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Abstract

In the paper, we define the g-Leonardo bicomplex numbers by using the g-integers. Also, we give some algebraic properties of g-Leonardo
bicomplex numbers such as recurrence relation, generating function, Binet’s formula, D’Ocagne’s identity, Cassini’s identity, Catalan’s
identity and Honsberger identity.
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1. Introduction
Bicomplex Fibonacci and bicomplex Lucas numbers were first described by Nurkan and Giiven in 2015 [16] respectively, as follows

v@)g\n:Fn+iE1+1+an+2+ian+3

. ; . (1.1)
=(Fa+iF)+j(Fua+iFys),
and
L@fn :Ln+iLn+l +jL11+2+ijLn+37 (1.2)
where i,j and i j satisfy the conditions
P=—1, f=—1,ij=ji (1.3)

The multiplication is done using bicomplex units (table 1), this product is commutative.

Table 1: Multiplication scheme of bicomplex units

x 1 i j ij
[ A A
iio—1 i =)
VN B S B
ij ij —j —i 1

For more details about the bicomplex numbers and bicomplex Fibonacci quaternions, the readers can refer to [6, 7, 8, 11, 14, 15, 16, 17, 18].
The theory of the g-calculus has been extensively studied in many branches of mathematics as well as in other areas in biology, physics,
electrochemistry, economics, probability theory and statistics [1, 4, 12] for n € Ny, g-integer [n] q is defined as follows

ny=—-=14+q+¢+...+q" ', q#1. (1.4)
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By (1.3) for all m,n € Z can be easily obtained [m +n], = [m]q+ ¢" [n],. For more details related to the quantum g-calculus, we refer to
[4, 12].
In 2019, g-Fibonacci hybrid and g-Lucas hybrid numbers defined by Kizilates [13], respectively as follows

HF,(a;q) = o Hnly + o [n+1]gi+ " [n+2], &

(1.5)
+a"+2[n+3]qh,
and
2n 2n+2 2n+4 2n+6
]HI]Ln(Oc;q) :an [ }q +an+] [ ]q i an+2 Q 8+an+3q . (16)
[n], [n+1], [n+2], [n+3],
where i, € and £ satisfy the conditions
i2=-1,€e2=0, h®=1,ih=hi=¢+i. 1.7

Also, Kizilates [13] derived several interesting properties of these numbers such as Binet’s formula, exponential generating functions,
summation formulas, Cassini’s, Catalan’s and d’Ocagne’s identities.

In 2019, the Leonardo sequence denoted with Le, is defined by Catarino and Borges in [9] the following recurrence relation for n > 2
Le,=Le, 1+Ley,+1, (1.8)

with the initial conditions Leg = Le; = 1.
This sequence is also expressed as:

Le, 1 =2Ley,—Le,_o,n>2. (1.9)

Also, Catarino and Borges [9] derived some properties for example Cassini’s identity, Catalan’s identity and d’Ocagne’s identity with
Leonardo numbers. There are many identities between Leonardo numbers, Fibonacci and Lucas numbers. Two of these are the most used in
this paper as follows

Ley =2F, .1 —1, n>0, (1.10)

Ley =Lpyo—Fyi2—1,n2>0. (1.11)

In [10], the authors introduced incomplete Leonardo numbers provied some properties and generating functions of this sequence of integers.
In [19], Shannon has defined generalized Leonardo numbers. In [20], the authors investigated the two dimensional recurrences relations of
Leonardo numbers from its one-dimensional model. In [2], authors have given some properties of Leonardo numbers.

