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Abstract − In this paper we introduce some properties and results for trans-Sasakian structures on 

indefinite Finsler manifolds and give the examples of such manifolds.These structures are established 

on the (𝑀0)ℎ and (𝑀0)𝑣 vector subbundles, where 𝑀 is an (2𝑛 + 1) dimensional 𝐶∞ manifold, 𝑀0 =

(𝑀0)ℎ ⊕ (𝑀0)𝑣 is a non-empty open submanifold of 𝑇𝑀. 𝐹∗ is the fundamental Finsler function 

and  𝐹2𝑛+1 = (𝑀, 𝑀0, 𝐹∗) is an indefinite Finsler manifold. We use the Sasaki Finsler metric 𝐺 =

𝐺𝐻 + 𝐺𝑉 = 𝑔𝑖𝑗
𝐹∗

𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 + 𝑔𝑖𝑗
𝐹∗

 𝛿𝑦𝑖  ⊗ 𝛿𝑦𝑖 .  Furthermore, we give some formulas for 𝛼 −Sasakian 

and 𝛽 −Kenmotsu Finsler manifolds with pseudo-Finsler metric. Finally, it is shown that the 

conformally flat trans-Sasakian indefinite Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻, 𝜉𝐻, 𝜂𝐻 , 𝐺𝐻) and 

((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉) are the 𝜂 − Einstein manifolds if and only if 𝛼. 𝛽 = 0, where 𝛼, 𝛽 are 

constant functions defined on (𝑀0)ℎ and (𝑀0)𝑣. 

Subject Classification (2020): 53B30, 53B35, 53B40 

1. Introduction 

Oubina introduced the idea of trans-Sasakian manifold of classification (α,β). Indefinite Sasakian 

manifold is a notable category of indefinite trans-Sasakian manifold for α=1, β=0.  Also, indefinite 

cosymplectic manifold is the other category of indefinite trans-Sasakian manifold for α=0, β=0.  

Indefinite Kenmotsu manifold is given with α=0, β=1. M. D. Siddiqi, A. N. Siddiqui and O. Bahadır study 

the trans-Sasakian manifolds with a quarter-symmetric nonmetric connection [12]. R. Prasad, U. K. 

Gautam, J. Prakash and A. K. Rai study (ε)−Lorentzian trans-Sasakian manifolds [16]. 

The papers interested in contact structures with Riemannian metric or pseudo-Riemannian metric but 

in this paper, we are also related to the contact structures with pseudo-Finsler metric.  

After Finsler published his thesis about curves and surfaces, a lot of articles are dedicated to Finsler 

geometry, see references [4, 5, 10, 13, 14, 15] but the theory of indefinite Finsler manifold has been 

investigated by few researchers [1, 2, 7, 8, 9]. We also make reference to the reader to the recent 

monograph for detailed information in this field. 

Hence, our aim is to present trans-Sasakian indefinite Finsler manifolds and to obtain the formulas for 

𝛼 −Sasakian and 𝛽 −Kenmotsu indefinite Finsler manifolds. The paper is organized as follows: after 
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introduction and background, we give some preliminaries about indefinite Finsler manifolds. Then, we 

deal with the trans-Sasakian indefinite Finsler manifolds, 𝛼 −Sasakian and 𝛽 −Kenmotsu indefinite 

Finsler manifolds. Finally, it is shown that the conformally flat trans-Sasakian indefinite Finsler 

manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and ((𝑀0)𝑣 , 𝜙𝑉, 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉) are the 𝜂 −

Einstein manifolds if and only if 𝛼. 𝛽 = 0, where 𝛼 and 𝛽 are constant functions defined on 

(𝑀0)ℎ  and (𝑀0)𝑣. 

