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Research Article ABSTRACT
In the last 20 years, the graphs associated a ring have been introduced such as the zero-divisor graph, the
History nilpotent graph and the total graph, etc. The studies on these graphs are generally related to their graph
invariants (diameter, girth etc.). In this paper, we define two novel analogue graphs over the integer rings
Received: 01/02/2023 and obtain some properties as well as the spectrum with respect to the adjacency matrix.
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Z,, Halkasi Uzerinde Tanimli Nilpotent ve Total Cizgelerin Analoglari Uzerine

0z

Son 20 yildir, sifir-bélen gizge, nilpotent gizge ve total ¢izge gibi bir halka ile olusturulmus graflar tanitilmistir. Bu
yapilar lzerine yapilan g¢alismalar genellikle ¢izgenin ¢api, en kisa déngii sayisi vb. ¢izge degismezleri

calismalaridir. Bu ¢calismada tam sayilar halkasi lizerinde iki analog ¢izge tanitilmis ve komsuluk matrisine gére
bazi spektral ézellikleri incelenmistir.
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Introduction

Throughout the paper we consider only simple graphs.
Let G = (V,E) be a graph on vertex set V =
{vi,v2...,v} and edge set E = E(G) = {v;v;:
v;,v; € V }. Also let d; be the degree of vertex v; fori =
1,2,...,n. The minimum vertex degree is denoted by § =
6(G) and the maximum by A= A(G). Let N; be the
neighbour set of the vertex v; € V (G). If vertices v; and
v; are adjacent, we denote that by v;v; € E(G) or v; ~
v;j. The complete graph K, is a graph such that all degrees
of the verticesaren — 1. A complete bipartite graph K,,, ,
is a graph whose vertices can be partitioned into two
disjoint subsets U and W such that V. = U U W and for
everyu € Uand € W ,uwisanedgeinE. For the graphs
G and H,G + H is also a graph and called the union of G
and H.

The adjacency matrix A(G) of G is defined by its entries
a; =1 if vv; € E(G) and 0 otherwise. Let
A1, A3, ..., A denote the distinct eigenvalues of A(G). The
multiset of the eigenvalues is known as the spectrum and is
shown by Spec,(6) = {1, ™, ..., 2™} where m; is
the algebraic multiplicity of 4;.
In recent years, the graphs associated the rings have
become one of the interesting research topics. The main
questions arising in the studies are as ‘Can a graph be
defined on different elements of the group or ring from
commonly used algebraic structures?’ and 'Which graph
family does the obtained graph structure belong to?’. In
view of these questions, various graphs associated a ring
can be found in [Anderson and Livingston, 1999; Anderson,
Levy and Shapiro, 2003; Anderson and Badawi, 2008;
Anderson, Asir, Badawi and Chelvam, 2021; Li and Li, 2010;
Nikmehr and Khojasteh, 2013; Singh and Bhat, 2020]. In
addition to pure graph theory studies, there are also the
studies in terms of graph spectra (see also [Bajaj and
Panigrahi, 2022; Cantekin and Sorgun, 2017;
Chattopadhyay, Patra and Sahoo, 2020; Pirzada, Rather,
Aijaz and Chishti,2022; Pirzada, Rather, Sbahan and Chishti,
2023]). In this paper, we define analogues of total graph
and nilpotent graph and obtain the graph structure. We
also present the spectrum with respect to the adjacency
matrix.

Main Results

Lemma 2.1. [Brouwer and Haemers, 2012]
1. For the complete graph K,,, we have Spec,(K,,) =
{m — DY (D™
2. For the complete bipartite graph K, ,,
SPECA(Km,n) _ {(W)(l)’(_W)(l)’o(n‘wn—Z)}_
3. Let G and H be graphs. Then Spec,(G + H) =
Spec,(G) U Specy(H).

Lemma 2.2.

[Brouwer and Haemers, 2012] Let Q be a quotient
matrix of any square matrix A corresponding to an
equitable partition. Then the spectrum of A contains the
spectrum of Q.

Definition 2.3.

Let R be a commutative ring with unity such that the set
of zero- divisor elements and the set of the nilpotent
elements of R are Z(R) and N (R), respectively.