In [7], the g-Fibonacci bicomplex numbers and the g-Lucas bicomplex numbers were defined by Aydin Torunbalct as follows

BIn(asq)= o g+ o n+1]git o 42 j+ P n+3]40

1—g" 1— ntl o 1— n+2 . 1— nt3 o (112)
— an(a_gq)+an+1(a_qaq)l_,’_anJrZ(a_qaq)j +an+3(a—qaq)l]7
or
ay—(agq)"s
BFn(a:q) = %&?
and
) [2n], 2n+2], . 2n+4], . [2n+6], . .
@f’l(a’q) _ (X"Wq’—i—a’ﬁl [n—o—l]qq l+an+2 [n+2]qq j n+3 [n+3]q[ ij,
1— 2n 1— 2n+2 . 1— 2n+4 . 1— 2n+6 L.
= azn(w{éq)n)+a2"+2(W)l+a2n+4(W)]+QZ”+G(W)U7 113

a2 — (g 22 (g g2 a2 (g gyt a2 _(qa) s
= ( an,((a;/))n )+ ( arH»l_((aZ;rH»l )i an+2_(<a2))n+2 )+ an+3_EaZ))n+3 )ij,

= (@"+(ag)")+ (™ 4 (og)" )it (0" 4 (ag)" ) j+ (0 4 (og) )i

or

BLn(:q) =" Y+ (2q)" 5.

where 7= 1+io+ j(a)?> +ij(a)® and 5=1 +i(ag)+j(ag)?+ij(ag)’.
The Binet’s formula of the .7, sequence
a" 7 (aq)"s

%ﬁn(a;@:w’ (1.14)
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and

BL (o) = "7+ (aq)" 3. (1.15)
In [8], for n > 1, the n-th bicomplex Leonardo numbers Z.Ze,, are defined by using the Leonardo numbers as follows

BLen =Ley,+iLey 1+ jLeyyo+ijLeyys, (1.16)
Also, initial values are Z.Ley = 1+i+3j+5ij, BLe =1+3i+5j+9ij.

BLen= Ley+iLeyy 1+ jLleyio+ijley s,
= QFs1—D+iQF—D)+j2F3— 1) +ij(2F4a—1),

. . .. 1.17
= 2(F+iFo+jFs+ijFag)—A ( )
= 2%?;14,1 7A

BLey= (Ley—1+Lenn+1)+i(Len+Lep_1+1),+j(Lepy1+Ley+1)+ij(Lepinr+Lepr+1), (1.18)

=BLe, | +BLey_r+A. :
where A=1+i+j+ij.
The characteristic equation of recurence Z.Le, | =2HB.Len — BL ey [8]
AP =222 +1=0. (1.19)
The Binet’s formula of the .%e,, sequence is
2an+l y_2 n+l1 g

B, = 2L V2T, (1.20)

a—p
where o and 8 are roots of characteristic equation and ¥, 5 respectively, as follows
514 L2 3
y=1+io+jo " +ija’,
S=1+iBp+jB>+ijp>.

In this study, we used the identities (eq:1.8) and (eq:1.10) which are among the most important identities between Leonardo numbers and
Fibonacci numbers [8, 9].

2. g-Leonardo bicomplex numbers

In this section, we define g-Leonardo bicomplex numbers by using the basis {1, i, j,ij}, where i, j and i satisfy the conditions (eq:1.2)
and identities (eq:1.4) and (eq:1.9) as follows

BLen(a;q) = (2a"n+1],— 1)+ Q2o n+2),— )i+ Qo™ 2n+3],—1)j+ Qa3 n+4,-1)ij,

g+l g2, g3, e . . ..
= 2[(am () + o ()i o (G et () i) — (L i+ j+i ),
n] 2 3 (ag)™ 2 3 @b
= Z[a:aq)(l—l—ai—ﬁ—a jta ij)_a_l](aq) (I+(aq)i+(ag)”j+(ag)ij)]—-A,

_ 2(X”+I ?72(aq)/x+l g 7A .

a—agq
where
A=14+i+j+ij,

7=l4ai+a®j+o’ij,

§=1+(aq)i+(ag?j+(ag)]ij.

If we take ox = H'T\@ and g = 7 in (2.1), then we have BLen(a;q) = BLey. So, the g-Leonardo bicomplex numbers are a generalization
of the known Leonardo bicomplex numbers.
Now we give the recurrence relation corresponding to expressions Eq.(1.8)and (1.10).