2. Preliminaries 

2.1. Indefinite Finsler Manifolds 

Let 𝑀 be a real (2𝑛 + 1) − dimensional smooth manifold and 𝑇𝑀 be the tangent bundle of 𝑀. A 

coordinate system in 𝑀 can be stated with {(𝑈, 𝜑): 𝑥1, … , 𝑥2𝑛+1}, where 𝑈 is an open subset of 𝑀; for 

any 𝑥 ∈ 𝑈, 𝜑: 𝑈 → ℝ2𝑛+1 is a diffeomorphism of 𝑈 onto 𝜑(𝑈), and    𝜑(𝑥) = (𝑥1, … , 𝑥2𝑛+1). On 𝑀, denote 

by 𝜋 the canonical projection of 𝑇𝑀 and by 𝑇𝑥𝑀 the fibre, at 𝑥 ∈ 𝑀, i.e., 𝑇𝑥𝑀 = 𝜋−1(𝑥). Through the 

coordinate system {(𝑈, 𝜑): 𝑥𝑖} in 𝑀, we can describe a new coordinate system 

{(𝑈∗, Φ); 𝑥1, … , 𝑥2𝑛+1, 𝑦1, … , 𝑦2𝑛+1} or shortly {(𝑈∗, Φ): 𝑥𝑖, 𝑦𝑖  } in 𝑇𝑀, where 𝑈∗ = 𝜋−1(𝑈) and Φ: 𝑈∗ →

ℝ4𝑛+2 is a diffeomorphism of  𝑈∗ on 𝜑(𝑈) × ℝ2𝑛+1, and Φ(𝑦𝑥) = (𝑥1, … , 𝑥2𝑛+1, 𝑦1, … , 𝑦2𝑛+1) for any 

𝑥 ∈ 𝑈 and 𝑦𝑥 ∈ 𝑇𝑥𝑀. Let 𝑀0 be a non-empty open submanifold of 𝑇𝑀 such that 𝜋(𝑀0) = 𝑀 and 𝜃(𝑀) ∩

𝑀0 = ∅, where 𝜃 is the zero section of 𝑇𝑀. Assume that 𝑀𝑥
0 = 𝑇𝑥𝑀 ∩ 𝑀0 is a positive conic set, for any 

𝑘 > 0 and 𝑦 ∈ 𝑀𝑥
0. we have  𝑘𝑦 ∈ 𝑀𝑥

0 .  Obviously, the largest 𝑀0 holding the above circumstances is 

𝑇𝑀 ∖ 𝜃(𝑀), ordinarily given with the description of a Finsler manifold.  

We now consider a smooth function 𝐹: 𝑀0 → (0, ∞) and take 𝐹∗ = 𝐹2. Then suppose that for any 

coordinate system {(𝑈0, Φ0 );  𝑥𝑖 , 𝑦𝑖 } in 𝑀0, the following conditions are fulfilled: 

(𝑭𝟏) 𝐹 is positively homogenous of degree one regarding (𝑦1, … , 𝑦2𝑛+1), 𝑖. 𝑒.,  we get, for all 𝑘 > 0 and 

(𝑥, 𝑦)  ∈ Φ0(𝑈0), 

𝐹(𝑥1, … , 𝑥2𝑛+1, 𝑘𝑦1, … , 𝑘𝑦2𝑛+1) = 𝑘 𝐹(𝑥1, … , 𝑥2𝑛+1, 𝑦1, … , 𝑦2𝑛+1) 

(𝑭𝟐) At any point (𝑥, 𝑦)  ∈ Φ0(𝑈0),  

𝑔𝑖𝑗(𝑥, 𝑦) =
1

2

𝜕2𝐹∗

𝜕𝑦𝑖𝜕𝑦𝑗

(𝑥, 𝑦),   𝑖, 𝑗 ∈ {1,2, … ,2𝑛 + 1} 

are the components of a positive definite quadratic form on ℝ2𝑛+1.  

We say that the triple  𝐹2𝑛+1 = (𝑀, 𝑀0, 𝐹) is  a Finsler manifold, and 𝐹 is the fundamental function of  

𝐹2𝑛+1.  

