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Abstract

In the study conducted here, we have given some new concepts in summability the-
ory. In this sense, firstly, using the lacunary sequence we have given the concept of
strongly I ∗

θ2
-convergence and we have examined the relations between I ∗

θ2
-convergence

and strongly I ∗
θ2

-convergence and also between strongly Iθ2 -convergence and strongly
I ∗

θ2
-convergence. Also, using the lacunary sequence we have given the concept of strongly

I ∗
θ2

-Cauchy sequence and examined the relations between strongly Iθ2 -Cauchy sequence
and strongly I ∗

θ2
-Cauchy sequence.

1. Introduction and Definitions

In the mathematical literature, some types of convergence in summability theory and some applications and properties of these convergence
types have been studied by many mathematicians. Especially recently, some types of convergence of double-indexed sequences have been
frequently studied in summability theory. Also, the types of convergence defined in summability theory using the lacunary sequence have
been studied by many authors. These studies were carried out by generalizing the theorems that give some similar properties in single-index
sequences to double-index sequences. Classical convergence in real number sequences was generalized to the statistical convergence by
Schoenberg [1] and Fast [2], independently. The ideal convergence, a generalization of statistical convergence that would later inspire many
researchers, was first defined by Kostyrko et al. [3]. Nabiev [4] studied on the I -Cauchy and I ∗-Cauchy sequences with their characteristics.
In the topology generated by n-normed spaces, the lacunary ideal convergence, lacunary ideal Cauchy sequence and their some important
characteristics investigated by Yamancı and Gürdal [5]. The ideal lacunary convergence was introduced by Tripathy et al. [6]. In recent times,
using the lacunary sequence, the I ∗

θ
-convergence, strongly I ∗

θ
-convergence, I ∗

θ
-Cauchy sequence and strongly I ∗

θ
-Cauchy sequence were

introduced by Akın and Dündar [7, 8]. The concept of ideal convergence and some of its important characteristics defined for single-index
sequences have also been defined for double-index sequences in the linear metric space by many mathematicians [9–11] and many useful
works have been done in this sense. In addition, the ideal convergence and strong ideal convergence and some of its characteristic properties
using the lacunary sequence for single-index sequences were also introduced to the literature by Hazarika [12], Dündar et al. [13] and Akın
and Dündar [14] for double sequences and double set sequences in metric spaces and normed spaces.
In recently, some convergence types such as classical convergence, statistical convergence and ideal convergence in some metric spaces and
normed spaces were studied in summability theory by a lot of mathematicians. In the study conducted here, using the lacunary sequence,
we have given the concept of strongly I ∗

θ2
-convergence and we have investigated the relations between I ∗

θ2
-convergence and strongly

I ∗
θ2

-convergence and also between strongly Iθ2 -convergence and strongly I ∗
θ2

-convergence. Furthermore, using the lacunary sequence, we
have given the concept of strongly I ∗

θ2
-Cauchy sequence and examined the relations between strongly Iθ2 -Cauchy sequence and strongly

I ∗
θ2

-Cauchy sequence.
Some basic definitions, concepts and characteristics that will be used throughout the study and are available in the literature will now be
noted (see [3–8, 10, 11, 14–21]).
Firstly, we want to give the ideas of ideal, filter and some properties about these ideas are used in our study.
For I ⊆ 2N, if the following propositions
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(i) /0 ∈I ,
(ii) If T,U ∈I , then T ∪U ∈I ,

(iii) If T ∈I and U ⊆ T , then U ∈I

are hold, then I ⊆ 2N is named as an ideal.
If N /∈I , then I is named as a non-trivial ideal. Also, if {k} ∈I for each k ∈ N, then a non-trivial ideal is named as an admissible ideal.
For F ⊆ 2N, if the following propositions

