A, }and {M,"(x) <2, or Mg"(x) <2, }
and {N,"(x) <0, or Ng"(x) < 8;}and {N,"(x) = 8, or N5 (x) > 6,}
& (Mp"(x) =4 and MY (x) < 2,}or {Mg"(x) = A; and Mp"(x) <2,}
or {MAL(X) >, and MY (x) < A, }or {MBL(X) > and M U(x) < A, } and
{NA"(x) <0; andN,"(x) = 0,} or {Ng"(x) < 0, and N5’ (x) = 6,}
or {NAL(X) <0, and NgU(x) > 62} or {NBL(X) <0, and N Y(x) > 62}

S X € [Ma(X); alp, ap500 OF X € [Mp(X); Al a, 2p;00 OF {x € (MALX1 N MBU}LZ)}
or {x € (Mg", N M., )} and x € [NAG; Blis, 0,55 OF X € [Na(); Blis, o561
or {x € (NAL@1 n NBU92>} or{x € (NBL91 n NAUGZ)}
& x € ([MAGD; @l e U MGl g U (May, 0 MaY, )) U (Mt 0 M, )

([NA(X)i Blto,.0.:61 Y I8 (0; Blio, 0,461 U (Na"g, N N5 ) U (Ng"y N NAUeZ))

2 ([)\1'}\2; (X], [61' 62; B])

= [7\1,7\2; a]

iv.  x € ([A5a;B] N [B; o B (1ag az500,104,04;8]) 1S given arbitrary.

(M(tasspinissecen ) Nqasespineiassn ) = ([Ag, Az o, [y, 853 1)
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[ inf{MAL(x), MBL(X)}, ]
] U |
Susi{;ngfZﬁBL(&}f] /I > (g, Ao o, [8,, 6,3 B
inf(N," (9, N (0); B
inf{MAL(x), MBL(X)},
Lup{MAU(x), Mp (9}
4 [sup{NAL(x), Ng" (0},
inf{NAU(X)' NBU(X)}; B
& inf{M"(x), Mg"(x)} = A; and sup{M,"(x), Mg’ (x)} <2,
and sup{NAL(X),NBL(X)} < 0; and inf{NAU(X),NBU(X)} >0,
& {Ma"(x) =24 and Mg"(x) > A, }and {M,"(x) <2, and Mp"(x) < A,}
and {N,"(x) < 0; and Ng"(x) < 6,} and {N,"(x) = 0, and N5 (x) > 0,}
& {Ma"(x) =24 and M, (x) < 1,} and {Mg"(x) > 1, and Mg"(x) < A,}
and {N,"(x) < 0; and N,Y(x) = 6,} and {Ng"(x) < 8; and N5"(x) > 0,}
& [Ma(x); a] = [Ay,25; a] and [Mp(x); a] = [Ay,25; 0]
and [Ny (x); B] < [0y, 6,; B] and [Ng(x); B] < [0, 0;; B]
& {x € [Ma(®); aljp, 2,00 and X € [NA(X); Blio, 0,81 }
and {x € [Mp(x); aljx, 2, and x € [Np(x); Blio, 6,81}
© x € [A; 6 Bl(ay iy 01,0260 N [B5 0 Bl (125500 101,0,:8D

=4

Y N

= [}\1;}\2; o

< [64,0;; ]

Example 3: Let X = {a, b, ¢, d}.

(< a,[0.1,0.6; 0.4],[0.1,0.4; 0.3] >, < b, [0.2,0.5; 0.4], [0.2,0.4; 0.3] >,

- {< ¢, [0.3,0.6;0.4],[0.1,0.3; 0.3] >, < d, [0.4,0.6; 0.4], [0.1,0.3; 0.3] >} ’
For a = 0.4 and 8 = 0.3, [A; o; B] is (a, B)-interval valued intuitionistic fuzzy set.
([0.0,0.5; 0.41,0.2,0.4; 0.3]) € D(I,) x D(Ip),

A([o.o.o.s;0.4].[0.2.0.4;0.3]) = {b}
([0.3,0.6; 0.4],[0.1,0.3; 0.3]) € D(I,) x D(Ip),

A([0.3,0.6;0.4],[0.1,0.3;0.3]) ={c,d}
([0.2,0.7; 0.4],0.2,0.3; 0.3]) € D(I,) x D(Ip),

A([o.z,0.7;0.4],[0.2,0.3;0.3]) = {b, C, d}
([0.0,0.7; 0.4],0.3,0.3; 0.3]) € D(I,) x D(Ip),

A([0.0,0.7;0.4],[0.3,0.3;0.3]) ={ab,cd} =X

----------

4. CONCLUSION

In this study, the definition of (a, 8)-interval set is given. It is shown that

(o, B)-interval set is lattice by giving of definitions of order relation, infimum and
supremum on this set. Afterwards, the definition of negation function on this set is given

by the help of negation function on crisp sets and fuzzy sets.

