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1. Introduction and Definitions

In the mathematical literature, some types of convergence in summability theory and some applications and properties of these convergence
types have been studied by many mathematicians. Especially recently, some types of convergence of double-indexed sequences have been
frequently studied in summability theory. Also, the types of convergence defined in summability theory using the lacunary sequence have
been studied by many authors. These studies were carried out by generalizing the theorems that give some similar properties in single-index
sequences to double-index sequences. Classical convergence in real number sequences was generalized to the statistical convergence by
Schoenberg [1] and Fast [2], independently. The ideal convergence, a generalization of statistical convergence that would later inspire many
researchers, was first defined by Kostyrko et al. [3]. Nabiev [4] studied on the .# -Cauchy and .# *-Cauchy sequences with their characteristics.
In the topology generated by n-normed spaces, the lacunary ideal convergence, lacunary ideal Cauchy sequence and their some important
characteristics investigated by Yamanci and Giirdal [5]. The ideal lacunary convergence was introduced by Tripathy et al. [6]. In recent times,
using the lacunary sequence, the .#g-convergence, strongly .#;-convergence, .#5-Cauchy sequence and strongly .#-Cauchy sequence were
introduced by Akin and Diindar [7, 8]. The concept of ideal convergence and some of its important characteristics defined for single-index
sequences have also been defined for double-index sequences in the linear metric space by many mathematicians [9-11] and many useful
works have been done in this sense. In addition, the ideal convergence and strong ideal convergence and some of its characteristic properties
using the lacunary sequence for single-index sequences were also introduced to the literature by Hazarika [12], Diindar et al. [13] and Akin
and Diindar [14] for double sequences and double set sequences in metric spaces and normed spaces.

In recently, some convergence types such as classical convergence, statistical convergence and ideal convergence in some metric spaces and
normed spaces were studied in summability theory by a lot of mathematicians. In the study conducted here, using the lacunary sequence,
we have given the concept of strongly fé‘z-convergence and we have investigated the relations between fé‘z -convergence and strongly
fe*z -convergence and also between strongly .#g,-convergence and strongly ﬂg*z -convergence. Furthermore, using the lacunary sequence, we
have given the concept of strongly ]9*2 -Cauchy sequence and examined the relations between strongly .#g,-Cauchy sequence and strongly
fe*z—Cauchy sequence.

Some basic definitions, concepts and characteristics that will be used throughout the study and are available in the literature will now be
noted (see [3-8,10, 11, 14-21]).

Firstly, we want to give the ideas of ideal, filter and some properties about these ideas are used in our study.

For .# C 2N, if the following propositions
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() 0.7,
(i) IfT,U € .7, then TUU € .7,
(iii) fT € £ andU C T, then U € .¥

are hold, then .¥ C 2N is named as an ideal.
If N ¢ .7, then .¥ is named as a non-trivial ideal. Also, if {k} € .# for each k € N, then a non-trivial ideal is named as an admissible ideal.
For . C 2N, if the following propositions

() 0¢ .7,
(i) f T,U € F,then TNU € .F,
(i) T e andU DT, thenU € &

are hold, then .% C 2N is named as a filter.

For a non-trivial ideal .# C 2N, .#(#) = {T C N: T = N\U for 3U € .#} is named as the filter corresponding with .#.

Here, we want to give the ideas of lacunary sequence and some properties about lacunary sequence are used in our studypaper.