(i) /0 /∈F ,
(ii) If T,U ∈ F , then T ∩U ∈F ,

(iii) If T ∈F and U ⊇ T , then U ∈F

are hold, then F ⊆ 2N is named as a filter.
For a non-trivial ideal I ⊆ 2N, F (I ) = {T ⊂ N : T = N\U for ∃U ∈I } is named as the filter corresponding with I .
Here, we want to give the ideas of lacunary sequence and some properties about lacunary sequence are used in our studypaper.
The increasing integer sequence θ = {kr} is named as a lacunary sequence when it satisfies the propositions k0 = 0,

hr = kr − kr−1 → ∞, (r→ ∞). During the study, Ir = (kr−1,kr] and qr represent the intervals determined by {kr} and the ratio
kr

kr−1
,

respectively.
Then after this, we regard θ = {kr} as a lacunary sequence and I ⊆ 2N as a non-trivial admissible ideal.
For a sequence (xk)⊂ R, if

lim
r→∞

1
hr

∑
k∈Ir

|xk− `|= 0

is hold, then (xk) is strongly lacunary convergent to ` ∈ R.
For a sequence (xk)⊂ R, if{

r ∈ N :
1
hr

∑
k∈Ir

|xk− `| ≥ ε

}
∈I , (for every ε > 0)

is hold, then (xk) is strongly lacunary I -convergent to ` ∈ R and denoted with xk→ `[Iθ ].
For a sequence (xk)⊂ R, if for every ε > 0 there exists an N = N(ε) such that{

r ∈ N :
1
hr

∑
k∈Ir

|xk− xN | ≥ ε

}
∈I ,

then (xk) is strongly lacunary I -Cauchy sequence.
For a sequence (xk)⊂ R, iff there exists a set G = {g1 < g2 < · · ·< gk < · · ·} ⊂ N such that for the set G′ = {r ∈ N : gk ∈ Ir} ∈F (I )

lim
r→∞
(r∈G′)

1
hr

∑
k∈Ir

|xgk − `|= 0

is hold, then (xk) is strongly lacunary I ∗-convergent to ` ∈ R and denoted with xk→ `[I ∗
θ
].

For a sequence (xk)⊂ R, iff there exists a set G = {g1 < g2 < · · ·< gk < · · ·} ⊂ N such that for the set G′ = {r ∈ N : gk ∈ Ir} ∈F (I )

lim
r→∞
(r∈G′)

∑
k,p∈Ir

|xgk − xgp |= 0

is hold, then (xk) is strongly lacunary I ∗-Cauchy sequence.
For each k ∈ N and a non-trivial ideal I2 ⊂ 2N

2
, if {k}×N ∈I2 and N×{k} ∈I2, then I2 is named as strongly admissible ideal.

I 0
2 = {T ⊂N2 :

(
∃m(T ) ∈N

)(
i, j≥m(T )⇒ (i, j) 6∈ T

)
} ideal is a strongly admissible ideal. Furthermore, it is clearly that I2 is a strongly

admissible iff I 0
2 ⊂I2.

It can be clearly seen that a strongly admissible ideal I2 ⊂ 2N
2

is an admissible ideal.
The following set

F (I2) =
{

T ⊂ N2 : T = N2 \U for ∃U ∈I2
}

is named a filter corresponding with I2.

For an admissible ideal I2 ⊂ 2N
2
, if for every countable mutually disjoint set family {T1,T2, ...} ∈I2, there exists a countable set family

{U1,U2, ...} such that Tk∆Uk ∈I 0
2 , that is, Tk∆Uk is involved in finite union of rows and columns in N2 for each k∈N and U =

⋃
∞
k=1 Uk ∈I2

(Uk ∈I2 for each k ∈ N), then I2 is named satisfying the property (AP2).
If for each ε > 0 there exists nε ∈ N such that |xk j− `|< ε , for all k, j > nε , then the double sequence x = (xk j)⊂ R is convergent to ` ∈ R
and denoted with lim

k, j→∞
xk j = ` or lim

k, j→∞
xk j = `.

