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Abstract: Difference sets are significant algebraic objects that intersect a collection of 

sub-areas of mathematics, such as field theory, combinatorics, number theory, and coding 

theory. They also have lots of application areas in other fields. The essential part of the 

subject is how to construct difference sets. This article proposes a new method, i.e., the 

Quadratic Residue Classes Method (QRCM), which produces difference sets by quadratic 

residue classes, and applies it to fields. The results show that QRCM successfully 

determines whether the quadratic residue class for a field is a difference set.

Kuadratik Rezidülerden Fark Kümesi Elde Etme 

Anahtar Kelimeler 
Fark Kümeleri, 
Kuadratik Rezidüler, 
QRCM Algoritması 

Öz: Fark kümeleri cisim teorisi, kombinatorik, sayılar teorisi ve kodlama teorisi gibi 
matematiğin alt alanlarıyla kesişen önemli cebirsel ifadelerdir. Diğer alanlarda da 
birçok uygulama alanına sahiptirler. Fark kümelerinin nasıl oluşturulacağı konunun 
en önemli kısmıdır. Bu makale, kuadratik sınıflar tarafından fark kümeleri üreten ve 
bunu cisimlere uygulayan yeni bir yöntem, yani Kuadratik Rezidü Sınıfları Yöntemi 
(QRCM)ni önermektedir. Sonuçlar, QRCM'nin bir cisim için ikinci dereceden 
kuadratik rezidü sınıflarının bir fark kümesi olup olmadığını başarıyla belirlediğini 
göstermektedir. 

1. Introduction

The concept of difference sets, a particular case of symmetric design, was first proposed by Singer in 1938 [1]. 
Later in 1940, Hall enriched the work on difference sets. As a result of the studies on the difference sets, the 
subject is branched into families of difference sets, such as almost difference sets, partial difference sets, etc. 
[2-5]. Since it is divided into branches and can be integrated into numerous application areas, coding and 
encryption, and interpretation of astronomical events [6], it has been a source of interest for many scientists 
until today. 

Difference sets are a combinatorial structure in plenty of applications. Godsil and Roy [7] mentioned that the 
difference sets were used in quantum computing. In addition, Assmus and Key [8] examined the analysis 
applications of design on algebraic coding. For a difference set to exist, that structure must have a symmetrical 
design. On this symmetrical design entity, Bruck and Ryser proved the Bruck-Ryser - Chowla Theorem for 
symmetrical design with parameters  (𝑣, 𝑘,) [10]. This theorem, which was first proven for  = 1, was later 
generalized for the case of positive numbers [11]. The first author also discusses the problem of difference sets 
and symmetric designs [10, 11]. The relation between quadratic residues and difference sets goes back to Lehmer 
[14, 15]. She proved that the class formed by quadratic residues on a field was a difference set. On top of these 
studies, McFarland showed that there was a family of difference sets on nonresidue classes too [16, 17]. Families 
of difference sets and for more details, see [18].  
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It is also known that difference sets have a good auto-correlation property. Explaining the formal duality of the 
Kerdock and Preparata codes is one of the outstanding results in applied algebra in the last few years [9]. The 
finding of several sets of four-phase sequences on ℤ4  with correlation qualities better than the best binary 
sequences is connected to this outcome. Furthermore, certain sets in cyclic groups' difference sets have qualities 
that are strongly connected to the correlation properties of sequences. 

Many construction methods have been developed for difference sets, which have been extensively studied. One of 
these methods is quadratic residues. This study simulates an algorithm which we call by Quadratic Residue Classes 
Method (QRCM), by utilizing MATLAB R2022a and a laptop with Intel(R) Core (TM) i5 – 5200U, a 2.20Hz 
processor, and 4 GB of installed memory.  

2. Material and Method

This section provides some of the basic definitions and properties used to be the following sections. 

2.1. Difference Sets 

This section presents the concept of difference sets [18] by considering the notations used in this paper. 

Definition 2.1. [18] Let (𝐺,∗) be a group of order 𝑣, 𝐷 be a subset of 𝐺 with 𝑘 elements, “𝑒" be the unit element of 
𝐺, and 𝜆 ∈ ℤ+. If for all 𝑔 ∈ 𝐺 ∖ {𝑒}, |{(𝑑𝑖 , 𝑑𝑗) ∶ ∃𝑑𝑖 , 𝑑𝑗 ∈ 𝐷, 𝑑𝑖 ≠ 𝑑𝑗  and 𝑑𝑖𝑑𝑗

−1 = 𝑔}| = 𝜆, then 𝐷 is called a (𝑣, 𝑘, 𝜆)-
difference set over 𝐺.  

