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Abstract. The object of this article is to study a quarter-symmetric non-metric connection in the tangent bun-
dle and induced metric and connection on a submanifold of co-dimension 2 and hypersurface concerning the
quarter-symmetric non-metric connection in the tangent bundle. The Weingarten equations concerning the quarter-
symmetric non-metric connection on a submanifold of co-dimension 2 and the hypersurface in the tangent bundle
are obtained. Finally, we deduce the Riemannian curvature tensor and Gauss and Codazzi equations on a submani-
fold of co-dimension 2 and hypersurface of the Riemannian manifold concerning the quarter-symmetric non-metric
connection in the tangent bundle.
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1. Introduction

A fundamental concept in differential geometry is a linear connection. A linear connection which is a metric con-
nection and torsion-free is known as Levi-Civita connection. As a generalization of Levi-Civita connection, connection
with non-zero torsion was introduced by Hayden in 1932 [20]. On the other hand, S. Golab [19] introduced non-metric
linear connection which was symmetric.

A linear connection ∇ is said to be a quarter-symmetric connection if its torsion tensor T satisfies T (X,Y) =
η(Y)ϕX − η(X)ϕY, where X,Y are arbitrary vector fields, η is a 1-form and ϕ is a (1,1) tensor field. The study
of semi-symmetric metric connection on a differentiable manifold M was initiated and developed by Friedmann and
Schouten [18] in 1924. It is well known that a linear connection is called semi-symmetric connection if its torsion tensor
T is of the form T (X,Y) = ω(Y)X − ω(X)Y, where the 1-form ω is defined by ω(X) = g(X,U) and U is a vector
field. Han at el [21] studied the characteristics of quarter-symmetric metric connections and some invariants under
the projective transformation are obtained. The connections such as symmetric, semi-symmetric, quarter-symmetric
non-metric connection have been recently discussed by [4, 6, 12–14, 21, 25, 26, 37, 38].

On the other hand, in the foundation of the differentiable geometry of tangent bundles, it is classical to study some
geometrical structures and connections deploy natural operations transforming structures and connections on base
manifold Mn to its tangent bundle T Mn. Tani introduced the notion of prolongations of surfaces to T Mn and develop
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the theory of the surface prolonged to T Mn [41]. Dida and Hathout investigated Ricci soliton structures on tangent
bundles of Riemannian manifolds [15–17]. Numerous researchers have discussed various connections and geometric
structures on the tangent bundle and determined their basic geometric properties [1, 2, 5, 11, 22, 26, 27, 29, 35, 36].

Submanifold theory is an important topic in differential geometry. Gauss Codazzi and Weingarten equations are
fundamentals of submanifold theory. We have deduce the relation between the connection of the ambient manifold and
that of the submanifold in the tangent bundle. Also, we have deduced Weingarten, Gauss and Codazzi equations for a
hypersurface of a Riemannian manifold with quarter symmetric non-metric connection in the tangent bundle.

The paper is organized as follows. In Section 2, we give a brief account of tangent bundle, vertical and complete
lifts. The Section 3 deals with the study of the submanifold of codimension 2 concerning quarter-symmetric non-metric
connection in the tangent bundle. Moreover, We establish Weingarten equations concerning quarter-symmetric non-
metric connection on a submanifold of codimension 2 and hypersurface in the tangent bundle in Section 4. Finally,
Riemannian curvature tensor, Gauss and Codazzi equations concerning quarter-symmetric non-metric connection on a
submanifold of codimension 2 and hypersurface in T Mn are deduced.

2. Preliminaries

Let Mn be n-dimensional differentiable manifold of class C∞ and T Mn its tangent bundle. Let XC , ηC , ϕC ,∇C and
XV , ηV , ϕV ,∇V be the complete and vertical lifts of X, η, ϕ,∇, respectively. If X = Xi ∂

∂xi is a local vector field on M,
then its vertical, complete and horizontal lifts in terms of partial differential equations are given by

XV
1 = Xi ∂

∂yi ,

XC
1 = Xi ∂

∂xi +
∂Xi

∂x j y j ∂

∂yi ,

XH
1 = Xi ∂

∂xi − Γ
i
jsy

jXs ∂

∂yi ,

where Γi
js represent components of the affine connection. Then, [8, 9, 24, 32, 42]

ηV (XC) = ηC(XV ) = η(X)V , ηC(XC) = η(X)C ,

ϕVXC = (ϕX)V , ϕCXC = (ϕX)C ,

[X,Y]V = [XC ,YV ] = [XV ,YC], [X,Y]C = [XC ,YC].