In terms of above definitions and information, the definition of (o, 8)-interval
valued intuitionistic fuzzy set is introduced. The definitions of intersection, union and
complement on this set are introduced and the fundamental algebraic properties of this set
are studied. In addition, the level subset of (a, B)-interval valued intuitionistic fuzzy set is

given.
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	,𝛂,𝛃.-INTERVAL VALUED INTUITIONISTIC FUZZY SETS DEFINED ON
	,𝛂,𝛃.-INTERVAL VALUED SET
	ABSTRACT. In this paper, ,α,β.-interval valued set is studied. The order relation on ,α,β.-interval valued set  is defined. It is shown that ,α,β.-interval valued set is complete lattice by giving the definitions of infumum and supremum on these sets....
	2. PRELIMINARIES
	Definition 1: [6] D,,I-α..=,,,M-L., ,M-U.;α.|α∈I. is called α-interval valued set. In order to make easy, it is shown that
	,,,M-L., ,M-U.;α.|α∈I.=,,M;α.|M∈D,I. and α∈M.
	Order relation on D,,I-α.. is defined below.
	Definition 2: [6]  ∀,M;α.,,N;α.∈D,,I-α..,
	,M;α.≤,N;α.:⇔,M-L.≤,N-L. and ,M-U.≥,N-U.
	It is easily seen from definition,
	,M;α.<,N;α.
	⇔,M-L.<,N-L., ,M-U.≥,N-U. or ,M-L.≤,N-L., ,M-U.>,N-U. or ,M-L.<,N-L., ,M-U.>,N-U.
	Proposition 1: [6]  ,D,,I-α..,≤. is partial ordered set.
	By the help of order relation on D,,I-α.., the definitions of supremum and infimum on this set are given below.
	Definition 3: [6]  ∀,M;α.,,N;α.∈D,,I-α..,
	i. ,inf-,,M;α.,,N;α...=,,inf-,,M-L.,,N-L..,,sup-,,M-U.,,N-U....;α.
	ii. ,sup-,,M;α.,,N;α...=,,sup-,,M-L.,,N-L..,,inf-,,M-U.,,N-U..;..α.
	Lemma 1: [6]  ,D,,I-α..,∧,∨. is complete lattice with units ,0,1;α. and ,α,α;α..
	Proposition 2: [6]  ∀α∈I,
	,α∈I-D,,I-α..=.D,I.
	The following function is a negation function on D,,I-α...
	Proposition 3: [6]  ∀,M;α.∈D,,I-α.. and 𝒩:D,,I-α..→D,,I-α..,
	𝒩,,M;α..=,α−,M-L.,1+α−,M-U.;α.
	Definition 4: [6]  Let X be universal set and ,A;α.:X→D,,I-α.. be function.
	,A;α.=,,,x, ,,A-L.,x.,,A-U.,x...;α.|x∈X.
	where; ,A-L.:X→,0,1. and ,A-U.:X→,0,1. are fuzzy sets.
	In order to make easy, it is shown that;
	,,,x, ,,A-L.,x.,,A-U.,x...;α.|x∈X.=,,,x,A,x..;α.|x∈X.
	,A;α. is called α−interval valued fuzzy set on X. The family of α−interval valued fuzzy sets on X is shown by α−IVFS(X).
	Complement, inclusion, equation, intersection and union of α−interval valued fuzzy sets are given below.
	Definition 5: [6]  Let X be universal set and ,A;α.,,B;α.∈α−IVFS(X).
	Λ is index set ∀λ∈Λ,
	i. ,,A-c.;α.=,,<x,,α−,A-L.,x.,1+α−,A-U.,x..>;α.(x∈X.
	ii. ,A;α.⊑,B;α.:⟺∀x∈X,,A-L.,x.≤,B-L.,x. and ,A-U.,x.≥,B-U.,x.
	iii. ,A;α.=,B;α.:⟺∀x∈X,,A-L.,x.=,B-L.,x. and ,A-U.,x.=,B-U.,x.
	iv. ,A⊓B;α.=,,<x,,,inf-,,A-L.,x.,,B-L.,x..,,sup-,,A-U.,x.,,B-U.(x)....>;α.(x∈X.
	v. ,A⊔B;α.=,,<x,,,sup-,,A-L.,x.,,B-L.,x..,,inf-,,A-U.,x.,,B-U.(x)....>;α.(x∈X.
