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Oz: Bu calismada bir- ve iki-elektron iki-merkezli molekiiler integrallerin eliptik koordinatlar
kullanilarak hesaplanmasinda Yakar ve ark. tarafindan onerilen | yardimeci fonksiyonlarmin yalnizca binom
katsayilarini iceren yeni bir formu elde edilmistir. Ayn1 zamanda | yardimci fonksiyonlarinda goriilen J ve K
fonksiyonlarinin analitik ifadeleri i¢in negatif n degerleri durumunda seri acilim seklinde yeni analitik ifadeler
verilmistir. Bu ¢alismada elde edilen analitik ifadeler ile Yakar ve ark. tarafindan verilen analitik ifadelerin
hesaplamalari karsilastirilmis ve her iki ifadenin sonuglarmin iyi uyum i¢inde oldugu goriilmiistiir. Slater-tipi
atom orbitalleri iizerinden iki-merkezli elektrik alan gradyenti integrallerinin eliptik koordinatlar kullanilarak
hesaplanmasi bazi zorluklar igerir, bununla birlikte bu integraller bu ¢alismada elde edilen I, J ve K yardimei
fonksiyonlar1 kullanilarak kolaylikla hesaplanabilir. Bu hesaplamanin sonuglarinin da literatiirle iyi uyum iginde
oldugu goriilmiistiir.

Anahtar kelimeler: Slater-tipi atom orbitalleri - Cokmerkezli molekiiler integraller — Eliptik
koordinatlar yontemi

On the Auxiliary Functions Used for the Evaluation of Two-Center Molecular Integrals
over Slater-Type Orbitals using Elliptical Coordinates

Abstract: In this study, a new form containing only binomial coefficients have been obtained for |
auxiliary functions proposed by Yakar et al. (Yakar et al., 2006)(Yakar et al., 2006)in the calculation of one- and
two-electron two-center molecular integrals by using elliptical coordinates. Also new analytical expressions in
the form of serial expansion have been given for the analytical expressions of J and K functions for negative n
values which appears in the | auxiliary function. Calculations of the analytical expressions obtained in this work
and the analytical expressions given by Yakar et al. (Yakar et al., 2006)(Yakar et al., 2006)have been compared
and it has been seen that the results from both expressions are in well agreement. Evaluation of two-center
electric field gradient (EFG) integrals over Slater-type orbitals by using elliptical coordinates poses some
difficulties, however these integrals have been easily evaluated by using the | , J and K auxiliary function
obtained in this study. It has been seen that the results of this calculation are in good agreement with the results
in the literature, too.

Keywords: Slater-type orbitals - Multicenter molecular integrals - Elliptical coordinates method

1. Introduction uses the multicenter integrals over the slater
In order to calculate the physical  type orbitals (STO’s). The wave function of
properties of a molecule theoretically, the molecule obtained using HFR
wave function of the molecule has to be approximation is a function called the slater
known. Hartree-Fock-Roothaan ~ method determinant whose elements are the one-
(HFR) is the most used approximation  electron molecular spin orbitals (Slater,
method to determine the molecular wave 1960). Multicenter integrals appear both in
function (Roothaan, 1951). This method  the solution of HFR equations and in the
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evaluation of physical properties of the
molecule by using the wave function
obtained from solution of HFR equations.
Integrals having more than two-center can
be reduced into two-center integrals by
using expansion of an STO about a
displaced center (Guseinov, 1985; Jones,
1987). The solution of such two-center
integrals can be succeeded by using Fourier
(Zeroka, 1966),
expansion by Lowdin’s a coefficient (Jones,

1987), Vv

coefficients the

Convolution theorem

by Guseinov’s

1985) and

expansion
(Guseinov,
methods employing elliptical coordinates
(Guseinov et al., 1998; Meckelleche and
BabaAhmed, 1997; Yakar et al., 2006;
Ozmen et al., 2003; Akin, 2008).