Now, we want to give the idea of double lacunary sequence and some properties about it are used in our manuscript.
The double sequence θ2 = {(kr, ju)} is named as a double lacunary sequence when two increasing integer sequences satisfy the propositions

k0 = 0, hr = kr− kr−1→ ∞ and j0 = 0, h̄u = ju− ju−1→ ∞,

for r,u→ ∞. We take the following screenings for double lacunary sequence:

kru = kr ju, hru = hrh̄u, Iru = {(k, j) : kr−1 < k ≤ kr and ju−1 < j ≤ ju},
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qr =
kr

kr−1
and qu =

ju
ju−1

.

Then after this, we regard I2 ⊂ 2N
2

as a strongly admissible ideal and θ2 = {(kr, ju)} as a double lacunary sequence.
For a double sequence (xk j)⊂ R, if

lim
r,u→∞

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣= 0

is hold, then (xk j) is strongly lacunary convergent to ` ∈ R.
For a double sequence (xk j)⊂ R, if

lim
r,u→∞

1
hru

∑
(k, j),(s,t)∈Iru

|xk j− xst |= 0

is hold, therefore (xk j) is strongly lacunary Cauchy double sequence.
For a double sequence (xk j)⊂ R, if for every ε > 0{

(r,u) ∈ N2 :
1

hru
∑

(k, j)∈Iru

∣∣xk j− `
∣∣≥ ε

}
∈I2

is hold, then (xk j) is strongly lacunary I2-convergent to ` ∈ R and denoted with xk j→ `[Iθ2 ].
For a double sequence (xk j)⊂ R, if for every ε > 0, there exist N = N(ε) and S = S(ε) such that{

(r,u) ∈ N2 :
1

hru
∑

(k, j)∈Iru

∣∣xk j− xNS
∣∣≥ ε

}
∈I2,

then (xk j) is strongly lacunary I2-Cauchy double sequence.
Now, let’s give a useful lemma that we will use in our work.

Lemma 1.1 ( [10]). Let F (I2) be a filter corresponding with a strongly admissible ideal I2 with (AP2). Thus, there exists a set T ⊂ N2

such that T ∈F (I2) and the set T\Tk is finite for all k, where {Tk}∞
k=1 is a countable collection of subsets of N2 such that Tk ∈ F(I2) for

each k.

2. Main Results

In the original part of our work, using the lacunary sequence, we will define for double-indexed sequences the definitions and concepts
available in the literature for single-indexed sequences. For double sequences, we first defined lacunary I ∗2 -convergence and strongly
lacunary I ∗2 -convergence with theorems examining the relationship between these new convergence types.

Definition 2.1. A double sequence (xk j)⊂ R is lacunary I ∗2 -convergent to ` ∈ R iff there exists a set G = {(k, j) ∈ N2} such that for the
set G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈F (I2), we have

lim
r,u→∞

((r,u)∈G′)

1
hru

∑
(k, j)∈Iru

xk j = `

and so we can write xk j→ `(I ∗
θ2
).

Definition 2.2. A double sequence (xk j)⊂ R is strongly lacunary I ∗2 -convergent to ` ∈ R iff there exists a set G = {(k, j) ∈ N2} such that
for the set G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈F (I2), we have

lim
r,u→∞

((r,u)∈G′)

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣= 0

and so we can write xk j→ `[I ∗
θ2
].

Theorem 2.3. If a double sequence (xk j)⊂ R is strongly I ∗
θ2

-convergent to ` ∈ R, then it is I ∗
θ2

-convergent to same point.

Proof. As per our assumption, let xk j → `[I ∗
θ2
]. Therefore, there exists a set G = {(k, j) ∈ N2} such that for the set

G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈ F (I2) (i.e.,U = N2\G′ ∈ I2) and for every ε > 0 there exists r0 = r0(ε) ∈ N such that for all
r,u > r0 we have

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣< ε, ((r,u) ∈ G′).