∇C
XCY

C = (∇XY)C , ∇C
XCY

V = (∇XY)V .

2.1. Vertical and Complete Lifts of ℑr
s(Mn−1,Mn+1) to T Mn+1. Let f be a function on Mn−1. The complete lift f

C

and vertical lift f
V

of f to T Mn+1. Let U be neighborhood of p in Mn+1. Then, the function f̂ fits with f in U ∪ Mn+1

containing p. If X is an element of ℑr
s(Mn−1,Mn+1). The vertical lift X

V
to T Mn+1 is defined by X

V
f̂ C = (X f̂ )V and

complete lift X
C

to T Mn+1 is defined as X
C

f̂ C = (X f̂ )C , for each f̂ ∈ ℑ0
0(Mn+1) along Mn−1. Similarly, if η is an

element of ℑ0
1(Mn−1,Mn+1). The vertical lift ηV and complete lift ωC to T Mn+1 are defined by ηV (X

C
) = (η(X))V and

ηC(X
C

) = (η(X))C for each X ∈ ℑ0
1(Mn+1) respectively. Similarly, ϕ

V
(X

C
) = (ϕ(X))V and ϕ

C
(X

C
) = (ϕ(X))C for each

X ∈ ℑ1
1(Mn+1) respectively [7, 23, 30].

3. Submanifold of Codimension 2

Let Mn+1 be a differentiable manifold (dim=n + 1)and Mn−1 be the submanifold of Mn+1 with mapping τ : Mn−1 →

Mn+1. Let B represents differentiability dτ of τ. Then, the vector field X belong to Mn−1 and the vector field BX to
Mn+1 [3, 28, 31].

Let
•

∇ Riemannian connection induced on the submanifold Mn−1 from connection
•̃

∇ on the enveloping manifold
with respect to normals N1 and N2, then [3, 33]

•̃

∇BXBY = B(
•

∇X Y) + h(X,Y)N1 + k(X,Y)N2, (3.1)
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where N1 and N2 are normal vector fields, X,Y vector fields , h and k are the second fundamental tensors of Mn−1.
Similarly, if ∇ be connection induced on Mn−1 from the quarter symmetric non-metric connection ∇̃ on Mn−1, then

∇̃BXBY = B(∇XY) + m(X,Y)N1 + n(X,Y)N2, (3.2)

m and n being tensor fields of type (0,2) of submanifold Mn−1 [3].
A quarter-symmetric non-metric connection (briefly, QSNM) ∇̃ is given by ( [10], [11], [40])

∇̃X̃Ỹ =
•̃

∇X̃Ỹ + η̃(Ỹ)ϕ̃X̃, (3.3)

for arbitrary vector fields X̃ and Ỹ tangents to Mn+1, where
•̃

∇ be Levi-Civita connection, η̃ is a 1-form, ϕ̃ is a tensor of
type (1,1) [34, 39].

Let T Mn−1 and T Mn+1 be the tangent bundles of Mn−1 and Mn+1, respectively. Applying complete lifts on the
equation (3.3), we acquire

∇̃C
B̃XC B̃YC =

•̃

∇

C

B̃XC B̃YC + (η̃(BY)(BϕX))C

=
•̃

∇

C

B̃XC B̃YC + (η̃C(B̃YC)(B̃ϕX)V ) + (η̃V (B̃YC)(B̃ϕX)C), (3.4)

where XC ,YC are vector fields on T Mn−1,
•̃

∇

C

, η̃C and ϕ̃C are complete lifts of
•̃

∇, η̃, ϕ̃, respectively. Now, we are going
the prove the following theorem:

Theorem 3.1. The connection
•

∇
C

induced on the submanifold T (Mn−1) from
•̃

∇

C

of a Riemannian manifold with a
QSNM connection is also a QSNM connection.

Proof: Let
•

∇
C

be the induced connection from
•̃

∇

C

on the submanifold T (Mn−1) from the connection
•̃

∇

C

on the
enveloping manifold concerning the unit normals N1 and N2 whose complete and vertical lifts are NC̄

1 ,N
V̄
1 ,N

C̄
2 and NV̄

2
respectively.