The increasing integer sequence 6 = {k,} is named as a lacunary sequence when it satisfies the propositions ky = 0,

r

kr—l

hy = kyr — ky—| — oo, (r — o). During the study, I, = (k,_1,k,] and g, represent the intervals determined by {k,} and the ratio

respectively.
Then after this, we regard 0 = {k,} as a lacunary sequence and .% C 2N as a non-trivial admissible ideal.
For a sequence (x;) C R, if

1
lim — xy—f =0
Jim 5, 2 b=
is hold, then (xy) is strongly lacunary convergent to £ € R.
For a sequence (x;) C R, if

1
{reN: — Y I~/ 28} € .#, (forevery € > 0)
h’kel,

is hold, then (x;) is strongly lacunary .#-convergent to £ € R and denoted with x; — £[.Zp].
For a sequence (x;) C R, if for every € > 0 there exists an N = N(¢€) such that

1
{rEN:— Z |xk—xN|28}€f,
h’ke],‘

then (xy) is strongly lacunary .#-Cauchy sequence.
For a sequence (x;) C R, iff there exists a set G = {g] < gp < -+- < g <---} C Nsuch that for the set G' = {re N: gy € I,} € F(.¥)

1
Jim =} g, — =0
(reG’) " kel,

is hold, then (x;) is strongly lacunary .#*-convergent to £ € R and denoted with x; — £[.7,].
For a sequence (x;) C R, iff there exists aset G = {g; < go <--- < gy <---} C Nsuch that fortheset G’ ={reN: g, €l,} € F(F)

fim Y g —xg, [ =0
(FEG/) k,p€el;,
is hold, then (xy) is strongly lacunary .#*-Cauchy sequence.
For each k € N and a non-trivial ideal .#, C ZNZ, if {k} xN € .% and N x {k} € %, then .9, is named as strongly admissible ideal.
I ={T CN*: (3m(T) €N)(i,j >m(T) = (i,j) € T)} ideal is a strongly admissible ideal. Furthermore, it is clearly that .% is a strongly
admissible iff fzo C .
It can be clearly seen that a strongly admissible ideal .%, C 2 is an admissible ideal.
The following set

F(S)={T CN*:T=N*\UforIU € 5}

is named a filter corresponding with .%.

For an admissible ideal %, C ZNZ, if for every countable mutually disjoint set family {7},75,...} € .#;, there exists a countable set family
{U},U,,...} such that TyAU;, € 2, that is, TrAUj is involved in finite union of rows and columns in N? for each k € N and U = Uiz Uk e A
Uy € A for each k € N), then .#; is named satisfying the property (AP2).

If for each € > 0 there exists ne € N such that |x;; — €| < €, for all k, j > ne, then the double sequence x = (x;;) C R is convergent to £ € R

and denoted with lim x;; =Cor lim x;; = (.
k,j—oo k,j—ro0

Now, we want to give the idea of double lacunary sequence and some properties about it are used in our manuscript.
The double sequence 6, = {(k, j,)} is named as a double lacunary sequence when two increasing integer sequences satisfy the propositions

ko=0, hy=kr—kr—1 —>o0and jo=0, hu = Ju— ju—1 =0,
for r,u — oo. We take the following screenings for double lacunary sequence:

krw =k jus  hru = by, Ly = {(k7]) thko1 <k<k and j, 1 <j< ]M}7
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k J
qr:kr and q, = ‘u .

r—1 Ju—1

Then after this, we regard %, C 2N asa strongly admissible ideal and 6, = {(k, j,)} as a double lacunary sequence.
For a double sequence (x;;) C R, if

lim - Y |- =0
(koj) €

is hold, then (x;) is strongly lacunary convergent to £ € R.
For a double sequence (x;;) C R, if

. 1
lim — Z x5 —xs| =0
(k.J),(s:) €l

is hold, therefore (x ) is strongly lacunary Cauchy double sequence.
For a double sequence (x;;) C R, if for every £ >0

{(r,u) €N2'L Z |xkjf€’ 28} [SB 2

hru (ko j) €l

is hold, then (x;) is strongly lacunary .#-convergent to £ € R and denoted with x;; — £[.7g,].
For a double sequence (x;) C R, if for every € > 0, there exist N = N(¢) and § = S(¢) such that

1
{(r,u) eEN?: — Z |xkj—xN5’ > 8} € 9,
" (k.j) €l

then (xz;) is strongly lacunary .#>-Cauchy double sequence.
Now, let’s give a useful lemma that we will use in our work.