A, B, J and K auxiliary functions
the evaluation of two-center

arise in

molecular integrals by using elliptical
coordinates. Analytical expressions in the
recursive form have been given for auxiliary
functions A and B in the works of
Mekelleche al.(Mekelleche
BabaAhmed, 1997) and Guseinov et al.
(Mekelleche and BabaAhmed, 1997,

Guseinov et al., 1998) and for auxiliary

et and

functions Jand K in the works of and
Ozmen et al. (2003) and Yakar et al.
(Ozmen et al., 2003; Yakar et al., 2006). It
has been stated in the works of Mekelleche
(1997) et
(Mekelleche and BabaAhmed, 1997,

Guseinov et al.,, 1998) that the analytical

et al. and QGuseinov al.
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expressions used for calculation of auxiliary
function A has given stable results but it has
not always given stable results forB.
Moreover, it has also been stated in the
works of Ozmen et al. (2003) and Yakar et
al. (Ozmen et al., 2003; Yakar et al., 20006).
that auxiliary function J has not given
stable results in some cases while auxiliary
function K has given stable results in all
cases.

In order to overcome the instability in
the auxiliary functionB, Mekelleche and
Baba-Ahmed (Mekelleche and BabaAhmed,
1997) have used an analytical expression in
the serial expansion form instead of the
recursive form while Guseinov et al. (1998)
have used an analytical expression in the
downward recursion. In the case of n>0 and
n<a, Ozmen et al. (Ozmen et al., 2003) and
Yakar et al. (Yakar et al., 2006) have
overcome the instability of J by performing
the recursion downward. In this study,
analytical expressions in the serial
expansion form have been obtained for the
case of instability of J such as Mekelleche
and Baba-Ahmed (1997) have done for B.
These analytical expressions are completely
stable. Although other recursive relations in
the works of Ozmen et al. (2003) and Yakar
et al. (Ozmen et al., 2003; Yakar et al.,
2006) are stable, new analytical expressions
in serial expansion form can also be

obtained for them.



On the Auxiliary Functions Used for the Evaluation of Two-Center Molecular Integrals
over Slater-Type Orbitals using Elliptical Coordinates

In the evaluation of one- and two-
electron two-center molecular integrals over
Slater-type  orbitals

using elliptical

coordinates, an integral appears in the form
1

n value in this integral is always positive

J v =) v e ™ v

-1

(1)

for overlap, nuclear attraction, -electric
multipole moment and magnetic multipole
moment integrals while it is negative for
kinetic energy integrals with s-orbital,
Coulomb and exchange integrals with />0,
electric field gradient integrals and spin-spin
nuclear attraction integrals. For the negative
values of n, the binomial expansion gives
infinite series for integral (1). However, the
convergence of the infinite series is too
these cases, abovementioned

slow. In

integrals can be calculated with high
precision by using auxiliary function |
containing J and K auxiliary functions. For
example Ozmen et al. (Ozmen et al., 2003)
Coulomb

calculated two-center

integrals, and Akin (Akin, 2008) have

have

calculated two-center electric field gradient

Rab
8

Rab

R
r=—2(u+v) r,=—2(u-v) dr=
a =y WHv) h=—2(u-v)
and then integrating over ¢, an integral in

the form
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(1* —v*)dudvdg

integrals by using auxiliary functions J and

K.

2. Material and Method
The two-center molecular integrals
have the following form in which the STOs

are taken to be complex

[ o € TIF Zyym, GosB)d7 . ()

Where F is an operator corresponding to an
observable centered at a or b nucleus of

the Znafama (é/a 2 r:a)

molecule, and

Xnyiom, (GooTy) are STOs centered at a and

b nuclei of the molecule, respectively.

STOs have the general form

(29"

J(2n)!