Certainly, condition (𝐹2) is not appropriate for some applications of Finsler geometry. To remove this 

inconvenience we consider a positive integer 0 < 𝑞 < 2𝑛 + 1, and a smooth function 𝐹∗: 𝑀0 → 𝑅, 

where 𝑀0is as above. Moreover, suppose that for any coordinate system {(𝑈0, Φ0 ); 𝑥𝑖, 𝑦𝑖 } in 𝑀0, the 

following conditions are fulfilled: 

(𝑭𝟏∗) 𝐹∗ is positively homogenous of degree two regarding (𝑦1, … , 𝑦2𝑛+1), we get, for all 𝑘 > 0 and 

(𝑥, 𝑦)  ∈ Φ0(𝑈0), 

𝐹∗(𝑥1, … , 𝑥2𝑛+1, 𝑘𝑦1, … , 𝑘𝑦2𝑛+1) = 𝑘2𝐹∗(𝑥1, … , 𝑥2𝑛+1, 𝑦1, … , 𝑦2𝑛+1) 

(𝑭𝟐∗) At all point (𝑥, 𝑦)  ∈ Φ0(𝑈0), 

𝑔𝑖𝑗(𝑥, 𝑦) =
1

2

𝜕2𝐹∗

𝜕𝑦𝑖𝜕𝑦𝑗

(𝑥, 𝑦),   𝑖, 𝑗 ∈ {1,2, … ,2𝑛 + 1} 
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are the components of a quadratic form on ℝ2𝑛+1 with (2𝑛 + 1) − 𝑞 positive eigenvalues and 𝑞 negative 

eigenvalues (0 < 𝑞 < 2𝑛 + 1). In this state 𝐹2𝑛+1 = (𝑀, 𝑀0, 𝐹∗) is called indefinite Finsler manifolds 

with index 𝑞. Particularly, if chosing 𝑞 = 1, we get Lorentzian indefinite Finsler manifolds [2]. 

Consider the structure of 𝐹2𝑛+1 = (𝑀, 𝑀0, 𝐹∗) indefinite Finsler manifold with index 𝑞.  Then the tangent 

mapping 𝜋∗: 𝑇𝑀0 → 𝑇𝑀 of the submersion 𝜋: 𝑀0→𝑀 and define the vector bundle (𝑇𝑀0)𝑉 = 𝑘𝑒𝑟𝜋∗. As 

locally, 𝜋⬚
𝑖 (𝑥, 𝑦) = 𝑥𝑖 , we obtain  

𝜋∗
𝑖 (

𝜕

𝜕𝑥𝑗) = 𝛿𝑗
𝑖 𝑎𝑛𝑑  𝜋∗

𝑖 (
𝜕

𝜕𝑦𝑗) = 0, on the coordinate neighborhood 𝑈0 ⊂ 𝑀0. Thus, {
𝜕

𝜕𝑦𝑖} is a basis of 

Γ ((𝑇𝑀0)𝑉
|
𝑈0

). We call (𝑇𝑀0)𝑉  the vertical vector bundle of 𝐹2𝑛+1. Locally, on a coordinate 

neighborhood 𝑈0 ⊂ 𝑀0. we have  

𝑋𝑉 = 𝑋𝑖(𝑥, 𝑦)
𝜕

𝜕𝑦𝑖 , where 𝑋𝑖  smooth functions on 𝑈0. After we denote by (𝑇∗𝑀0)𝑉 the dual vector bundle 

of (𝑇𝑀0)𝑉 . Thus a Finsler 1-form is smooth section of  (𝑇∗𝑀0)𝑉. Assume {𝛿𝑦1, … , 𝛿𝑦2𝑛+1} is a dual basis 

to  {
𝜕

𝜕𝑦1 , … ,
𝜕

𝜕𝑦2𝑛+1}, i.e., 𝛿𝑦𝑖 (
𝜕

𝜕𝑦𝑗)=𝛿𝑗
𝑖.  Then each for 𝑤 ∈ (𝑇∗𝑀0)𝑉, 𝑤𝑉 = 𝑤𝑖(𝑥, 𝑦) 𝛿𝑦𝑖, where 𝑤𝑖(𝑥, 𝑦) =

𝑤 (
𝜕

𝜕𝑦𝑖) [1, 2]. 