1. The nilpotent-divisor graph Iyp(R) is the graph such
that for any two distinct vertices x andy in Z(R) \
N (R) are adjacent if and only if xy is nilpotent.

2. Let R be a commutative ring with unity. The nilpotent-
total graph I'yr (R) is the graph such that for any two
distinct vertices x and y in Z(R) \ N (R) are adjacent if
andonly if x + y is nilpotent.

Lemma 2.4.

Let Z, be an integer ring such that n = Y'3_, p;™ (p;’s
prime numbers). Then the vertex of set Iy, (Z,) has six
pairwise disjoint zero divisor sets except the nilpotent
elements of it and the cardinalities of the sets as the
following:

1 = |P2bs \ PiP2bs| = p2™ 'ps" T O (py™)

¢z = |P1bz \ Pip2bs| = pa ™ Ip, M 0 (ps™s)

3 = |p1bs \ Pipzbs| = pa™  Tps T 0 (p,™2)

¢y = |P1 \ P12 U P1b3| = pi™ 1 0(p,"2) @ (p;™:)

¢s = |p3 \ P13 U P2p3| = ps™ 71 @ (p,™) @ (p,™2)

e = [Pz \ 1Pz U P2P3] = p."2 71 @ (p,™) @ (p3™2).

Proof. We have N (Z,) =
{P10203, 2(P1P2D3), -, (1™ 1,2 3™ ) (p10213)}

Also from the definition of nilpotent divisor graph the
vertices of the graph are form of p,, p,p,. For distinct i, j, k
all sets which include the zero-divisor elements of Z,, are

P = {p 204, -, (0™ 0™ ™ )i} (1
oo, = {pipj, 200, -, (0™ 0™ 0™ )pip} (2)
m =N (Zn) (3)
From the definition of the graph, we get p; ~ p;py and
piPj ~ PiPx for all distinct i, ], k. Hence since we have
P.p,Dx C D,P, C D,, the distinct set of the zero-divisors of
the ring and hence the cardinalities are
|Up.| = |7 \ (B, U B \ Upup, 1) | (4)
[Upip)| = [P, \ 2] (5)

Hence, from the sets in (1-3), we get
|Up,| = o™ p, ™™ — (p™ ;™ ™ p ™ +
pimi—lpjmjpkmk—l _ pimi—lpjmj—lpkmk—l)
=p"™ 7 (p,™p™ — ™ ™ = ™
+ pjmj—lpkmk—l)
=™ (9™ (™ — P

— ;™ (p ™k

- Pkmk_l))
= Pimi_lq’(ijj)‘D(Pkmk) (6)
and
|Up.p,| = p™ 1p,™p ™ — p,™itp; ™ py e

= p,™ T (p ™ — p ™)
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= p;™p, M D (p, ™) (7
Permuting i, j, k in the sets, the other cardinalities is
provided similarly.

Theorem 2.5.
Let Z,, be an integer ring such thatn = Y3_, p;™. Then
Pacrnp @ @) = x770(x® —ugx* — 2u,0° + uzx?

where o is the number of vertex of the graph and u; =
pd(M)(S + 3), U, = p*p(n), uz = p*p()*(S +
3), uy = p3dp(n)3 such that p is the number of nilpotent
elements and

mq—-1 mp-1 m3-—1

_ b1 | P3
T o(E™)  e(p™M2) | b(ps™3)
Proof. Let n = ?:1 p;™. From Lemma 2.4, we get
[V| = |p2p3 \ P102D3| + [P1D2 \ P1P2P3]
+ 1p1P3 \ P1P2Ps| + |1 \ 1Pz U P15
+1P3 \ P1P3 U P23l + |p2 \ 1Pz U P25l
Let's say |V | = o and |N(Z,)| = p. For every x €
P\ (pl_p] u m) andy € p, we get x~y. Also x~y forall
X €p,p,andy € p,pg. Hence the graph has six partitions
as seen Figure. The adjacency matrix of the graph can be
blocked as

A(FND(Zn))
[Ucixcy c1XCy ]clxc3 ]C1><C4 Oclxcs Oclxcs_
]czxcl Oczxcz ]czxc3 Oczxc4 ]czxcs Oczxc6
_ ]c3><c1 ]c3><c2 Oc3><c3 0c3><c4 Oc3><cs ]c3><c5
B ]c4><c1 0c4><c2 Oc4><c3 0c4><c4 Oc4><cs 0c4><c6
0c5><c1 ]cS><cz 0c5><c3 0c5><c4 Ocsxcs 0c5><06
_0C6><C1 0c6><02 ]c6xc3 0c6><c4 Ocﬁxcs Ocsxcs_