Therefore, for every ε > 0 and all r,u > r0 we have∣∣∣∣∣ 1
hru

∑
(k, j)∈Iru

xk j− `

∣∣∣∣∣≤ 1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣< ε, ((r,u) ∈ G′)

and so xk j→ `(I ∗
θ2
).
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Theorem 2.4. If a double sequence (xk j)⊂ R is strongly I ∗
θ2

-convergent to ` ∈ R, then this sequence is strongly Iθ2 -convergent to same
point.

Proof. As per our assumption, let xk j → `[I ∗
θ2
]. Therefore, there exists a set G = {(k, j) ∈ N2} such that for the set

G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈F (I2) (i.e.,U = N2\G′ ∈I2) there is a r0 = r0(ε) ∈ N such that for all r,u > r0 we have

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣< ε, ((r,u) ∈ G′).

Then,

A(ε) =

{
(r,u) ∈ N2 :

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣≥ ε

}
⊂U ∪

[
G′∩

(
({1,2, · · · ,r0}×N)∪ (N×{1,2, · · · ,r0})

)]
.

Since I2 is a strongly admissible ideal, we have

U ∪
[
G′∩

(
({1,2, · · · ,r0}×N)∪ (N×{1,2, · · · ,r0})

)]
∈I2.

Thus A(ε) ∈I2 and xk j→ `[Iθ2 ].

Theorem 2.5. Let a strongly admissible ideal I2 with (AP2). If a double sequence (xk j)⊂ R is strongly Iθ2 -convergent to ` ∈ R, then this
sequence is strongly I ∗

θ2
-convergent to same point.

Proof. As per our assumption, let xk j→ `[Iθ2 ]. Then, for every ε > 0,

M (ε) =

{
(r,u) ∈ N2 :

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣≥ ε

}
∈I2.

Let us take

M1 =

{
(r,u) ∈ N2 :

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣≥ 1

}
and

Mβ =

{
(r,u) ∈ N2 :

1
β
≤ 1

hru
∑

(k, j)∈Iru

∣∣xk j− `
∣∣< 1

β −1

}
,

for a natural number β ≥ 2. Obviously, Mα ∩Mγ = /0 for α 6= γ and Mα ∈ I2 for each α ∈ N. Also, by (AP2), there is a sequence
{Vβ }β∈N such that Mα ∆Vα is involved in finite union of rows and columns in N2 for each α ∈ N and

V =
∞⋃

α=1
Vα ∈I2.

We prove that

lim
r,u→∞

((r,u)∈G′)

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣= 0,

for G′ = N2 \V ∈F (I2). For δ > 0 select q ∈ N with the inequality
1
q
< δ . Therefore,{

(r,u) ∈ N2 :
1

hru
∑

(k, j)∈Iru

∣∣xk j− `
∣∣≥ δ

}
⊂

q−1⋃
j=1

M j.

Since Mα ∆Vα is a finite set for α ∈ {1,2, · · · ,q−1}, there exists r0 ∈ N such thatq−1⋃
j=1

M j

∩{(r,u) ∈ N2 : r ≥ r0∧u≥ r0

}
=

q−1⋃
j=1

V j

∩{(r,u) ∈ N2 : r ≥ r0∧u≥ r0

}
.

If r ≥ r0 and (r,u) /∈V, then

(r,u) /∈
q−1⋃
j=1

V j and so (r,u) /∈
q−1⋃
j=1

M j .

We have
1

hru
∑

(k, j)∈Iru

∣∣xk j− `
∣∣< 1

q
< δ .

And so from this inequality, we have

lim
r,u→∞

((r,u)∈G′)

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣= 0.

Therefore, we have xk j→ `[I ∗
θ2
].
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Now, for double sequences, we have defined I ∗
θ2

-Cauchy and strongly I ∗
θ2

-Cauchy sequence with theorems examining the relation-
ships between I ∗

θ2
-Cauchy sequence and strongly I ∗

θ2
-Cauchy sequence, and also between strongly I ∗

θ2
-Cauchy sequence and strongly

Iθ2 -Cauchy sequence.