Applying complete lifts on equation (3.1), we have

•̃

∇

C

B̃XC B̃YC = B(
•

∇
C

XC Y
C) + hC(XC ,YC)NV̄

1 + hV (XC ,YC)NC̄
1

+ kC(XC ,YC)NV̄
2 + kV (XC ,YC)NC̄

2 , (3.5)

where hC , hV , kC and kV are complete and vertical lifts of h and k respectively on submanifold Mn−1.
Applying complete lifts on equation (3.2), we have

∇̃C
B̃XC B̃YC = B(∇C

XCY
C) + mC(XC ,YC)NV̄

1 + mV (XC ,YC)NC̄
1

+ nC(XC ,YC)NV̄
2 + nV (XC ,YC)NC̄

2 , (3.6)

where ∇C be connection induced on submanifold T (Mn−1) from the QSNM connection ∇̃C on T (Mn−1) and mC ,mV , nC

and nV are complete and vertical lifts of second fundamental tensors m and n of type (0,2) respectively on Mn−1.
In the view of equations (3.4), (3.5) and (3.6) , we have

B(∇C
XCY

C) + mC(XC ,YC)NV̄
1 + mV (XC ,YC)NC̄

1 + nC(XC ,YC)NV̄
2 + nV (XC ,YC)NC̄

2

= B(
•

∇
C

XC Y
C) + hC(XC ,YC)NV̄

1 + hV (XC ,YC)NC̄
1 + kC(XC ,YC)NV̄

2 + kV (XC ,YC)NC̄
2

+ (η̃C(B̃YC)(B̃ϕX)V ) + (η̃V (B̃YC)(B̃ϕX)C).

Comparison of tangential and normal vector fields, we get

∇C
XCY

C =
•

∇
C

XC Y
C + η̃C(B̃YC)(B̃ϕX)V + η̃V (B̃YC)(B̃ϕX)C
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and

mC(XC ,YC) = hC(XC ,YC),
mV (XC ,YC) = hV (XC ,YC),
nC(XC ,YC) = kC(XC ,YC),
nV (XC ,YC) = kV (XC ,YC).

Thus,

∇C
XCY

C − ∇C
YCX

C − [XC ,YC] = η̃C(B̃YC)(B̃ϕX)V + η̃V (B̃YC)(B̃ϕX)C − η̃C(B̃XC)(B̃ϕY)V − η̃V (B̃XC)(B̃ϕY)C . (3.7)

Hence, the connection ∇C induced on T (Mn−1) is the QSNM connection. Hence, the proof is completed.
Let Mn+1 be a differentiable manifold (dim=n + 1) and Mn be hypersurface in Mn+1 by immersion τ : Mn+1 → Mn

and by B the mapping induced by τ from T (Mn) to T (Mn+1), where T (Mn) and T (Mn+1) denote tangent bundles of
manifold Mn and Mn+1 respectively.

Corollary 3.2. The connection induced on the hypersurface T (Mn) of a Riemannian manifold with a QSNM connection
with the unit normals NC̄ and NV̄ is also a QSNM connection.

Proof: Let
•

∇
C

be the induced connection from
•̃

∇

C

on T (Mn) concerning the unit normal N whose complete and
vertical lifts are NC̄ and NV̄ . Making use of equation (3.1), we have

•̃

∇

C

B̃XC B̃YC = B(
•

∇
C

XC Y
C) + hC(XC ,YC)NV̄ + hV (XC ,YC)NC̄ , (3.8)

whereXC ,YC are vector fields on T Mn and h is the second fundamental tensor of the hypersurface Mn whose complete
and vertical lifts are hC and hV respectively on T (Mn).

Let ∇C be connection induced on hyprsurface from ∇̃C concerning the unit normal N whose complete and vertical
lifts are NC̄ and NV̄ . From equation (3.2), we get

∇̃C
B̃XC B̃YC = B(∇C

XCY
C) + mC(XC ,YC)NV̄ + mV (XC ,YC)NC̄ , (3.9)

where mC and mV are complete and vertical lifts of m of on Mn.
From equation (3.4), we have

B(∇̃C
XCY

C) =
•̃

∇

C

B̃XC B̃YC + (η̂C(B̃YC)(B̃ϕX)V )

+ (η̂V (B̃YC)(B̃ϕX)C).

Using equations (3.8) and (3.9) in the above equation, we get

B(∇C
XCY

C) + mC(XC ,YC)NV̄ + mV (XC ,YC)NC̄

= B(
•

∇
C

XC Y
C) + hC(XC ,YC)NV̄ + hV (XC ,YC)NC̄ + (η̃C(B̃YC)(B̃ϕX)V ) + (η̃V (B̃YC)(B̃ϕX)C).