	vi. ,,⊓-λ∈Λ.,A-λ.;α.=,,<x,,,λ∈Λ-,,A-λ.-L.,x.,.,λ∈Λ-,,A-λ.-U.,x...>;α.(x∈X.
	vii. ,,⊔-λ∈Λ.,A-λ.;α.=,,<x,,,λ∈Λ-,,A-λ.-L.,x.,.,λ∈Λ-,,A-λ.-U.,x...>;α.(x∈X.
	The algebraic properties of α−interval valued fuzzy sets are expressed below.
	Proposition 4: [6]  Let X be universal set. ∀,A;α.,,B;α.,,C;α.∈α−IVFS(X) and Λ is index set ∀λ∈Λ,
	i. ,A⊓B;α.=,B⊓A;α.
	ii. ,A⊔B;α.=,B⊔A;α.
	iii. ,A;α.⊓,,B⊔C;α..=,,A⊓B;α..⊔,,A⊓C;α..
	iv. ,A;α.⊔,,B⊓C;α..=,,A⊔B;α..⊓,,A⊔C;α..
	v. ,A;α.⊓,,,⊔-λ((.,B-λ.;α..=,,⊔-λ((.,A⊓,B-λ..;α.
	vi. ,A;α.⊔,,,⊓-λ((.,B-λ.;α..=,,⊓-λ((.,,A⊔B-λ..;α.
	Features about complement of α−interval valued fuzzy sets are stated following proposition.
	Proposition 5: [6]  Let X be universal set. ∀,A;α.,,B;α.∈α−IVFS(X) and
	Λ is index set ∀λ∈Λ,
	i. ,,,,,A-c.;α..-c.;α.=,A;α.
	ii. ,,,A⊓B;α..-c.=,,A-c.⊔,B-c.;α.
	iii. ,,,A⊔B;α..-c.=,,A-c.⊓,B-c.;α.
	iv. ,,,,⊓-λ∈Λ.,A-λ.;α..-c.=,,⊔-λ∈Λ.,A-λ-c.;α.
	v. ,,,,⊔-λ∈Λ.,A-λ.;α..-c.=,,⊓-λ∈Λ.,A-λ-c.;α.
	Proposition 6: [6]  Let X be universal set. ,𝟎-𝐗.:X→,0,1;α. and ,𝟏-𝐗.:X→,α,α;α..
	i. ,,,𝟎-𝐗..-c.=,𝟏-𝐗.
	ii. ,,,𝟏-𝐗..-c.=,𝟎-𝐗.
	Definition 6: [6]  Let X be universal set and ,A;α.∈α−IVFS(X).
	,A;α. has sup−property
	:⇔∀x∈X,∃,,λ-1.,,λ-2.;α.∈D,,I-α..∋,A,x.;α.=,,λ-1.,,λ-2.;α.
	Definition 7: [6]  Let X be universal set and ,A;α.∈α−IVFS(X).
	∀,,λ-1.,,λ-2.;α.∈D,,I-α..,
	,,A;α.-,,λ-1.,,λ-2.;α..=,x∈X|,A-L.,x.≥,λ-1.and ,A-U.,x.≤,λ-2..
	The set ,,A;α.-,,λ-1.,,λ-2.;α.. is called ,,λ-1.,,λ-2.;α.-level subset of ,A;α.. It is easily seen from definition, ,,λ-1.,,λ-2.;α.-level subsets of ,A;α. are crisp sets.
	Definition 8: [6]  Let X be universal set and ,A;α.∈α−IVFS(X).
	∀,,λ-1.,,λ-2.;α.∈D,,I-α..,
	,∀,A;α.-,,λ-1.,,λ-2.;α..-level subsets of ,A;α.,
	i. ,A-,λ-1.-L.=,x∈X(,A-L.,x.≥,λ-1..
	ii. ,A-,λ-2.-U.=,x∈X( ,A-U.,x.≤,λ-2..
	iii. ,B-,λ-1.-L.=,x∈X(,B-L.,x.≥,λ-1..
	iv. ,B-,λ-2.-U.=,x∈X(,B-U.,x.≤,λ-2..
	The relations between level subsets of α−interval valued fuzzy sets and crisp sets are given below.
	Proposition 7: [6]  Let X be universal set and ,A;α.,,B;α.∈α−IVFS(X).
	∀,,λ-1.,,λ-2.;α.∈D,,I-α.. and I is index set, ∀i,j∈I,,,λ-i.,,λ-j.;α.∈D,,I-α..,
	i. x∈,,A;α.-,,λ-1.,,λ-2.;α..⟺,A,x.;α.≥,,λ-1.,,λ-2.;α.
	ii. ,,A;α.-,,λ-1.,,λ-2.;α..=,A-,λ-1.-L.∩,A-,λ-2.-U.
	iii. ,,,A⊔B;α..-,,λ-1.,,λ-2.;α..
	=,,A;α.-,,λ-1.,,λ-2.;α..∪,,B;α.-,,λ-1.,,λ-2.;α..∪,,A-,λ-1.-L.∩,B-,λ-2.-U..∪,,B-,λ-1.-L.∩,A-,λ-2.-U..
	iv. ,,,A⊓B;α..-,,λ-1.,,λ-2.;α..=,,A;α.-,,λ-1.,,λ-2.;α..,∩,B;α.-,,λ-1.,,λ-2.;α..
	v. ,A-,λ-1.-L.⊇,A-,λ-2.-L.
	vi. ,A-,λ-1.-U.⊆,A-,λ-2.-U.
	vii. ,i∈I-,,A-L.-,λ-i...=,,A-L.-,i∈I-,λ-i...
	viii. ,j∈I-,,A-U.-,λ-j..=.,,A-U.-,j∈I-,λ-j...
	A=,<x, ,M-A.,x., ,N-A.(x)>|x∈X.
	is called interval valued intuitionistic fuzzy set. The family of interval valued intuitionistic fuzzy sets on X is shown by IVIFS(X).