Since each ith block of the matrix has an identical
rows, hence x!V =6 is a factor of

the characteristic polynomial of A(Iyp (Z,,)).Also as
seen the blocks, A(Iyp(Z,)) has an equitable partition 6

classes. Let Q be the quotient matrix of the partition as
0 ¢ 3 ¢4 0 O

cg 0 ¢ 0 ¢ O
_ler ¢z 0 0 0 ¢
C=le, 0 0 00 o
0 ¢c;c 0 0 0 O

0 0 ¢ 0 0 O

From Lemma 2.2, the characteristic polynomial of Q is
a factor of the characteristic polynomial of A(Iyyp (Zy,)).
Hence we get

Py(x) = x® = (€165 + €103 + €104 + 503 + €205
+ c3c6)x* + 2¢1cp053x3

+ ((((C4 + €5 + C6)C3 + €4C5)Cy
+ c3c4c6) ¢+ c2c3cscé) x?

— C1C2C3C4C5Cq 9
by computation and hence subtituting the value of c;,
the desired result holds.

Corollary 2.6.

Ivp(Z,) ~= Kpa-10(g8),qf-1 o) forn = p%q¥.
Proof. It is easy to see the result from Lemma 2.1 and
Theorem 2.5.

Theorem 2.7.

Let Z,, be an integer ring such thatn = }3_, p;™. Then

V|- .
Tvr (Zn) = Ky + Y22 Ky, when if py = 2 Ty (Zy) =
%Kp,p, when p; # 2, where p is the number of nilpotent

elements of Z,,.

Proof. Assume that p; = 2. Recalling the disjoint zero
divisor setss in Lemma 2.4. For every distinct x,y € p,p3 \
D1D.D3 We get x~y since x + y € N(Z,). In fact, if x €
D.P3 \ P1D2P3, then there is an odd t; integer such that
X = p,pst;. Similarly if

Yy € p,p3 \ P1P2P3, thenthereisan odd t, integer such
that x = p,pst,. So we have x +y € p,p;(t; + t,) and
since t; +t, € 2Z, x + y must be the nilpotent element.
Hence x + y € N(Z,,). Provided this, there is exactly c; -
elements, hence this partition forms the complete graph
K., . Notice that ¢; = p since p; = 2. Hence the partition
forms K.

On the other hand, for every x€pip,\
P10, P (. k # 1), it is easy to say that x + (p;p,p3)t €
P1D; \ P1P,Dx since every elements have exactly one
additive inverse. Also —x + (p;p,p3)t € P1P, \ P1P,Dk
because 0 is a nilpotent element. Let U ={x+
(p1p2ps)t:t €Z} and V= {—x + (p1p2ps)t: t € Z}.
Then, we get x~y for every x € U and y € V. Hence it
forms a bipartite graph whose partitions are the sets U and.
By similar method, we get disjoint bipartite graph on the
distinct sets, given in Lemma 2.4. Therefore Iy, (Z,) =

[VI-cq
Kp + TKp’p.
Letp; # 2fori = 1,2,3.Inthis case, the all partitions

form the complete bipartite graph K, , by the method
which is similar to the proof of the first case.
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151/ (P12 Y B1P; / P1P2P3)|

|P3P3 / P1P:P3|

|Ef(p1p: Up,p, /P1P:P3)| @

o |55/ (PiFs ViR / 52|
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Figure 1: The nilpotent divisor graph of Z,,

Corollary 2.8.
Let Z,, be an integer ring such that n =

SPeCA( Inr (Zn)) = [(P -

21 pi™. Then

1), (=)D, (p)(lvlz;pcl)' (_p)(lvlz;pcl), (0)(“/'%”(;)—1))}
when p; = 2;

v v Wi
Speca( Ty (Zy)) = [(p)(%)' (_p)(lz—pl), (0)< G 1))}

, otherwise.
Proof. It is obvious from Theorem 2.7 and Lemma 2.1.
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