Comparison of tangential and normal vector fields, we get

∇C
XCY

C =
•

∇
C

XC Y
C + η̃C(B̃YC)(B̃ϕX)V + η̃V (B̃YC)(B̃ϕX)C ,

mC(XC ,YC) = hC(XC ,YC),
mV (XC ,YC) = hV (XC ,YC).

Thus,

∇C
XCY

C − ∇C
YCX

C − [XC ,YC] = η̃C(B̃YC)(B̃ϕX)V + η̃V (B̃YC)(B̃ϕX)C − η̃C(B̃XC)(B̃ϕY)V − η̃V (B̃XC)(B̃ϕY)C . (3.10)

Thus, the connection ∇C induced on T Mn is QSNM connection. Hence, the proof is completed.
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4. Weingarten Equations for the QSNM Connection

In this section, we shall investigate Weingarten Equations concerning the QSNM connection ∇̃C on the submanifold
T Mn−1 in T Mn+1.

The Weingarten equations for the Riemannian connection
•

∇
C

are given by

(a)
•

∇
C

B̃XC NV̄
1 = −B̃HVXC + l(XC)NV̄

2 ,

(b)
•

∇
C

B̃XC NC̄
1 = −B̃HCXC + l(XC)NC̄

2 , (4.1)

(c)
•

∇
C

B̃XC NV̄
2 = −B̃KVXC + l(XC)NV̄

1 ,

(d)
•

∇
C

B̃XC NC̄
2 = −B̃KCXC + l(XC)NC̄

1 ,

where HC ,HV ,KC and KV are complete and vertical lifts of tensor fields H and K of type (1,1) such that

(a)g̃C(HCXC ,YC) = hC(XC ,YC),
(b)g̃C(KCXC ,YC) = kC(XC ,YC),
(c)g̃V (HVXC ,YC) = hV (XC ,YC),
(d)g̃V (KVXC ,YC) = kV (XC ,YC).

Replacing B̃YC by NC̄ in equation (3.4), we have

∇̃C
B̃XC NC̄

1 =
•̃

∇

C

B̃XC NC̄
1 + η̃

C(ϕN1)C̄(B̃XV ) + η̃V (ϕN1)C̄(B̃XC).

Setting ϕN1 = Bξ1, ξ1 is a vector field on Mn.

∇̃C
B̃XC NC̄

1 =
•̃

∇

C

B̃XC NC̄
1 + B̃(ηC(ξC1 )XV + ηV (ξC1 )XC). (4.2)

Making use of equations (4.1a) and (4.2), we get

∇̃C
B̃XC NC̄

1 = −B̃HCXC + l(XC)NC̄
2 + B̃(ηC(ξC1 )XV + ηV (ξC1 )XC)

= B̃M1X
C + l(XC)NC̄

2 , (4.3)

where MC
1 X

C = −HCXC + ηC(ξC1 )XV + ηV (ξC1 )XC

∇̃C
B̃XC NC̄

2 = −B̃KCXC + l(XC)NC̄
1 + B̃(ηC(ξC2 )XV + ηV (ξC2 )XC)

= B̃MXC + l(XC)NC̄
1 , (4.4)

where MC
2 X

C = −KCXC + ηC(ξC2 )XV + ηV (ξC2 )XC .
Similarly,

∇̃C
B̃XC NV̄

1 = −B̃HVXC + l(XC)NV̄
2 + B̃(ηC(ξC1 ))XV

= B̃M1X
C + l(XC)NV̄

2 , (4.5)

where MV
1 X

C = −HVXC + ηC(ξC1 )XV

∇̃C
B̃XC NV̄

2 = −B̃KVXC + l(XC)NV̄
1 + B̃(ηC(ξC1 ))XV

= B̃M2X
C + l(XC)NV̄

1 , (4.6)

where MV
2 X

C = −HVXC + ηC(ξC1 )XV .
The equations (4.3), (4.4), (4.5) and (4.6) are Weingarten equations concerning the QSNM connection. We have the

following theorem:

Theorem 4.1. The connection
•

∇
C

induced on the submanifold T (Mn−1) from
•̃

∇

C

of a Riemannian manifold with a
QSNM connection. The Weingarten equations concerning the QSNM connection are given by (4.3), (4.4), (4.5) and
(4.6).
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Corollary 4.2. The Weingarten equations concerning the QSNM connection ∇̃C on T Mn in T Mn+1 are given by (4.9)
and (4.11).