	D,,I-α.. is all closed sub-intervals of I=,0,1. including α∈,0,1..
	Definition 13:
	D,,I-α..×D,,I-β..=,,,,M-L.,,M-U.;α.,,,N-L.,,N-U.;β..| ,M-U.+,N-U.≤1 and M∈D,,I-α.., N∈D,,I-β.. .
	is called ,α,β.-interval valued set.
	To make clear, it is shown below,
	,,,,M-L.,,M-U.;α.,,,N-L.,,N-U.;β..| ,M-U.+,N-U.≤1 and M∈D,,I-α.., N∈D,,I-β...
	=,,,M;α.,[N;β].(,M-U.+,N-U.≤1 and M∈D,,I-α.., N∈D,,I-β...
	The order relation on D,,I-α..×D,,I-β.. is defined below.
	Definition 14: ∀,,M;α.,[N;β].,,,P;α.,[R;β].∈D,,I-α..×D,,I-β..,
	,,M;α.,[N;β].≤,,P;α.,[R;β].:⇔,M;α.≤,P;α. and [N;β]≥[R;β]
	Here;
	,,M;α.,,N;β..<,,P;α.,,R;β..:⇔,M;α.<,P;α.,,N;β.≥,R;β. or
	,M;α.≤,P;α., ,N;β.>,R;β. or ,M;α.<,P;α., ,N;β.>,R;β.
	Proposition 8: ,D,,I-α..×D,,I-β..,≤. is partial ordered set.
	Proof: ,,M;α.,[N;β].,,,P;α.,[R;β].,,,S;α.,[T;β].∈D,,I-α..×D,,I-β.. are given arbitrary.
	1. ,M-L.≤,M-L.,,M-U.≥,M-U. and ,N-L.≥,N-L.,,N-U.≤,N-U.
	⇒,M;α.≤,M;α. and ,N;β.≥,N;β.⇒,,M;α.,[N;β].≤,,M;α.,[N;β].
	2. ,,M;α.,,N;β..≤,,P;α.,,R;β.. and ,,M;α.,,N;β..≥,,P;α.,,R;β..
	⇒,M;α.≤,P;α.,,N;β.≥[R;β] and ,M;α.≥,P;α.,,N;β.≤[R;β]
	⇒,M-L.≤,P-L.,,M-U.≥,P-U.,,N-L.≥,R-L.,,N-U.≤,R-U. and
	,M-L.≥,P-L.,,M-U.≤,P-U.,,N-L. ≤,R-L.,,N-U.≥,R-U.
	⇒,M-L.=,P-L.,,M-U.=,P-U.,,N-L.=,R-L.,,N-U.=,R-U.
	⇒,M;α.=,P;α. and ,N;β.=[R;β]⇒,,M;α.,,N;β..=,,P;α.,[R;β].
	3. ,,M;α.,,N;β..≤,,P;α.,,R;β.. and ,,P;α.,,R;β..≤,,S;α.,,T;β..
	⇒,M;α.≤,P;α.,,N;β.≥[R;β] and ,P;α.≤,S;α.,,R;β.≥[T;β]
	⇒,M-L.≤,P-L.,,M-U.≥,P-U.,,N-L.≥,R-L.,,N-U.≤,R-U. and
	,P-L.≤,S-L.,,P-U.≥,S-U.,,R-L.≥,T-L.,,R-U.≤,T-U.
	⇒,M-L.≤,S-L.,,M-U.≥,S-U.,,N-L.≥,T-L.,,N-U.≤,T-U.
	⇒,M;α.≤,S;α. and ,N;β.≥[T;β]⇒,,M;α.,[N;β].≤,,S;α.,[T;β].
	With the help of relation order on D,,I-α..×D,,I-β.., the definitions of supremum and infimum on this set are given below