The complementary distribution (𝑇𝑀0)𝐻 to (𝑇𝑀0)𝑉 in 𝑇𝑀0 is said a horizontal distribution (non- linear 

connection) on 𝑀0. Thus we can write 

𝑇𝑀0 = (𝑇𝑀0)𝐻 ⊕ (𝑇𝑀0)𝑉 

The set of the local vector fields {
𝛿

𝛿𝑥1 , … ,
𝛿

𝛿𝑥2𝑛+1} is a basis in Γ((𝑇𝑀0)𝐻). Then  

𝛿

𝛿𝑥𝑖
=

𝜕

𝜕𝑥𝑖
− 𝑁𝑖

𝑗 𝜕

𝜕𝑦𝑗
 

Let 𝑋 be a vector field on 𝑀0. Then locally we get  

𝑋 = 𝑋𝑖
𝛿

𝛿𝑥𝑖
+ �̃�𝑖

𝜕

𝜕𝑦𝑖
 

Clearly, for �̃�𝑖(𝑥, 𝑦) = 0, we obtain the subbundle of (𝑀0)ℎ ⊂ 𝑀0 and for 𝑋𝑖(𝑥, 𝑦) = 0, we obtain the 

subbundle of (𝑀0)𝑣 ⊂ 𝑀0. Suppose {𝑑𝑥1, … , 𝑑𝑥2𝑛+1} is a dual basis to {
𝛿

𝛿𝑥1 , … ,
𝛿

𝛿𝑥2𝑛+1}, i.e., 𝑑𝑥𝑖 (
𝛿

𝛿𝑥𝑗) =

𝛿𝑗
𝑖.  Then each 𝑤 ∈ Γ(𝑇∗𝑀0)𝐻 is locally written as  𝑤𝐻 = �̃�𝑖(𝑥, 𝑦)𝑑𝑥𝑖, where  �̃�𝑖 = 𝑤𝑖 − 𝑁𝑖

𝑗
𝑤𝑗. Thus we 

can write  

 𝛿𝑦𝑖 =  𝑑𝑦𝑖 + 𝑁𝑗
𝑖(𝑥, 𝑦)𝑑𝑥𝑗 

Consider a 𝑤, 1-form, then  

𝑤 = �̃�𝑖(𝑥, 𝑦)𝑑𝑥𝑖+𝑤𝑖(𝑥, 𝑦)  𝛿𝑦𝑖 . 

Also, 𝑤𝐻(𝑋𝑉) = 0, 𝑤𝑉(𝑋𝐻) = 0 , where 𝑤 = 𝑤𝐻 + 𝑤𝑉 [2]. 

Definition 2.1. A Finsler connection is a linear connection ∇= 𝐹Γ with the property that the horizontal 

linear space (𝑇(𝑥,𝑦)𝑀0)
𝐻

, (𝑥, 𝑦) ∈  𝑀0 of the distribution 𝑁 is parallel with respect to ∇. 

Similarly, a Finsler connection is called linear connection ∇= 𝐹Γ with the vertical linear space 

(𝑇(𝑥,𝑦)𝑀0)
𝑉

, (𝑥, 𝑦) ∈  𝑀0 of the distribution 𝑁 parallel relative to ∇. 

Necessary and sufficient condition for linear connection ∇ on 𝑀0 to be Finsler connection is 

(𝛻𝑋
𝑉𝑌𝐻)⬚ = 0, (𝛻𝑋

𝐻𝑌𝑉)⬚ = 0 
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𝛻𝑋𝑌 = 𝛻𝑋
𝐻𝑌𝐻 + 𝛻𝑋

𝑉𝑌𝑉 

for each 𝑋, 𝑌 ∈ 𝑇(𝑥,𝑦)𝑀0.  

𝛻𝑋𝑤 = 𝛻𝑋
𝐻𝑤𝐻 + 𝛻𝑋

𝑉𝑤𝑉 

for all 𝑤 ∈ 𝑇(𝑥,𝑦)
∗

⬚
𝑀0[15]. 

Let ∇ be a Finsler connection and the curvature of this connection is given with the below equation. 

𝑅(𝑋, 𝑌)𝑍 = 𝛻𝑋𝛻𝑌𝑍 − 𝛻𝑌𝛻𝑋𝑍 − 𝛻[𝑋,𝑌]𝑍 = 𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻 + 𝑅𝑉(𝑋𝑉, 𝑌𝑉)𝑍𝑉  

where 𝑋, 𝑌, 𝑍 ∈ 𝑇(𝑥,𝑦)𝑀0 [14]. 