Proof: The Weingarten equations are given in the following form
•

∇
C

B̃XC NV̄ = −B̃HVXC ,

•

∇
C

B̃XC NC̄ = −B̃HCXC , (4.7)

where H is a tensor field of type (1,1) of Mn defined by

g̃C(HCXC ,YC) = hC(XC ,YC),

g̃V (HVXC ,YC) = hV (XC ,YC).
Replacing B̃YC by NC̄ in equation (3.4), we have

∇̃C
B̃XC NC̄ =

•̃

∇

C

B̃XC NC̄ + η̃C(ϕN)C̄(B̃XV ) + η̃V (ϕN)C̄(B̃XC).

Setting ϕN = Bξ, where ξ is a vector field on Mn.

∇̃C
B̃XC NC̄ =

•̃

∇

C

B̃XC NC̄ + B̃((ηCξC)BXV + (ηVξC)BXC). (4.8)

Using equation (4.7) in equation (4.8), we get

∇̃C
B̃XC NC̄ = −B̃HCXC + B̃(ηC(ξC)XV + ηV (ξC)XC)

∇̃C
B̃XC NC̄ldeBMCXC , (4.9)

where
MCXC = −HCXC + ηC(ξC)XV − ηV (ξC)XC ,

for arbitrary vector field X on Mn.
Similarly,

∇̃C
B̃XC NV̄ =

•̃

∇

C

B̃XC NV̄ + B̃(ηCξC)XV . (4.10)

Using equation (4.7) in equation (4.10), we get

∇̃C
B̃XC NV̄ = −B̃HVXC + B̃(ηC(ξC))XV

= B̃MVXC , (4.11)

where
MVXC = −HVXC + ηC(ξC)XV .

The equations (4.9) and (4.11) are Weingarten equations concerning the QSNM connection on T Mn in T Mn+1. Hence,
the proof of corollary is completed.

5. Riemannian Curvature Tensor and Gauss and Codazzi Equations for the QSNM Connection

In this section, we shall investigate Riemannian curvature and equations of Gauss and Codazzi concerning the
QSNM connection on T Mn−1 in T Mn+1.

Let K̃C and KC be the curvature tensors of T Mn+1 and T Mn−1 concerning the mathematical operators
•̃

∇

C

and
•

∇
C

respectively. Thus,

K̃C(B̃XC , B̃YC)B̃ZC =
•̃

∇

C

B̃XC

•̃

∇

C

B̃YC B̃ZC −
•̃

∇

C

B̃YC

•̃

∇

C

B̃XC B̃ZC −
•̃

∇

C

[B̃XC ,B̃YC ]B̃Z
C

and
KC(XC ,YC)ZC = ∇C

XC∇
C
YCZ

C − ∇C
YC∇

C
XCZ

C − ∇C
[X,Y]CZ

C .

Then, the equation of Gauss is given by

K̃C(B̃XC , B̃YC , B̃ZC , B̃UC) = KC(B̃XC , B̃YC , B̃ZC , B̃UC) + hV (XC ,UC)hC(YC ,ZC) + hC(XC ,UC)hV (YC ,ZC)
− hV (YC ,UC)hC(XC ,ZC) − hC(YC ,UC)hV (XC ,ZC),
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where K̃C(B̃XC , B̃YC , B̃ZC , B̃UC) = g̃C(K̃C(B̃XC , B̃YC , B̃ZC , B̃UC) and the similar expression for
KC(XC ,YC ,ZC ,UC) for T Mn−1.

The equation of Codazzi is given by

K̃C(B̃XC , B̃YC)NV̄ = B̃(
•

∇
C

XC HVYC−
•

∇
C

XC HVXC),

K̃C(B̃XC , B̃YC)NC̄ = B̃(
•

∇
C

XC HCYC−
•

∇
C

XC HCXC),

K̃C(NV̄ ,NC̄)B̃XC = 0.

Let R̃C(B̃XC , B̃YC)B̃ZC be the Riemannian curvature tensor field of the enveloping manifold T Mn+1 concerning the
QSNM connection ∇̃C , then

R̃C(B̃XC , B̃YC)B̃ZC = ∇̃C
B̃XC ∇̃

C
B̃YC B̃ZC − ∇̃C

B̃YC ∇̃
C
B̃XC B̃ZC − ∇̃C

[B̃XC ,B̃YC ]B̃Z
C .