	Definition 15: ∀,,M;α.,[N;β].,,,P;α.,[R;β].∈D,,I-α..×D,,I-β..,
	,inf-,,,M;α.,[N;β].,,,P;α.,[R;β]...=,,inf-,,M;α.,,P;α..,,sup-,[N;β],[R;β]....
	,sup-,,,M;α.,[N;β].,,,P;α.,[R;β]..=,,sup-,,M;α.,,P;α..,,inf-,[N;β],[R;β].....
	Lemma 2: ,D,,I-α..×D,,I-β..,∧,∨. is a complete lattice with units
	,,0,1−β;α.,,β,β;β.. and ,,α,α;α.,,0,1−α;β...
	Proof: It is clear from known order relation on ℝ.
	Remark 1: The intersection and union of the family of ,α,β.-interval valued sets are again ,α,β.-interval valued sets. If any function satisfies below conditions, then it is called negation function.
	Definition 16: L is complete lattice with units 0 and 1. 𝒩:L→L and ∀a,b∈L,
	i. 𝒩,0.=1 and 𝒩,1.=0
	ii. 𝒩,a.≤𝒩,b.:⇔a≥b
	iii. 𝒩,𝒩,a..=a
	Definition 17: Let X be universal set.
	For functions ,[M-A.;α]:X→D,,I-α.. and ,[N-A.;β]:X→D,,I-β.., ∀x∈X, ,,M-A.-U.,x.+,,N-A.-U.,x.≤1,
	[A;α;β]=,,x, ,[M-A.,x.;α],,[N-A.,x.;β].|x∈X.
	To make clear, it is denoted by;
	,,x, ,[M-A.,x.;α],,[N-A.,x.;β].|x∈X.=,,x, [A(x);α;β].|x∈X.
	is called ,α,β.−interval valued intuitionistic fuzzy set. The family of ,α,β.−interval valued intuitionistic fuzzy sets on X is shown by ,α,β.-IVIFS(X).
	Some algebraic operations on ,α,β.-IVIFS(X) are defined below.
	Example 2: Let X=,a,b,c,d..
	,A;α;β.=
	,,<a,,0.1,0.3;0.3.,,0.4,0.6;0.4.>,<b,,0.0,0.4;0.3.,,0.3,0.6;0.4.>,-<c,,0.2,0.5;0.3.,,0.1,0.4;0.4.>,<d,,0.15,0.45;0.3.,,0.3,0.5;0.4.>..
	,B;α;β.=
	,,<a,,0.05,0.35;0.3.,,0.25,0.65;0.4.>,<b,,0.15,0.45;0.3.,,0.2,0.4;0.4.>,-<c,,0.1,0.3;0.3.,,0.3,0.7;0.4.>,<d,,0.1,0.4;0.3.,,0.15,0.55;0.4.>..
	For α=0.3 and β=0.4, A and B are ,α,β.-interval valued intuitionistic fuzzy sets,