Lemma 1.1 ([10]). Let .F (%) be a filter corresponding with a strongly admissible ideal .%> with (AP2). Thus, there exists a set T C N?
such that T € F (%) and the set T\Ty is finite for all k, where {T; }7_, is a countable collection of subsets of N> such that Ty, € F(.%,) for
each k.

2. Main Results

In the original part of our work, using the lacunary sequence, we will define for double-indexed sequences the definitions and concepts
available in the literature for single-indexed sequences. For double sequences, we first defined lacunary .#;'-convergence and strongly
lacunary .#"-convergence with theorems examining the relationship between these new convergence types.

Definition 2.1. A double sequence (x;) C R is lacunary .75 -convergent to { € R iff there exists a set G = {(k, j) € N*} such that for the

set G' = {(r,u) € N?: (k, j) € Iy} € F(5>), we have
1
lim — =
re ) Zz xj =4
(ra)ec) " k)€l

and so we can write xgj — (I, ).

Definition 2.2. A double sequence (xi;) C R is strongly lacunary 9, -convergent to £ € R iff there exists a set G = {(k, j) € N2} such that
for the set G' = {(r,u) e N? : (k, j) € 1,} € F(5), we have

. 1
Jim, o= Y =] =0
(rw)ec) ™ (ef)El

and so we can write x; — ([ |.

Theorem 2.3. If a double sequence (x;) C R is strongly ]9*2 -convergent to £ € R, then it is Jé‘z-convergent to same point.

Proof. As per our assumption, let x;; — {[.%]. Therefore, there exists a set G = {(k,j) € N2} such that for the set
G ={(ru) e N?: (k,j) € I,} € F(5) (i.e.,U = N*\G' € .#,) and for every € > 0 there exists g = ro(€) € N such that for all
r,u > ry we have

1
. Z ‘xkj—€| <&, ((nu) €G).
T (k. j) €L

Therefore, for every € > 0 and all r,u > ry we have

1
(ks j) €l

< 1 Y |x—t <e ((ru)ed)
b gye,

and so x; — £(Sg,). O
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Theorem 2.4. If a double sequence (x i) C Ris strongly fe*z—convergent to £ € R, then this sequence is strongly g, -convergent to same
point.

Proof. As per our assumption, let xz; — {[.%]. Therefore, there exists a set G = {(k,j) € N2} such that for the set
G ={(ru) eN?: (k,j) €I,y € F(H) (i.e.,U=N\G € %) there is a ry = ry(€) € N such that for all r,u > ry we have

1
- Z }xkjfﬂ‘ <&, ((nu) €G).
ru (k,j)GIm
Then,
Ae) = {(r,u) EN?: hi Z |xkj74’ > 8} cUu [G/ﬂ (({1,2,~~ ;o xN)U(Nx{1,2,--- 7ro}))].
(k. j) €l

Since .#; is a strongly admissible ideal, we have
UU[G'n(({1,2,--,r0} xN)U(Nx {1,2,---,r0}))] € #.
Thus A(S) € % and Xgj — f[ﬂez} O

Theorem 2.5. Let a strongly admissible ideal .7, with (AP2). If a double sequence (xi;) C R is strongly g, -convergent to £ € R, then this
sequence is strongly .7 -convergent to same point.

Proof. As per our assumption, let x ; — £[.%,]. Then, for every £ > 0,

/f(s)—{(nmeNz'l )y xkj—flze}eyz.

hru (=

Let us take

///1—{(r,u)eN2;hl Y ]xkj—€|21} and

(k. j) el

1 1 1
Mp= (ru)eN": - < — Y |y—t]<— 3,
B (ko) Elr p-1
for a natural number 8 > 2. Obviously, .#y N.#y =0 for a # y and .#y € 7, for each o € N. Also, by (AP2), there is a sequence
{7} pen such that .#y A7 is involved in finite union of rows and columns in N? for each o € N and