Here, n/m are quantum numbers, ¢ is the

rn_le_aYkm (Ha (0) . (3)

Xum(&5T) =

screening constant and Y, are complex
spherical harmonics. When the coordinate
system is transformed from spherical to
elliptical coordinates by placing STOs of (3)

into (2) and by using the relations

4

T J(ﬂ +)"(u=v)" (uv)'e e ™ dudy

1
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appears. Where R, is the distance between
the nuclei a and b and the new variables p

and t are defined to be

R, & -4,)
) t=-—2aoe)
2 Caten) =)

n" and q in eq.(5) have always positive

p:

values while n sometimes may have
negative values. Integral in (5) is labelled as

a.(p,t) for positive n and QY . (p,t) for
negative n by Guseinov (Guseinov, 1970)

and as I(n,n’,q,p,t) for either case by

n+n’

I (na n,a q, p:t) = Qr?n'(pat) = Z I:m (n> n')An+n’+q—m ( p)Bq+m ( pt)

Yakar et al. (Yakar et al., 2006) and Ozmen
et al. (Ozmen et al., 2003). Guseinov
et al. (Guseinov et al., 1998) have calculated
two-center overlap integrals over Slater-type

orbitals using Q. auxiliary functions.

Furthermore, Pashaev (Pashaev, 2009) has
calculated two-center overlap integrals over

Slater-type orbitals based on the B Filter-
Steinborn and Guseinov Q..
The analytical solution of integral of (5) for

the positive case of n in both of these works

were given as

(6)

in terms of A and B auxiliary functions. Here, auxiliary functions A and B are defined by

the integrals (Mulliken, 1949).

An(p)=]oﬂ”e“"‘du

p constants are always different than zero
but pt =0 occurs in the case of £, =¢,. In

this case, the solution of B integral is quite
simple. Therefore, the case of pt=0 is not
in the scope of this work. Analytical
solutions of A and B integrals are given in
the works of Guseinov et al. (Guseinov et

al., 1998) in the following recursive form
n e’
An(p):FAn—l(p)—i_T 8)

and

1
B,(pt)= Iv”e_ptvdv .
e
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(7

B, (pt) = ﬁ[nBM(pt) +] ©)

for pt0. If n is an even number in
equation of (9) , ¢ =2sinh(pt), otherwise
c=2cosh(pt). The starting values for
(8 and (9)
A (p)=e""/p and B (pt)=(e™ —e ™)/ pt.
In the case of negative n, Ozmen et al.
(2003) and Yakar et.al. (Ozmen et al., 2003;
Yakar et al.,, 2006) have again labeled the

recursion relations are

analytical solution of the integral (5) as
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I(n,n’,q, p,t). In this case, a different analytical expression for | has been given as

' _ & (2) ror 'n’+|[ (1 t)J md n'-2q+i-k
L(n,n’,q, p,t) = > @F(0,q)(n +I)-Z—J ZZ F (J,0)
i=0 .

=0

X {e_p(l_t) [(‘Dk J 2q-i+n+k (pt)—J 2g-i+n+k ( p)]

tleniFertt g0k, L (P)) (10)

Here J, and K are defined to be

2 ©
Jn(a)zjx”e-“de K, (@) = [x"e"dx (11)
0 2
and in the case of a#0, analytical on n
. . . Kn(a) = 2 Kn—l (0() (13)
solutions of these integrals have been given oe
by the recursive relations for n>0 and
3 (@)= @ (12)
ae’®
a —a)"? 1
@=-—23 @ L (14)
(n —1) (n=D!' ] e*(n-1)2
1 a
K,(a) = - K, (@) (15)

e**(n—-02"" (n-=1)

for n < 0. The starting values of J and K in egs. (12-15) are

Jy(@)=(1-e"")/a K,=e*/a (16)
J_(a) =Ei(=2a) - tog(ja)) - ¥ K, =-Ei(-2a) (17)
where Ei(—2a) is the well-known o+

and

a=0 and n=z-1, J (0)=
exponential integral (Arfken, 2011) and y = n+l

0.577215664901532860 . Furthermore, for ~ J-1(0)=(n(2).