Using the equations (3.6), (4.3), (4.4), (4.5), (4.6) and (3.7), we get

R̃C(B̃XC , B̃YC)B̃ZC = B{RC(XC ,YC)ZC + mV {(−η̃(Y))V (ϕX)V + (η̃(X))V (ϕY)V ,ZC)}NC̄
1

+ mV {−(η̃(Y))V (ϕX)C − η̃(Y))C(ϕX)V + (η̃(X))V (ϕY)C + η̃(X))V (ϕY)C ,ZC)}NV̄
1

+ mV {−(η̃(Y))V (ϕX)V + (η̃(X))V (ϕY)V ,ZC)}NV̄
1 + B{−mV (XC ,ZC)HCYC

− mC(XC ,ZC)HVYC + mV (YC ,ZC)HCXC + mC(YC ,ZC)HVXC

− nV (XC ,ZC)HCYC − nC(XC ,ZC)HVYC + nV (YC ,ZC)HCXC + nC(YC ,ZC)HVXC}

− B{mV (XC ,ZC)η̃C(YC) + mC(XC ,ZC)η̃V (YC) − mV (YC ,ZC)η̃C(XC)
− mC(YC ,ZC)η̃V (XC)}ξV1 − B{mV (XC ,ZC)η̃V (YC) − mV (YC ,ZC)η̃V (XC)}ξC1
− B{nV (XC ,ZC)η̃C(YC) + nC(XC ,ZC)η̃V (YC) − nV (YC ,ZC)η̃C(XC) − nC(YC ,ZC)η̃V (XC)}ξV2
− B{nV (XC ,ZC)η̃V (YC) − nV (YC ,ZC)η̃V (XC)}ξC2 + nV {−(η̃(X))V (ϕY)V

+ (η̃(Y))V (ϕX)V ,ZC)}NC̄
2 + nV {−(η̃(X))V (ϕY)C − (η̃(X))C(ϕY)V + (η̃(Y))V (ϕX)C

+ (η̃(Y))C(ϕX)V ,ZC)}NV̄
2

+ nC{−(η̃(X))V (ϕY)V + (η̃(Y))V (ϕX)V ,ZC)}NV̄
2 + {(∇

C
XC mV )(YC ,ZC) − (∇C

YC mV )(XC ,ZC)}NC̄
1

+ {(∇C
XC mC)(YC ,ZC) − (∇C

YC mC)(XC ,ZC)}NV̄
1 + {(∇

C
XC nV )(YC ,ZC) − (∇C

YC nV )(XC ,ZC)}NC̄
2

+ {(∇C
XC nC)(YC ,ZC) − (∇C

YC nC)(XC ,ZC)}NV̄
2 + l(XC){mC(YC ,ZC)NV̄

2 + mV (YC ,ZC)NC̄
2

− nC(YC ,ZC)NV̄
1 − nV (YC ,ZC)NC̄

1 } − l(YC){mC(XC ,ZC)NV̄
2 + mV (XC ,ZC)NC̄

2

− nC(XC ,ZC)NV̄
1 − nV (XC ,ZC)NC̄

1 }, (5.1)

where RC(XC ,YC)ZC being the Riemannian curvature tensor of the submanifold T Mn−1 with QSNM connection ∇C .
Thus:

Theorem 5.1. Let RC(XC ,YC)ZC be the Riemannian curvature tensor of submanifold T Mn−1 with QSNM connection
∇C , then the Riemannian curvature tensor R̃C(B̃XC , B̃YC)B̃ZC ∇̃C of the enveloping manifold T Mn+1 with the QSNM
connection ∇̃C is given by equation (5.1).

Substituting
R̃C(B̃XC , B̃YC , B̃ZC , B̃UC) = g̃C(R̃C(B̃XC , B̃YC)B̃ZC , B̃UC)

and
RC(XC ,YC ,ZC ,UC) = gC(RC(XC ,YC)ZC ,UC).

Then, from equation (5.1), we can easily show that

R̂C(B̃XC , B̃YC , B̃ZC , B̃UC) = RC(XC ,YC ,ZC ,UC) − mC(XC ,ZC)g(HVYC ,UC)
+ mV (YC ,ZC)g(HCXC ,UC) + mC(YC ,ZC)g(HVXC ,UC), (5.2)
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R̃C(B̃XC , B̃YC , B̃ZC ,NC̄) = mV (XC ,ZC)η̃C(YC) + mC(XC ,ZC)η̃VYC − mV (YC ,ZC)η̃C(XC)
− mC(YC ,ZC)η̃V (XC) + mV {−(η̃(X))V (ϕY)C − (η̃(X))C(ϕY)V

+ (η̃(Y))V (ϕX)C + (η̃(Y))C(ϕX)V ,ZC)} (5.3)
+ mC{−(η̃(X))V (ϕY)V + (η̃(Y))V (ϕX)V ,ZC)}

The equations (5.2) and (5.3) are equations of Gauss and Codazzi concerning the QSNM connection. We have the
following theorem:

Theorem 5.2. Let K̃C and KC be the curvature tensors of T Mn+1 and T Mn−1 concerning
•̃

∇

C

and
•

∇
C

respectively. The
Gauss and Codazzi equations endowed with the QSNM connection are given by equations (5.2) and (5.3).