Theorem 2.1. The curvature of a Finsler connection  ∇ on 𝑇(𝑥,𝑦)𝑀0 is totally stated with the following 

Finsler tensor fields equations: 

𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻 = 𝛻𝑋𝐻𝛻𝑌𝐻𝑍𝐻 − 𝛻𝑌𝐻𝛻𝑋𝐻𝑍𝐻 − 𝛻[𝑋𝐻,𝑌𝐻]𝑍
𝐻 

𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉 = 𝛻𝑋𝑉𝛻𝑌𝑉𝑍𝑉 − 𝛻𝑌𝑉𝛻𝑋𝑉𝑍𝑉 − 𝛻[𝑋𝑉,𝑌𝑉]𝑍
𝑉 

[14]. 

2.2. Almost Contact Pseudo-Metric Finsler Structures  

Consider tensor field 𝜙, 1-form 𝜂 and vector field 𝜉 given as below: 

𝜙 = 𝜙𝐻 + 𝜙𝑉 = 𝜙𝑖
𝑗(𝑥, 𝑦)

𝛿

𝛿𝑥𝑖
⊗ 𝑑𝑥𝑗 + 𝜙𝑖

�̃�
(𝑥, 𝑦)

𝜕

𝜕𝑦𝑖 ⊗ 𝛿𝑦𝑗                           (2.1) 

𝜂 = 𝜂𝐻 + 𝜂𝑉 = 𝜂𝑖(𝑥, 𝑦)𝑑𝑥𝑖 + 𝜂�̃�(𝑥, 𝑦)𝛿𝑦𝑖                                                      (2.2) 

𝜉 = 𝜉𝐻 + 𝜉𝑉 = 𝜉𝑖(𝑥, 𝑦)
𝛿

𝛿𝑥𝑖
+ 𝜉 �̃�(𝑥, 𝑦) 

𝜕

𝜕𝑦𝑖                                                       (2.3) 

Then, we can write the following statements. 

(𝜙𝐻)2𝑋𝐻 = −𝑋𝐻 + 𝜂𝐻(𝑋𝐻) 𝜉𝐻, (𝜙𝑉)2𝑋𝑉 = −𝑋𝑉 + 𝜂𝑉(𝑋𝑉) 𝜉𝑉                (2.4) 

𝜂𝐻(𝜉𝐻) = 𝜂𝑉(𝜉𝑉) = 1                                                                                     (2.5) 

𝜙𝐻(𝜉𝐻) = 𝜙𝑉(𝜉𝑉) = 0                                                                                    (2.6) 

𝜂𝐻 ∘ 𝜙𝐻 = 𝜂𝑉 ∘ 𝜙𝑉 = 0                                                                                    (2.7) 

𝑟𝑎𝑛𝑘(𝜙𝐻) = 𝑟𝑎𝑛𝑘(𝜙𝑉) = 2𝑛                                                                          (2.8) 

Thus, (𝜙𝐻, 𝜉𝐻 , 𝜂𝐻) and (𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉) are called the almost contact Finsler structures on vector bundles 

(𝑀0)ℎ and (𝑀0)𝑣,respectively, where  𝑀0 = (𝑀0)ℎ ⊕ (𝑀0)𝑣. Also, we call 

that     ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻) and   ((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉) are almost contact Finsler manifolds [3]. 

Let 𝐹2𝑛+1 = (𝑀, 𝑀0, 𝐹∗) be an indefinite Finsler manifold. Then, we define 

𝑔𝐹∗
: Γ(𝑇𝑀0)𝑉 × Γ(𝑇𝑀0)𝑉 → 𝔉(𝑀0), 

𝑔𝑖𝑗
𝐹∗

(𝑥, 𝑦) = 𝑔𝐹∗
(

𝜕

𝜕𝑦𝑖 ,
𝜕

𝜕𝑦𝑗)(𝑥, 𝑦). 

Obviously, 𝑔𝐹∗
 is a symmetric Finsler tensor field. 𝑔𝐹∗

 is called the pseudo-Finsler metric of 𝐹2𝑛+1. Thus,  

𝑔𝐹∗
 is thought to be a pseudo-Riemannian metric on (𝑇𝑀0)𝑉. 