Theorem 2.1. Forn € N, we have

BLen(0;q) =2BF p1(0;q) —A. (2.2)
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Proof. Using relations (1.8) and (1.10) we obtain that,

BLen(aq) = (2a"n+1],— 1)+ Q2o  n+2),—1)i+Qa"2n+3],—1)j+ Qa3 n+4,-1)ij,

i+l . . .. r . . .. Ce
= 2% (1 +aita?j+a®i)) = 2(200 (1+ (aq)i+(ag)? j+(@q)ij) — (1+i+j+i))),
20! 77_2(0“]);1+1 g
= T—aa A
O
Now, we give Binet’s formula, exponential generating functions and some other identities for the g-Fibonacci bicomplex number.
Theorem 2.2. Binet’s formula
Let BL e, (a;q) be the g-Leonardo bicomplex number. For n > 1, Binet’s formula for these numbers respectively, is as follows:
201y —2(arg)rt! s
PBLey(0t;q) = —A, 2.3
enfaig) = (L =2 @3
where
T=ltaita?j+adij, a=155
§=1+(aq)i+(aq)j+(aq]ij, ag=73
and A=14i+j+ij.
Proof. (2.3): Using (1.4) and (2.1), we find that
BLen(a:q) = (2a"n+1];—1)+iRa"  n+2,—1)+j2o"2n+3],— D) +ij2a"3n+4,-1)
2012 nt1 ) n+2 L 2am3_0 n+3 LY ) n+4
= = ocfl(xoc‘](” —1)+i( . ai((xoéq) — D+ = ocft(xot‘zq) —D+ij( = aftgco;q) -1
20 [1toite? jrodiil— "l i+ 250 3., ) ) .
— 2o [ltaive’ jtolij] a‘f[fL(E) (@q)i(@ g JH( @) U] (1 4 g jyij)
_ (2a11+1 7—2(cq)"! 3) A
o—oq .
where 7=1+ai+a?j+adij, 8=1+(aq)i+(0g)?j+(ag)ijand7s=357.
Thus, the proof is completed. O
Theorem 2.3. (Exponential generating function)
Let BL ey (0;q) be the g-Leonardo bicomplex number. For the exponential generating functions for these numbers are as follows:
o oo I ’,})e(xt _qge(aq)t
§8 ey (o) = ¥ BLen(aiq) - =2 (T 120y g0t 4
n! =0 n. q
Proof. (2.4): Using Binet’s formula for g-Leonardo bicomplex numbers, we obtain
Nl n Ny n+lay n+l1 g n
Y %o%en(a;q)% =X [2(%)2!7
n=0 n=0
o Ty (@), (aq)d ¢ (ag)' 4
_zaf(xq nEO n! 720570“] ng() n! 7An§0%’
Pttt §elaa)t
=2(% lzqg )—Ae
Thus, the proof is completed. O

Theorem 2.4. Let (B.Le,(0;q)) be g-Leonardo bicomplex number. In this case, for non-negative integer numbers n and k, we can give
the following relations:

(D) (—a?q)"  BLeripi(at:q)

It

4

) @.5)
2A° BT a1 (q) —A(1—aq)" if n is even,
2An;21<%’$n+k+1(a;q)—A(l—Oc2q)” ifnisodd.
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i()(rll) (—D) (~a?q)" " BLeriri(:q) =2(—a2]g)" BT piki1(0t:q)