Let K̃C and KC be the curvature tensors of T Mn and T Mn+1 concerning the mathematical operators
•̃

∇

C

and
•

∇
C

respectively. Thus,

K̃C(B̃XC , B̃YC)B̃ZC =
•̃

∇

C

B̃XC

•̃

∇

C

B̃YC B̃ZC −
•̃

∇

C

B̃YC

•̃

∇

C

B̃XC B̃ZC −
•̃

∇

C

[B̃XC ,B̃YC ]B̃Z
C

and
KC(XC ,YC)ZC = ∇C

XC∇
C
YCZ

C − ∇C
YC∇

C
XCZ

C − ∇C
[X,Y]CZ

C .

Then, the equation of Gauss is given by

K̃C(B̃XC , B̃YC , B̃ZC , B̃UC) = KC(B̃XC , B̃YC , B̃ZC , B̃UC) + hV (XC ,UC)hC(YC ,ZC)
+ hC(XC ,UC)hV (YC ,ZC) − hV (YC ,UC)hC(XC ,ZC)
− hC(YC ,UC)hV (XC ,ZC),

where K̃C(B̃XC , B̃YC , B̃ZC , B̃UC) = g̃C(K̃C(B̃XC , B̃YC , B̃ZC , B̃UC) and the similar expression for KC(XC ,YC ,ZC ,UC)
for T Mn.

The equation of Codazzi is given by

K̃C(B̃XC , B̃YC)NV̄ = B̃(
•

∇
C

XC HVYC−
•

∇
C

XC HVXC),

K̃C(B̃XC , B̃YC)NC̄ = B̃(
•

∇
C

XC HCYC−
•

∇
C

XC HCXC),

K̃C(NV̄ ,NC̄)B̃XC = 0.

The curvature tensor concerning the QSNM connection ∇̃C of T Mn+1 is

R̃C(B̃XC , B̃YC)B̃ZC = ∇̃C
B̃XC ∇̃

C
B̃YC B̃ZC − ∇̃C

B̃YC ∇̃
C
B̃XC B̃ZC − ∇̃C

[B̃XC ,B̃YC ]B̃Z
C

by virtue of (3.9), (3.10) and (4.9), we get

R̃C(B̃XC , B̃YC)B̃ZC = B{RC(XC ,YC)ZC − mV (XC ,ZC)HCYC − mC(XC ,ZC)HVYC

+ mV (YC ,ZC)HCXC + mC(YC ,ZC)HVXC} − B{mV (XC ,ZC)η̃C(YC)
+ mC(XC ,ZC)η̃V (Y)C − mV (YC ,ZC)η̃C(XC) − mC(YC ,ZC)η̃V (XC)}ξV

− B{mV (XC ,ZC)η̃V (YC) − mV (YC ,ZC)η̃V (XC)}ξC + mV {−(η̃(X))V (ϕY)V

+ (η̃(Y))V (ϕX)V ,ZC)}NC̄ + mV {(−η̃(X))V (ϕY)C − (η̃(X))C(ϕY)V

+ (η̃(Y))V (ϕX)C + (η̃(Y))C(ϕX)V ,ZC)}NV̄ (5.4)

+ mC{−(η̃(X))V (ϕY)V + (η̃(Y))V (ϕX)V ,ZC)}NV̄

where RC(XC ,YC)ZC = ∇C
XC∇

C
YC ZC − ∇C

YC∇
C
XCZ

C − ∇C
[XC ,YC ]Z

C is curvature tensor of the QSNM connection.
As an immediate consequence of the theorem (5.1) and theorem (5.2), we have the following corollaries:

Corollary 5.3. Let RC(XC ,YC)ZC be the Riemannian curvature tensor of hypersurface T Mn with QSNM connection
∇C , then R̃C(B̃XC , B̃YC)B̃ZC of the enveloping manifold T Mn with the QSNM connection ∇̃C is given by equation
(5.4).
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Corollary 5.4. Let K̃C and KC be the curvature tensors of T Mn and T Mn+1 concerning
•̃