Example 2.2. The set 𝐷 = {0, 1, 5, 8, 10} is a (11, 5,2)-difference set over the additive group ℤ11. Table 1 shows the 
generation of the elements of 𝑍11\{0} obtained by using those of 𝐷 under a frequency condition.  

Table 1. Obtaining elements of 𝑍11\{0} using those of 𝐷 under a frequency condition 
ℤ𝟏𝟏/{𝟎} 𝝀 = 2 

1 1 – 0 4 – 3 
2 10 – 8 1 – 10 
3 8 – 5 0 – 8 
4 5 – 1 1 – 8 
5 10 – 5 5 – 0 
6 5 – 10 0 – 5 
7 8 – 1 1 – 5 
8 8 – 0 5 – 8 
9 10 – 1 8 – 10 

10 0 – 1 10 – 0 

Theorem 2.3. [18] Let 𝐺 be an abelian group and 𝐷 be a (𝑣, 𝑘, 𝜆)-difference set over 𝐺, then 

(𝑣 − 1)𝜆 = 𝑘(𝑘 − 1). 

The existence of this theorem does not always show that the structure is a difference set. For example, although 
this theorem is satisfied in (111,11,1)-parameter projective space, it does not constitute a difference set. Let  𝐷 be 
a subset of 𝐺 be a (𝑣, 𝑘, 𝜆)-difference set. When translating of 𝐷 by the elements of 𝐺, i.e., for 𝑔 ∈ 𝐺, 𝑔𝐷 (𝑔 + 𝐷) 
and 𝐷𝑔 (𝐷 + 𝑔) according to a multiplicative (additive) group, is also a (𝑣, 𝑘, 𝜆)-difference set.  

2.2. Quadratic Residues 

We, in this subsection, define a quadratic residue, an integer 𝑎 that is a square modulo 𝑝, and give the concept and 
properties of quadratic residues. The work of the study of quadratic residues goes back to Euler, Legendre, and 
Gauss. The question in their mind is when an integer 𝑎 is a perfect square modulo a prime 𝑝. Modular square root 
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problems are extensively related to quadratic residues with many application areas in cryptography, such as an 
interactive protocol demonstrating that a person has some secret information.  

Definition 2.4. [19] Let p be an odd prime and 𝑎 ∈ ℤ such that (𝑝, 𝑎) = 1. If there is a solution to the congruent 
𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝), then 𝑎 is a quadratic residue in modulo 𝑝. If there is no solution in modulo 𝑝, then it is called the 
non-quadratic residue. 

Lemma 2.5. [19] Let 𝑝 be an odd prime and 𝑎 be an integer not divisible by 𝑝. Then, the congruence 𝑥2 ≡ 𝑎(𝑚𝑜𝑑 𝑝) 
has either no solutions or exactly two incongruent solutions modulo 𝑝. 

Lemma 2.5. heads to the main theorems about residues. 

Theorem 2.6. [19] If 𝑝 is an odd prime, then the number of quadratic residues of 𝑝 is (𝑝 − 1)/2. 

The following theorem also known as Paley difference sets is the main theorem of the article, which give rise to 
the relation between quadratic residues and difference sets with certain parameters. 

Theorem 2.7. [19] (Paley difference sets) Let 𝑝 ∈  ℙ  and 𝑚 ∈ ℕ such that 𝑝𝑚  ≡ 3 (𝑚𝑜𝑑 4) be the power of an 
odd prime. Let 𝐺 be the group of the finite field  𝐺𝐹(𝑝𝑚) and 𝐷 ⊂  𝐺 be the sets of non-zero squares in 𝐺𝐹(𝑝𝑚). 

Then, 𝐷 is a (𝑃𝑚,
𝑝𝑚−1

2
,

𝑝𝑚−3

4
 ) – difference set. 

Example 2.8. In the group (ℤ7, +), a subset 𝐷 = {1, 2, 4} of ℤ7 is a difference set. This difference set is a (7, (7 −

1)/2, (7 − 3)/4) -Paley difference set for  𝑞 = 7. 

Theorem 2.9. [15] Let 𝑝 ∈ ℙ and 𝑥 be an odd integer such that 𝑝 = 4𝑥2 + 1, and 𝐺 =  ℤ𝑝. Then, the set of the
fourth power of every non-zero element of  𝐺 is a difference set. 

Example 2.10. Let us take 𝑥 = 3 and  𝑝 = 4. 32 + 1 = 37 as the form of an odd prime in the group ℤ37. Then, the
set   𝐷 = {1, 2, 7, 9, 10, 12, 16, 26, 33, 34} of the fourth powers is a difference set with parameters  (37, 9, 2). 