(2.6)
+A(71)n+l (1+a2q)n.
here A= (o — aq)? and (—a[2],)" = (—a(1+q))"
Proof. (2.5): Using the binomial coefficients, we have
n . n 202k 5 o 2itk+l §
L () et 2 Lepowg) = ¥ () (—ata) T [CTZE—) — A,
n . . N n . . ~
= a}aq [igo ('ll) (—OC2 g (062)1 okt 7]+ a%aq[zo ('l') (—aZ g ((Ocq)z)l (aq)kJrl 5]
n .
-X () (—aq)" A,
i=
2 2 A\ yktla 22 \n k+1g
= o[le=2da Vog(aaqg a’q) (aq)A |- (1-a2q)"A,
= 2(avAy awwﬂ(a)gjl(aqwﬂs]—(l—azq)”.A,
if n is even
_ 2f [an+k+l }:x_“;z)zwkﬂ 5] (1 . az q)nA
= 2N BT (0:9)— (1-a?q)"A.
if nis odd
= 2VA" [—"W?j 3?"%15)] —(1—a2g)"A,
20" BL i1 (0:q) — (1— 02 q)"A.
(2.6): Using (2.3), (1.14) and binomial coefficients, we have
n . . n . . 2i+k+1 75, 7r+k+1 8
L () (=D (—a?q)" " BLeriyi(03q) = L (1) (1) (—a? gy [ 21 o‘f‘; ]-A
=l i=
n , . =N n . , ~
= %M[ZO(';) (—Oﬂzq)””(—az)’ak“VHafaq[— 'ZO(’Z) (= q)" ' (—(aq)*) (aq)+! 8]
i= i=
n . .
- .ZO (1) (ma? )" (=1)".A
=
_ 2[ (7(12706251)" ak+l 77(;(3‘&11127&2‘1)” (aq)k+lak+16 } _ (_] _ a2 q)”A7
ntk+1 7 ntk+1s
= (o) (1) 2 TR (1 - a?g)a,
= 2(-a2g)" BF npi(0q) + (1) (1+a?g)"A.
O
Theorem 2.5. Forn € N, we have
L n . .
¥ (1) @+ ) (-a 0 2L (aia) = 5 Zer (i) +4- (@1 +0) - a2 )' . @)
i=0

Proof. (2.7): Using the binomial coefficients, we have

L (7) (a1 +q)y (—a2q)" ' BLei ()
201 7-2(ag)*' 8

= L ()(@(l+)) (~a2qy PRI 4],
2L () (@) (~a2qy a7

ot X () (0q(1+)) (~a2q)" (@q) 8]~ ¥ (1) (@(1+4)) (~o2q)" /A,

= aag (@7 (g~ (a(l +9) - a’q)"A,

a—ogq

= BLery(0:q)+A—(a(l+q)—a’q)"A.

Thus, the proof is completed. O
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Theorem 2.6. Honsberger identity
For n,m > 0 the Honsberger identity for the q-Leonardo bicomplex numbers B.7 ,(0t;q) and BF (0i;q) are as follows:

BL en(0:q) BL en(0:9) + BL 11 (0:0) BL eyt (06:q) = 42ps [(1402) P+ (1+ (@q)?) (¢ T2) 82

—78(14+0%q) (" + g™ )] = [BLen(0:q) + BL eni1 (a:q)] A
—[BLem(0:q) + BL ey (0:q)|A, —24%.
2.8)

Proof. (2.8): By using (2.1) and (2.3) we get,

BLen(0;q) BL em(0;q) + BL ens1(09) BL emi1(0;q) BT pi1(asq) —A) 2BF i1 (asq) —A)

-+ (2%(0/7“2(05;41)7& (2%2m+2(a;Q)7A)7

n+lz n+1 S m+1 7 m+1 S
= AR (R

n+2 5 n+2 g mi2 m+2 S
(=) (G

2" 52 u+1g 20 52 m+|g
Al + (R

20272 n+2§ 20M2 52 m+2§
— A[(Rer2ledn 0y 2an YAlegn 0y

= 4ES 1+ P+ (1+(wg)?) (@) 8
~78(1+a’q) (¢ +4" )]
—[BLen(0:q) + BLen1(0:q)|A— [BLem(0:q) + BLemi1(a:9)]A

—242.
Here, 78 = 6 71s used. Thus, the proof is completed. O

Theorem 2.7. D’Ocagne’s identity
For n,m > 0, the d’Ocagne’s identity for the q-Leonardo bicomplex numbers B.Len(;q) are as follows:

nbm+1 (ol omtly s
BL en(0:q) BL ey (0:0) —Blepyi (0:q) BLen(aiq) = 4[5l L A(BL ey (0659) — BL en(:q) )

+ A(BLen(0:q) — BLenr1(03q)).