	,,A;α;β.-c.=
	v. ,A;α;β.⊓,,⊔-λ((.,,B;α;β.-λ..=,⊔-λ((.,,A;α;β.⊓,,B;α;β.-λ..
	vi. ,A;α;β.⊔,,⊓-λ((.,,B;α;β.-λ..=,⊓-λ((.,,,A;α;β.⊔,B;α;β.-λ..
	iv. ,,,⊓-λ∈Λ.,,A;α;β.-λ..-c.=,⊔-λ∈Λ.,,,,A;α;β.-λ..-c.
	v. ,,,⊔-λ∈Λ.,,A;α;β.-λ..-c.=,⊓-λ∈Λ.,,,,A;α;β.-λ..-c.
	Proposition 12: Let X be universal set.
	Functions ,𝟎-𝐗.:X→,,0,1−β;α.,,β,β;β.. and ,𝟏-𝐗.:X→,,α,α;α.,,0,1−α;β..
	i. ,,,𝟎-𝐗..-c.=,𝟏-𝐗.
	ii. ,,,𝟏-𝐗..-c.=,𝟎-𝐗.
	Proof:
	i. ,,,𝟎-𝐗..-c.=,,,,0,1−β;α.,,β,β;β...-c.
	=,,α−0,α−β+β;α.,,β−β,β−α+1−β;β..
	=,,α,α;α.,,0,1−α;β..=,𝟏-𝐗.
	i. ,,,𝟏-𝐗..-c.=,,,,α,α;α.,,0,1−α;β...-c.
	=,,α−α,α−β+1−α;α.,,β−0,β−α+α;β..
	=,,0,1−β;α.,,β,β;β..=,𝟎-𝐗.
	Definition 19: Let X be universal set and ,A;α;β.∈,α,β.-IVIFS(X).
	,A;α;β.∈,α,β.-IVIFS(X) has sup-property:⇔ ∀x∈X,
	∃,,,λ-1.,,λ-2.;α.,,,θ-1.,,θ-2.;β..∈D,,I-α..×D,,I-β..∋,A;α;β.=,,,λ-1.,,λ-2.;α.,,,θ-1.,,θ-2.;β..
	Proposition 13: Let X be universal set. ∀,A;α;β.,,B;α;β.∈,α,β.-IVIFS(X), ∀,,,λ-1.,,λ-2.;α.,,,θ-1.,,θ-2.;β..∈D,,I-α..×D,,I-β..,
	Example 3: Let X=,a,b,c,d..
	A=,,<a,,0.1,0.6;0.4.,,0.1,0.4;0.3.>,<b,,0.2,0.5;0.4.,,0.2,0.4;0.3.>,-<c,,0.3,0.6;0.4.,,0.1,0.3;0.3.>,<d,,0.4,0.6;0.4.,,0.1,0.3;0.3.>.. ,
	For α=0.4 and β=0.3, ,A;α;β. is ,α,β.-interval valued intuitionistic fuzzy set.
	i. ,,0.0,0.5;0.4.,,0.2,0.4;0.3..∈D,,I-α..×D,,I-β..,
	,A-,,0.0,0.5;0.4.,,0.2,0.4;0.3...=,b.
	ii. ,,0.3,0.6;0.4.,,0.1,0.3;0.3..∈D,,I-α..×D,,I-β..,
	,A-,,0.3,0.6;0.4.,,0.1,0.3;0.3...=,c,d.
	iii. ,,0.2,0.7;0.4.,,0.2,0.3;0.3..∈D,,I-α..×D,,I-β..,
	,A-,,0.2,0.7;0.4.,,0.2,0.3;0.3...=,b, c,d.
	iv. ,,0.0,0.7;0.4.,,0.3,0.3;0.3..∈D,,I-α..×D,,I-β..,
	,A-,,0.0,0.7;0.4.,,0.3,0.3;0.3...=,a,b, c,d.=X
	v. ,,0.1,0.4;0.4.,,0.0,0.3;0.3..∈D,,I-α..×D,,I-β.., ,A-,,0.1,0.4;0.4.,,0.0,0.3;0.3...=∅