Similarly, we define the metric for horizontal distrubituon as following:  

𝑔𝐹∗
: Γ(𝑇𝑀0)𝐻 × Γ(𝑇𝑀0)𝐻 → 𝔉(𝑀0), 
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𝑔𝑖𝑗
𝐹∗

(𝑥, 𝑦) = 𝑔𝐹∗
(

𝛿

𝛿𝑥𝑖
,

𝛿

𝛿𝑥𝑗
)(𝑥, 𝑦) 

[1, 2]. A Finsler vector can be described with below statements. 

𝑔𝐹∗
(𝒳, 𝒳) = 0 and 𝒳 ≠ 0 ⇒ light-like 

𝑔𝐹∗
(𝒳, 𝒳) > 0 or 𝒳 = 0 ⇒ space-like 

𝑔𝐹∗
(𝒳, 𝒳) < 0 ⇒ time-like, 

where 𝒳 ∈ 𝑇(𝑥,𝑦)𝑀0, (𝑥, 𝑦) ∈  𝑀0. The Finsler norm of 𝒳 is a nonnegative number and ‖𝒳‖ is described 

with following equation: 

‖𝒳‖ = |𝑔𝐹∗
(𝒳, 𝒳)|

1
2⁄

. 

If 𝑔𝐹∗
(𝒳, 𝒳) = 1, 𝒳 is called unit space-like Finsler vector or 𝑔𝐹∗

(𝒳, 𝒳) = −1, 𝒳 is called unit time-like 

Finsler vector. 𝑔𝐹∗
(𝒳, 𝒳) = 휀 and 휀 is said the signature of 𝒳 when 𝒳 is a unit Finsler vector. 

Also,  

𝐺: Γ(𝑇𝑀0)⬚ × Γ(𝑇𝑀0)⬚ → 𝔉(𝑀0) 

𝐺(𝑋, 𝑌) = 𝐺𝐻(𝑋, 𝑌) + 𝐺𝑉(𝑋, 𝑌). 

is defined. Obviously, 𝐺 is a symmetric tensor field of type (0,2), non-degenerate and pseudo-

Riemannian metric on 𝑀0 with index 2𝑞. Then, 𝐺 is called Sasaki Finsler metric on 𝑀0. Then, 𝐺 can be 

defined as below. 

 𝐺 = 𝐺𝐻 + 𝐺𝑉 = 𝑔𝑖𝑗
𝐹∗

𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 + 𝑔𝑖𝑗
𝐹∗

 𝛿𝑦𝑖  ⊗ 𝛿𝑦𝑖  

[1, 2]. 

Definition 2.2. Suppose that (𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻) and (𝜙𝑉, 𝜉𝑉 , 𝜂𝑉) are almost contact structures on horizontal 

and vertical Finsler vector bundles (𝑀0)ℎ and (𝑀0)𝑣. If the 𝐺𝐻 and 𝐺𝑉 satisfy the following conditions,  

𝐺𝐻(𝜙𝑋𝐻 , 𝜙𝑌𝐻) = 𝐺𝐻(𝑋𝐻 , 𝑌𝐻) − 휀𝜂𝐻(𝑋𝐻)𝜂𝐻(𝑌𝐻) 

𝐺𝑉(𝜙𝑋𝑉 , 𝜙𝑌𝑉) = 𝐺𝑉(𝑋𝑉 , 𝑌𝑉) − 휀𝜂𝑉(𝑋𝑉)𝜂𝑉(𝑌𝑉) 

𝜂𝐻(𝑋𝐻) =  휀 𝐺𝐻(𝑋𝐻 , 𝜉𝐻), 𝜂𝑉(𝑋𝑉) =  휀 𝐺𝑉(𝑋𝑉 , 𝜉𝑉) 

where 휀 = ±1, then (𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and (𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉)  are called almost contact pseudo-metric 

Finsler structures on (𝑀0)ℎ and (𝑀0)𝑣. 

Now, we define   

𝛺 (𝑋 , 𝑌) = 𝐺(𝑋 , 𝜙𝑌), Ω𝐻(𝑋𝐻 , 𝑌𝐻) = 𝐺𝐻(𝑋𝐻 , 𝜙𝑌𝐻),     𝛺𝑉(𝑋𝑉 , 𝑌𝑉) = 𝐺𝑉(𝑋𝑉, 𝜙𝑌𝑉) 

and call it the fundamental 2-form [4]. 