J and K auxiliary functions can

easily be evaluated for positive n values and
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they can be expressed in a series expansion

as follows
J. ()= @Z( "") n2+i+1 (18)
Ky (o) = o -J, (). (19)

However, the case for negative n
values is a little more complicated and we

have

obtained the following series
expressions
—a i pi-n+l AN
1 (@)= Z( 92 CY o) o)
N%, sl(i-n+1)  (n-1)!
#n-1
Ko(@) =E ()= J, () 21)
Here E is the integral
E, (@) = [ x"e™dx (22)
0

for n < 0. We note that E is the well-known
Gamma function for n>0.

For n<0 the E integral diverges,
however in the evaluation of molecular
integrals the diverging parts of negative and
positive terms cancels and in this work we
have obtained the net contribution of E

integral to the | integral as

( )n 2
(n-1)!

for n<0. This newly introduced E, (&)

E (05)———{ (@) + (23)

I(n,n",q, p,t) =

i=0

where

n

Z F(n)

M(m,n, p,t) = . ™

221q+1 Y (D' R ()M (2i +n,2q —2i+n’, p,t)

expression is essentially a sum of J (o) and

K, (a) auxiliary functions of Ozmen et al.

(2003) and Yakar et al. (Ozmen et al., 2003;
Yakar et al., 2006). The starting value of E is
E_ (a) =—tog(|a]) —0.577215664901532860
Using E auxiliary function and binomial
coefficients, another version of | function in
eq.(16) of the works of Yakar et al. (Yakar et
al., 2006) has been obtained as

24)

J! < AN
_t)]i+1 ; Fj (n |)2
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x{(=1)1e I (p) + (=)' VK, (p)—e "V, (P} -

3. Results and Discussion

In this work, analytical expressions for
Jand K auxiliary functions occuring in the
calculation of two-center molecular integrals
using elliptical coordinates have been
obtained. Available analytical expressions of
B and J are unstable for n>0 and their
accurate calculation need a demanding
process (Ozmen et al., 2003). In order to
overcome this instability some researchers
have employed a downward recursive
approach (Guseinov et al., 1998; Ozmen et
al., 2003; Yakar et al., 2006). When n>a the
downward recursion has been started from a
and eqgs.(9) and (12)

certain value of ny,

have been rewritten in the form of
downward recursion. Thus authors have
accurately computed two-center overlap
integrals and two-center Coulomb integrals.
Also, Mekelleche Baba-Ahmed

(Mekelleche and BabaAhmed, 1997) have

and

given an analytical expression in the form of
serial expansion for B . Our main aim in this

work is to give new analytical expressions

for auxiliary functions J, K and | to
compare them with other analytical
expressions in the literature. For this

purpose, Eq.(24) obtained in this work and
eq.(16) of the works of Yakar et al. (Yakar

et al., 2006) for | integral are given in

71

(25)

Table 1. Furthermore, we have tested our
by

electric field gradient integrals with large

expressions calculating two-center
negative n values over STO’s by using J,
K and | auxiliary functions obtained in this
study. One reason for choosing the EFG
integrals to test our analytical expressions is
the evaluation of these integrals involves
using of | integrals given in eq.(5) with
negative n values up to n = —3. Another one
is that there are only a few works in the
literature dealing with these integrals. In the
two of these works (Pietrovito et al., 1984;
Kim et al.,, 1986) authors have used the
Fourier Convolution theorem to evaluate
EFG integrals. In another work, Guseinov
and Gorglin have employed unsymmetrical
addition

one-range theorem (Guseinov,

2011). ¢ — function method was also used
by Fernandez et al. (Fernandez et al., 2006)
and Ema et al. (Ema et al., 2008). However
we have calculated these integrals by using
recursive J , K and | given in the works of
Ozmen et al. (Ozmen et al., 2003), Yakar et
al. (Yakar et al., 2006) and Akin (Akin,
2008). We have done same calculations by
using J , K, E and | auxiliary functions
given in this work.