∇

C

and
•

∇
C

respectively. The
Gauss and Codazzi equations endowed with the QSNM connection are similar equations obtained from Theorem 5.2.
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[19] Golab, S., On semi-symmetric and quarter-symmetric linear connections, Tensor, N. S., 29(1975), 249–254.
[20] Hayden, H.A., Subspaces of a space with torsion, Proc. London Math. Soc., 34(1932), 27–50.
[21] Han, Y., Yun, H.T., Zhao, P., Some invariants of quarter-symmetric metric connections under the projective transformation, Filomat,

27(4)(2013), 679–691.
[22] Kazan, A., Karadag, H.B., Locally decomposable golden tangent bundles with CheegerGromoll metric, Miskolc Math. Not., 17(1)(2016),

399–411.
[23] Khan, M.N.I., Proposed theorems for lifts of the extended almost complex structures on the complex manifold, Asian-European Journal of

Mathematics, 15(11)(2022), 2250200.
[24] Khan, M.N.I., Novel theorems for the frame bundle endowed with metallic structures on an almost contact metric manifold, Chaos, Solitons &

Fractals, 146(2021), 110872.
[25] Khan, M.N.I., De, U.C., Liftings of metallic structures to tangent bundles of order r, AIMS Mathematics, 7(5)(2022), 7888–7897.
[26] Khan, M.N.I., Das, L.S., On CR-structure and the general quadratic structure, Journal for Geometry and Graphics, 24(2)(2020), 249–255.
[27] Khan, M.N.I., Jun, J.B., Covariant derivative of certain structures in tangent bundle, Journal of the Chungcheong Mathematical Society,

30(4)(2017), 387–396.
[28] Khan, M.N.I., Choudhary, M.A., Chaubey, S.K., Alternative Equations for Horizontal Lifts of the Metallic Structures from Manifold onto

Tangent Bundle, Journal of Mathematics, 2022(Article ID 5037620)(2022).



On Tangent Bundles of Submanifolds... 364

[29] Khan, M.N.I., Submanifolds of a Riemannian manifold endowed with a new type of semi-symmetric non-metric connection in the tangent
bundle, International Journal of Mathematics and Computer Science, 17(1)(2022), 265-–275.

[30] Khan, M.N.I., Mofarreh, F., Haseeb, A., Tangent bundles of P-Sasakian manifolds endowed with a quarter-symmetric metric connection,
Symmetry, 15(3)(2023), 753.

[31] Khan, M.N.I., A note on certain structures in the tangent bundle, Far East Journal of Mathematical Sciences, 101(9)(2017), 1947–1965.
[32] Khan, M.N.I., Mofarreh, F., Haseeb, A., Saxena, M., Certain results on the lifts from an LP-Sasakian manifold to its tangent bundle associated

with a quarter-symmetric metric connection, Symmetry, 15(8)(2023), 1553.
[33] Khan, M.N.I., De, U.C., Lifts of metallic structure on a cross section, Filomat, 36(18)(2023), 6369–6363.
[34] Khan, M.N.I., Liftings from a Para-Sasakian manifold to its tangent bundles, Filomat, 37(20)(2023), 6727–6740.
[35] Khan, M.N.I., Novel theorems for metallic structures on the frame bundle of the second order, Filomat, 36(13)(2022), 4471–4482.
[36] Khan, M.N.I., De, U.C., Velimirovic, L.S., Lifts of a quarter-symmetric metric connection from a Sasakian manifold to its tangent bundle,

Mathematics, 11(2023), 53.
[37] Liang, Y., On semi-symmetric recurrent-metric connection, Tensor N. S., 55 (1994), 107–112.
[38] Mondal, A.K., De, U.C., Some properties of a quarter-symmetric metric connection on a Sasakian manifold, Bulletin of Mathematical analysis

and applications, 1(2)(2009), 99–108.
[39] Mukhopadhyay, S. , Roy, A.K. Barua, B., Some properties of a quarter-symmetric metric connection on a Riemannian manifold, Soochow J.

of Math., 17(2)(1991), 205–211.
[40] Sular, S., Ozgur, C. and De, U. C., Quarter-symmetric metric connection in a Kenmotsu manifold, SUT Journal of mathematics, 44( 2) (2008),

297-306.
[41] Tani, M., Prolongations of hypersurfaces of tangent bundles, Kodai Math. Semp. Rep., 21 (1969), 85-96.
[42] Yano, K. and Ishihara, S., Tangent and cotangent bundles, Marcel Dekker Inc., New York, 1973.


	On Tangent Bundles of Submanifolds of a Riemannian Manifold Endowed with a Quarter-Symmetric Non-metric Connection. By 