41/: UVQGJQ

a=1

We prove that

. 1
Jim o= ) | = =0,
(ruw)eG’) " (k )€l

1
for G’ = N?\ ¥ € .Z(%). For § > 0 select ¢ € N with the inequality — < §. Therefore,
q

-1

1 q

{(r,u)ENz: Z |xkj—€’>5}CU<//lj.
" (k) €l J=1

Since oAV is a finite set for a € {1,2,---,q— 1}, there exists ry € N such that

q—1 g—1
U///j ﬂ{(r,u)eszrzro/\uzro}: U‘//j ﬂ{(r,u)€N2:r2r0/\quo}.
j=1 j=1

If r > rg and (r,u) ¢ V, then

g—1 g—1
(ru) ¢ U ¥; and so (ru) ¢ U M.
j=1 j=1
We have
Loy ot <t<s
hry q

(k.J) €l
And so from this inequality, we have
. 1
Jim o=} = =0
(rwyec) ™ (kj)El

Therefore, we have x; — ([.7) |. O
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Now, for double sequences, we have defined .#; -Cauchy and strongly .#; -Cauchy sequence with theorems examining the relation-
ships between fé‘z -Cauchy sequence and strongly .#g -Cauchy sequence, and also between strongly fe*z -Cauchy sequence and strongly
Fg,-Cauchy sequence. )

Definition 2.6. A double sequence (xij) C R is lacunary 75 -Cauchy sequence iff there exists a set G = {(k, j) € N2} such that for the set
G' = {(r,u) eN?: (k, j) € I,} € F(5>), we have

. 1
lim — Z (X j —xst) = 0.

((?,Z):Z') firu (k.J)(5.0) €L

Definition 2.7. A double sequence (x;) C R is strongly lacunary 75 -Cauchy sequence iff there exists a set G = {(k, j) € N2} such that for
the set G' = {(r,u) € N? : (k, j) € I,} € F(52), we have

. 1
lim . Z |xyj — x| = 0.
(rw)e@) ™ (ef)y(s:t) €l
Theorem 2.8. If a double sequence (x;) C R is strongly lacunary %5 -Cauchy sequence, then (xi;) is lacunary %5 -Cauchy sequence.

Proof. As per our assumption, let (x;;) is strongly lacunary .#; -Cauchy sequence. Thus, there exists a set G = {(k, /) € N2} such that for
the set G' = {(r,u) € N?: (k, j) € Ly} € F () (i.e.,H=N>*\G' € %) and for every & > 0 there exists ryp = ro(€) € N, we have
1
- Z e — x| <&, ((nu)eG)
(K, )s(550) Edru

for all r,u > ry. Then, we have

1

hf (xkj_xxt) < — Z |xkj_xsl‘ <Eg, ((nu) € Gl)
ru

1
(kd)o ()l hra 4y et

for every € > 0 and all r,u > ry and so (xi;) is lacunary .#*-Cauchy sequence. O

Theorem 2.9. If a double sequence (xij) C R is strongly lacunary .7 -Cauchy sequence, then (xi;) is strongly lacunary %»-Cauchy
sequence.

Proof. As per our assumption, let (xy;) is strongly lacunary .#;'-Cauchy sequence. Then, there exists a set G = {(k, j) € N2} such that for
the set G’ = {(r,u) € N2 : (k, j) € I, } € F(5) (i.e.,U = N*\G' € %) and for every € > 0 there exists rg = r(€) € N, we have

1

/’lf Z |xkj7x3f| <§g, ((F,M)EG/)
ru

(k.j),(5,0) €L
for all r,u > rg. Let N = N(€) € Iy 1 4y+1 and S = S(€) € I, 11 uo+1 Then, for every £ > 0 and all ,u > ry = ro(&)
— L -l <e ((hu) €6,