(2.9)

Proof. (2.9): By using (2.1) and (2.10) we get,

BL em(a;q) BL eny1(03q) — BL emi1(0:9) BLen(3q) =  2BF y1(0:q) —A) QBT pi2(a;q) —A)
- QBT pi2(a:q) —A) QBT i1 (:q) —A),

ot ?7<aq)m+l g o2 ’,},\7<aq>n+2 g
- 4[( a—ogq ) a—og )

a2y (o1q)"? 5., amt! 7—(0uq)"! s
- ( a—aq ) ( oa—oq )]

2 gt ?72(0“1)"#2 g 2 amtl ?72(0“1)"#1 g }
a—aq a—aq

+ A]

A 2+l ,)’;72(aq)n+] g 2 o2 ?72<aq)n+2 3
[ oa—oq - a—oaq ] )

nt+m+1 (¢ n+l_ m+1
41 (" —q"")¥8

= 0y

+ A(BLepi1(;q) — BLem(03q))
+ A(BLen(0:q) — BLeni1(a:q)).

Here, 78 = 5 7is used. Thus, the proof is completed. O

Theorem 2.8. Cassini’s identity
For n > 1, Cassini’s identity for the q-Leonardo bicomplex numbers B.Le,(t;q) are as follows:

a? g (1-q7 75
(1-9)
+A(BLen(a;q) — BLen1(0:9)).

BL eni1 (04:q)BLe,_1 (a:q) — BL ey (t:q) = 4(

) +A(BLen(0;9) — BLen1(059) ) (2.10)



182 Konuralp Journal of Mathematics

Proof. (2.10): By using (2.1) and (2.10) we get
BLen1(0:q) BL e 1(0:q) — BLey(03q) = 2BT p12(0q) —A) QBT n(0:q) —A) = QBT i1 (039) — A) 2B ny1(039) —A)

n+2 5 n+2 g nw_ n S ntl iz n+l g
= 4[(¥TAa00) (T (aard) (@ (e S

2 g+l 7772(0“1)"“ g) B 2 o+ )772(aq)n+2 s

2! ’]772(05(])"“ S _ 20" )772 (ocq)" g }
(a—ag) (a—oq)

+A[ (o ag) (o oiq)

J+A

2 ntl (1 ~1\ms
=4[ YO L A (B Len(03q) ~ BLenir (039))

+A(BLen(0q9) — BLen—1(059)).
Here, ?g =35 ¥ is used. Thus, the proof is completed. O

Theorem 2.9. Catalan’s identity
For n > r, Catalan’s identity for the g-Leonardo bicomplex numbers B.L e, (0;q) are as follows:

aanrH-l (1 7qr)(1 7q—r)

(1-9)
+A(BLeni1(03q) — BLen—ri1(0:q)).

BL enir(0:q) BL ey r(0:q) — BLEN i q) =4 T | 4 A(BLenir(0:4)— B L ensrir(0:0))

(2.11)
Proof. (2.11): By using (2.1) and (2.10) we get

BL enir(0:q) BL enr(0:q) — BLey(0:q) = QBT yirr1(0:q) —A) QBT p_ri1 (0:q) — A)
~QBF n1(aiq) —A) BT pi1(azq) —A),

_ a1 (e g) ! S\, o 7—(ag) ! s am J—(og)"! s 2
_4[( a—aq )( oa—ogq )7( (afaq) ) }

A [(206"“)772((1(1)"“3) _ (2a11+r+1,)772<aq>n+r+lg)]
o—aq R a—0oq ~
2(1"+1A72 o n+15 2a7177+1’\72 o n—r+16
e e e =l

= 78 1e T (1 =g (1 =) |+ A(BLeni1 (05q) = BL eniri1(:9))
+A(BLeni1(1q) — BLen—ri1(:q)).

Here, ?g =35 ¥ is used. Thus, the proof is completed. O

3. Conclusion

In this paper, algebraic and analytic properties of the g-Leonardo bicomplex numbers are investigated. Thanks to the g-calculus, many
mathematical concepts are generalized. In this study, we generalized the g-Leonardo bicomplex numbers using the g-calculus.
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