In Table 2 we have compared our

results with the results obtained by using the
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auxiliary function J , K and | given in the
works of Ozmen et al. (Ozmen et al., 2003)
and Yakar et al. (Yakar et al., 2006)2006)
and the values given in the literature. The
1" columns of Table 2

K and |

values in 10" and 1
are obtained by using J,
expressions given in the works of Ozmen et
al. (Ozmen et al., 2003) and Yakar et al.
(Yakar et al., 2006) and the expressions
obtained in this work, respectively. The
values in the last column are calculated in
the works of Fernandez et al. (Fernandez et
al., 2006) and Ema et al. (Ema et al., 2008)
by using Fourier convolution method. The
calculations were performed by using a
computer program written in Fortran. As it
is seen from these tables, the results
obtained from both expressions are in good
agreement with each other and the literature.
4. Conclusions
in the

There are many methods

literature to evaluate one- and two-electron

multicenter molecular integrals over Slater-

orbitals (for example, Fourier

type
convolution method, zeta-function method).
However, these methods requires tiresome
and extensive mathematical work. |
auxiliary function obtained in this work is
useful the of

abovementioned integrals since it is valid for

quite for calculation
negative n values and has a simple form. In
the methods as Guseinov’s serial expansion
method (Guseinov, 1985), multicenter
molecular integrals over Slater-type orbitals
are reduced to one-center integrals over
Slater-type orbitals by the expansion of
Slater-type orbitals about a displaced center.
Such multicenter molecular integrals can be
reduced to two-center molecular integrals
and these integrals can easily be calculated
by | auxiliary functions obtained in this

work.

Table 1. Values of 1(n,n’,q, p,t)auxiliary functions (n'=2,q=1,p=0.8,t =0.5)

n Eq.(24) of this work

Eq.(16) of Ref.[8,9]

0.38941676551581904802102210019279

-4 -0.62162628075197282391508908960522
-3 1.07708732401540886367377492715020
-2 -0.27446182690608160388378277282755
-1 -5.29413870922867268220669641006507
0 -9.34090519700667437925461708808344
1 -28.8219700285684076924023810006771
2 -119.425243440923029382409224664043
3 -598.815281744536476379448764400859
4 -3385.69868647477301826312183456009
5 -19886.5514034588125773373632092033

0.38941676551581904802102210019279
-0.62162628075197282391508908960522
1.07708732401540886367377492715020
-0.27446182690608160388378277282755
-5.29413870922867268220669641006507
-9.34090519700667437925461708808344
-28.8219700285684076924023810006771
-119.425243440923029382409224664043
-598.815281744536476379448764400859
-3385.69868647477301826312183456009
-19886.5514034588125773373632092033
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Table 2. Values of two-center EFG integrals over STOs for various quantum numbers, screening parameters and internuclei distances (in a.u.)

nym ¢ n¢om ' Ra With J, K and | in this work With J , K and | in the works of Literature
Yakar et al.(Yakar et al., 2006)
1 0 O 2.6909 1 0 O 2.6909 3.0150 7.296834320972788953147773702176585E-02 7.296834320972788953147773702176585E-02 0.07296834 (*)
1 0 O 2.6909 2 0 0 0.7075 3.0150 1.366137444142847518483457371303036E-02 1.366137444142847518483457371303036E-02 0.01366137 (*)
1 0 0 2.6909 2 1 0 0.8449 3.0150 1.140078508925205959441859145918451E-02 1.140078508925205959441859145918451E-02 0.01140079 (*)
1 0 O 8.6533 2 1 0 2.6693 1.7330 3.389061807111278069258415884799817E-02 3.389061807111278069258415884799817E-02 0.03389062 (**)
2 1 0 2.6693 2 1 0 2.6693 1.7330 0.530556492362047265674903615523203E-00 0.530556492362047265674903615523203E-00 0.5305565  (**)
2 1 1 2.4965 2 1 1 2.4965 1.7330 0.214318056694851096762003845680240E-00 0.214318056694851096762003845680240E-00 0.2143181 (**)

(*) (Pietrovito et al., 1984)
(**)(Kim et al., 1986)
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