T (k) €l

Now, let U = N2\ G'. 1t is clear that U € .%,. Then,

Ae) = {(r,u) eN?: hi Y x| > e} cUu[Gdn(({1,2,---,r0} xN)UNx {1,2,---,r0}))].
" (k) €l
Since .#, is a strongly admissible ideal, we have
UulG'n(({1,2,-+ 0} xN)UN X {1,2,---,r0}))] € A
and so A(€) € #,. Hence, (x;;) is strongly lacunary .#>-Cauchy sequence. O

Theorem 2.10. Let a strongly admissible ideal .%> with (AP2). If a double sequence (x;;) C R is strongly lacunary %5-Cauchy sequence,
then (xx;) is strongly lacunary 75 -Cauchy sequence.

Proof. As per our assumption, let (x;;) is strongly lacunary .#>-Cauchy sequence. Then, for every £ > 0 there exist N = N(¢) and S = S(¢)
such that

1
A(s)_{(ﬂu)ENZ:h Y Iij—xNS>£}€ﬂ2~
" (k) €l
Let us take
1

1 .
Tj—{(nu)eszh Z |xkj—xmj,,j|2_},]—1,2,...,
U (K, ) €D J
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1 1
where m; = P (J) andn; =S (J) It is clear that T; € % (%) for j=1,2,---. Since % has the (AP2) property, then by Lemma 1.1,

there exists a set 7 C N? such that T € .% (.%;) and T \ T is finite for all j. Now, we demonstrate that

. 1
L Y -l =0
((rwyer) " (k) (s:0)€l,
2
To show this, let € > 0 and a natural number m be m > pe If (ru) € T, then T \ T, is a finite set, so there exists ry = ro(m) such that
(r,u) € T, for all r,u > ro(m). Therefore, for all r,u > ro(m)
1 1 1 1
e Y Xl < and -— ) Jxor = x| < m
T (k,j)Ely T (s,t)el,
Hence, for all r,u > ro(m) it follows that

1 1 1 1 1

hru Y s Tow Y g o[+ 7 Y x| < ot <e
" )i, « e b2,

Therefore, for any € > 0 there exists rg = ro(€) such that for r,u > ro(€) and (r,u) € T € .F (%)

1

. Z |xe; —xst| < €.
T (k.j), (5.0 €D
This demonstrates that (xy;) is strongly lacunary .#; -Cauchy sequence. O

Theorem 2.11. If a double sequence (xi;) C R is strongly ﬂe*z-convergent to {, then (xi;) is strongly Sq,-Cauchy double sequence.

Proof. As per our assumption, let x;; — £[.#] ]. Therefore, there exists a set G = {(k, j) € N2} such that for the set G' = {(r,u) € N?:
(k,j) € L}y € F () (i.e.,U =N*\G' € %) there is a ry = rp(€) € N such that for all r,u > ry we have

1 £
. Z }xkjf£‘<§, ((r,u) € G)).
ru (k,j)GI,—u
Since
1 1 1 £ € ,
. Z |xj — x5,|_h Z |xkjfé\+— Z \xsff€|<§+§=8, ((hu) e G)
T (k,j),(s,0) EL " (k,j)ElLy T (s,0)Ely
for all r,u > ry and so we have
. 1
rle ﬁ Z ‘.ij _xSll =0
(rayeG’y " (k) (s:t) €l
That is, (xt;) is a strongly .#g -Cauchy sequence. Thus,(x;) is a strongly %, -Cauchy sequence by Theorem 2.9. O

3. Conclusion

Using the lacunary sequence, for double sequences, we have first defined lacunary . -convergence and strongly lacunary .#,'-convergence
with theorems examining the relationship between these new convergence types. Furthermore, we have defined .#, -Cauchy and strongly
fe -Cauchy sequence with theorems examining the relationships between ﬂe -Cauchy sequence and strongly fez -Cauchy sequence, and
also between strongly .7, -Cauchy sequence and strongly .#5,-Cauchy sequence. In the future, these studies are also debatable in terms of
regularly convergence for double sequences.
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