Definition 2.6. A double sequence (xk j)⊂ R is lacunary I ∗2 -Cauchy sequence iff there exists a set G = {(k, j) ∈ N2} such that for the set
G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈F (I2), we have

lim
r,u→∞

((r,u)∈G′)

1
hru

∑
(k, j),(s,t)∈Iru

(xk j− xst) = 0.

Definition 2.7. A double sequence (xk j)⊂R is strongly lacunary I ∗2 -Cauchy sequence iff there exists a set G = {(k, j) ∈N2} such that for
the set G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈F (I2), we have

lim
r,u→∞

((r,u)∈G′)

1
hru

∑
(k, j),(s,t)∈Iru

|xk j− xst |= 0.

Theorem 2.8. If a double sequence (xk j)⊂ R is strongly lacunary I ∗2 -Cauchy sequence, then (xk j) is lacunary I ∗2 -Cauchy sequence.

Proof. As per our assumption, let (xk j) is strongly lacunary I ∗2 -Cauchy sequence. Thus, there exists a set G = {(k, j) ∈ N2} such that for
the set G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈F (I2) (i.e.,H = N2 \G′ ∈I2) and for every ε > 0 there exists r0 = r0(ε) ∈ N, we have

1
hru

∑
(k, j),(s,t)∈Iru

|xk j− xst |< ε, ((r,u) ∈ G′)

for all r,u > r0. Then, we have∣∣∣∣∣ 1
hru

∑
(k, j),(s,t)∈Iru

(xk j− xst)

∣∣∣∣∣≤ 1
hru

∑
(k, j),(s,t)∈Iru

|xk j− xst |< ε, ((r,u) ∈ G′)

for every ε > 0 and all r,u > r0 and so (xk j) is lacunary I ∗2 -Cauchy sequence.

Theorem 2.9. If a double sequence (xk j) ⊂ R is strongly lacunary I ∗2 -Cauchy sequence, then (xk j) is strongly lacunary I2-Cauchy
sequence.

Proof. As per our assumption, let (xk j) is strongly lacunary I ∗2 -Cauchy sequence. Then, there exists a set G = {(k, j) ∈ N2} such that for
the set G′ = {(r,u) ∈ N2 : (k, j) ∈ Iru} ∈F (I2) (i.e.,U = N2\G′ ∈I2) and for every ε > 0 there exists r0 = r0(ε) ∈ N, we have

1
hru

∑
(k, j),(s,t)∈Iru

|xk j− xst |< ε, ((r,u) ∈ G′)

for all r,u > r0. Let N = N(ε) ∈ Ir0+1,u0+1 and S = S(ε) ∈ Ir0+1,u0+1 Then, for every ε > 0 and all r,u > r0 = r0(ε)

1
hru

∑
(k, j)∈Iru

|xk j− xNS|< ε, ((r,u) ∈ G′).

Now, let U = N2 \G′. It is clear that U ∈I2. Then,

A(ε) =

{
(r,u) ∈ N2 :

1
hru

∑
(k, j)∈Iru

|xk j− xNS| ≥ ε

}
⊂U ∪

[
G′∩

(
({1,2, · · · ,r0}×N)∪ (N×{1,2, · · · ,r0})

)]
.

Since I2 is a strongly admissible ideal, we have

U ∪
[
G′∩

(
({1,2, · · · ,r0}×N)∪ (N×{1,2, · · · ,r0})

)]
∈I2

and so A(ε) ∈I2. Hence, (xk j) is strongly lacunary I2-Cauchy sequence.

Theorem 2.10. Let a strongly admissible ideal I2 with (AP2). If a double sequence (xk j)⊂ R is strongly lacunary I2-Cauchy sequence,
then (xk j) is strongly lacunary I ∗2 -Cauchy sequence.

Proof. As per our assumption, let (xk j) is strongly lacunary I2-Cauchy sequence. Then, for every ε > 0 there exist N = N(ε) and S = S(ε)
such that

A(ε) =

{
(r,u) ∈ N2 :

1
hru

∑
(k, j)∈Iru

|xk j− xNS| ≥ ε

}
∈I2.