Theorem 2.11. [15] Let 𝑝 ∈ ℙ and 𝑥 be an odd integer such that 𝑝 = 4𝑥2 + 9, and 𝐺 =  ℤ𝑝. Then, the set of the
fourth power of every non-zero element of  𝐺 is a difference set. 

Example 2.12. Let 𝑝 be prime as in the form of 𝑝 = 4. 14 + 9 = 13  with 𝑥 = 1 in the group ℤ13. Then, the subset
𝐷 = {0, 1, 3, 9} of the set of the fourth power of non-zero elements of ℤ13with parameters  (13, 4, 1) is a difference 
set. 

3. Result

Here, it was checked whether the class obtained from the quadratic residues on the field 𝐺𝐹(𝑞) on the MATLAB 

constituted a difference set with parameters (𝑟,
𝑟−1

2
,

𝑟−3

4
). The method and its flowchart are as follows:

We are now ready to give the algorithm. 

3.1. Difference Set Algorithm Obtained from Quadratic Residue Class 

Step 1. Determine the size of the field 𝐺𝐹(𝑞). 

Step 2. Construct a vector consisting of the quadratic residue class of the field 

(𝑥𝑖)
2 ≡ 1 (𝑚𝑜𝑑 𝑞). (1) 

Step 3. Figure out the number of elements of the quadratic residue class (𝑘) on the field 𝐺𝐹(𝑞) 
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𝑘 =
𝑞 − 1

2
(2) 

Step 4. A separate 𝑘2 vector is obtained by taking the differences between each pair of points in the quadratic class 
[𝑥𝑖]1×𝑘  where 𝑖 = 1, 2, 3, … , 𝑘. 

Step 5. A new vector of size 𝑘2 − 𝑘 is created by taking the differences between the elements of the quadratic 
residue class in the vector. For ∀ 𝑖, 𝑗 = 1, 2, 3, … , 𝑘 and 𝑖 ≠ 𝑗, the following  

[𝒙𝒊 − 𝒙𝒋]𝟏×𝒌𝟐−𝒌 (3) 

where (𝑥𝑖 − 𝑥𝑗 ) ∈ 𝐺𝐹(𝑞), is obtained. 

Step 6. A new vector is obtained by sorting the vector obtained in Step 5 from smallest to largest and 
reparametrizing it. For = 𝑘(𝑘−1)

𝑞−1
=

𝑞−3

4
 , the following 

[𝑣𝑠+𝜆(𝑡−1)]
1×𝑘2−𝑘

(4) 

where 𝑠 = 1,2, … , 𝜆 and 𝑡 = 1, 2, 3, … , 𝑞 − 1, is obtained. 

Thus, it is seen how many times each element is repeated. 

Step 7. For all 𝑠 = 1,2, … , 𝜆 and 𝑡 = 1, 2, 3, … , 𝑞 − 1 the number of repetitions in Step 6 satisfies the condition 
𝑣𝑠+𝜆(𝑡−1) = 𝑡. In other words, if each element repeats 𝜆 times, then this structure is the difference set with the 
parameters (𝑟, (𝑟 − 1)/2, (𝑟 − 3)/4). 

Step 8. If the repeats in Step 6 are unequal, it does not form a difference set. 

The algorithm’s flowchart is given in Figure 1 below. 

4. Discussion and Conclusion

This study presents difference sets and quadratic residues, and discusses the connection between quadratic 
residues and difference sets. Moreover, the paper provides the results and running times for constructing 
difference sets provided by the QRCM algorithm. The results show that the quadratic residue class for a field is a 
difference set. The table below gives the program’s running time for the MATLAB R2022a application for 
difference sets constructed from quadratic residues.  

Table 2. Running time of the QRCM algorithm 
(𝒗, 𝒌, 𝒍) Running time 

(11,5, 2) 0.001086 
(19,9,4) 0.007533 

(23,11,5) 0.007545 
(31,11,7) 0.016996 

(43,21,10) 0.02141 
(47,23,11) 0.026246 
(59,29,14) 0.029884 
(67,33,16) 0.029931 
(71,35,17) 0.036807 
(79,39,19) 0.038065 
(83,41,20) 0.047412 

(103,51,25) 0.055755 
(107,53,26) 0.058593 
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Figure 1. The Algorithm’s Flowchart 
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We have seen that a difference set is a nontrivial specialization of symmetric design [11,13]. They give rise to 
several new combinatorial objects. Their properties are remarkably similar to those of the difference sets. A 
computer search for difference sets with small parameters has been conducted using these results. 
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