Let us take

Tj =

{
(r,u) ∈ N2 :

1
hru

∑
(k, j)∈Iru

|xk j− xm jn j | ≥
1
j

}
, j = 1,2, . . . ,
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where m j = P
(

1
j

)
and n j = S

(
1
j

)
. It is clear that Tj ∈F (I2) for j = 1,2, · · · . Since I2 has the (AP2) property, then by Lemma 1.1,

there exists a set T ⊂ N2 such that T ∈F (I2) and T \Tj is finite for all j. Now, we demonstrate that

lim
r,u→∞

((r,u)∈T )

1
hru

∑
(k, j),(s,t)∈Iru

|xk j− xst |= 0.

To show this, let ε > 0 and a natural number m be m >
2
ε

. If (r,u) ∈ T , then T \Tm is a finite set, so there exists r0 = r0(m) such that

(r,u) ∈ Tm for all r,u > r0(m). Therefore, for all r,u > r0(m)

1
hru

∑
(k, j)∈Iru

|xk j− xsmtm |<
1
m

and
1

hru
∑

(s,t)∈Iru

|xst − xsmtm |<
1
m
.

Hence, for all r,u > r0(m) it follows that

1
hru

∑
(k, j),(s,t)∈Iru

∣∣xk j− xst
∣∣≤ 1

hru
∑

(k, j)∈Iru

∣∣xk j− xsmtm
∣∣+ 1

hru
∑

(s,t)∈Iru

|xst − xsmtm |<
1
m
+

1
m

< ε.

Therefore, for any ε > 0 there exists r0 = r0(ε) such that for r,u > r0(ε) and (r,u) ∈ T ∈F (I2)

1
hru

∑
(k, j),(s,t)∈Iru

∣∣xk j− xst
∣∣< ε.

This demonstrates that (xk j) is strongly lacunary I ∗2 -Cauchy sequence.

Theorem 2.11. If a double sequence (xk j)⊂ R is strongly I ∗
θ2

-convergent to `, then (xk j) is strongly Iθ2 -Cauchy double sequence.

Proof. As per our assumption, let xk j → `[I ∗
θ2
]. Therefore, there exists a set G = {(k, j) ∈ N2} such that for the set G′ = {(r,u) ∈ N2 :

(k, j) ∈ Iru} ∈F (I2) (i.e.,U = N2\G′ ∈I2) there is a r0 = r0(ε) ∈ N such that for all r,u > r0 we have

1
hru

∑
(k, j)∈Iru

∣∣xk j− `
∣∣< ε

2
, ((r,u) ∈ G′).

Since
1

hru
∑

(k, j),(s,t)∈Iru

|xk j− xst | ≤
1

hru
∑

(k, j)∈Iru

|xk j− `|+ 1
hru

∑
(s,t)∈Iru

|xst − `|< ε

2
+

ε

2
= ε, ((r,u) ∈ G′)

for all r,u > r0 and so we have

lim
r,u→∞

((r,u)∈G′)

1
hru

∑
(k, j),(s,t)∈Iru

|xk j− xst |= 0.

That is, (xk j) is a strongly I ∗
θ2

-Cauchy sequence. Thus,(xk j) is a strongly Iθ2 -Cauchy sequence by Theorem 2.9.

3. Conclusion

Using the lacunary sequence, for double sequences, we have first defined lacunary I ∗2 -convergence and strongly lacunary I ∗2 -convergence
with theorems examining the relationship between these new convergence types. Furthermore, we have defined I ∗

θ2
-Cauchy and strongly

I ∗
θ2

-Cauchy sequence with theorems examining the relationships between I ∗
θ2

-Cauchy sequence and strongly I ∗
θ2

-Cauchy sequence, and
also between strongly I ∗

θ2
-Cauchy sequence and strongly Iθ2 -Cauchy sequence. In the future, these studies are also debatable in terms of

regularly convergence for double sequences.
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