The fundamental 2-form, defined above, satisfies the following equations: 

𝛺𝐻(𝜙𝑋𝐻 ,  𝜙𝑌𝐻) =  Ω𝐻(𝑋𝐻 , 𝑌𝐻),   𝛺𝑉(𝜙𝑋𝑉 ,  𝜙𝑌𝑉) =  Ω𝑉(𝑋𝑉 , 𝑌𝑉) 

𝛺𝐻(𝑌𝐻 , 𝑋𝐻) = − Ω𝐻(𝑋𝐻 , 𝑌𝐻) ,   𝛺𝑉(𝑌𝑉 ,  𝑋𝑉) =  −Ω𝑉(𝑋𝑉 , 𝑌𝑉) 

Proposition 2.1. Let ∇ be a Finsler connection on M0 and 𝛺 be the fundamental 2-form which satisfies  

𝑑𝜂𝑉(𝑋𝑉 , 𝑌𝑉) =  Ω𝑉(𝑋𝑉 , 𝑌𝑉), 𝑑𝜂𝐻(𝑋𝐻 , 𝑌𝐻) =  Ω𝐻(𝑋𝐻 , 𝑌𝐻),  

 Ω𝐻(𝑋𝐻 , 𝑌𝐻) = (∇𝑋
𝐻𝜂𝐻)(𝑌𝐻) − (∇𝑌

𝐻𝜂𝐻)(𝑋𝐻) + 𝜂𝐻(𝑇(𝑋𝐻 , 𝑌𝐻)), 
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 Ω𝑉(𝑋𝑉 , 𝑌𝑉) = (∇𝑋
𝑉𝜂𝑉)(𝑌𝑉) − (∇𝑌

𝑉𝜂𝑉)(𝑋𝑉) + 𝜂𝑉(𝑇(𝑋𝑉  , 𝑌𝑉)). 

Then the almost contact pseudo-metric Finsler structure is called almost 휀 −Sasakian Finsler structure 

on M0.  

(𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and (𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉)  are called almost 휀 −Sasakian Finsler structures on (𝑀0)ℎ 

and (𝑀0)𝑣 , respectively [4]. 

Theorem 2.2. Let 𝛺 be the fundamental 2-form and almost 휀 −Sasakian Finsler connection ∇ on M0 is 

torsion free then 

 Ω𝐻(𝑋𝐻 , 𝑌𝐻) = (∇𝑋
𝐻𝜂𝐻)(𝑌𝐻) − (∇𝑌

𝐻𝜂𝐻)(𝑋𝐻) 

 Ω𝑉(𝑋𝑉 , 𝑌𝑉) = (∇𝑋
𝑉𝜂𝑉)(𝑌𝑉) − (∇𝑌

𝑉𝜂𝑉)(𝑋𝑉) 

 

[4]. 

Definition 2.3. An almost 휀 −Sasakian Finsler structure on M0 is said to be an  휀 −Sasakian Finsler 

structure if the 1-form η is a killing vector field, i.e., 

(∇𝑋
𝐻𝜂𝐻)(𝑌𝐻) + (∇𝑌

𝐻𝜂𝐻)(𝑋𝐻) = 0,  (∇𝑋
𝑉𝜂𝑉)(𝑌𝑉) + (∇𝑌

𝑉𝜂𝑉)(𝑋𝑉) = 0 

 Ω𝐻(𝑋𝐻 , 𝑌𝐻) = 2(∇𝑋
𝐻𝜂𝐻)(𝑌𝐻),  Ω𝑉(𝑋𝑉 , 𝑌𝑉) = 2(∇𝑋

𝑉𝜂𝑉)(𝑌𝑉) 

[4]. 

3. Trans- Sasakian Indefinite Finsler  Manifolds  

We introduce trans-Sasakian indefinite Finsler manifolds in our main results. Also, we give the special 

case of these structures 𝛼 −Sasakian and 𝛽 −Kenmotsu indefinite Finsler manifolds. 

The almost contact pseudo-metric Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and ((𝑀0)𝑣 , 𝜙𝑉, 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉)  

are said to be trans-Sasakian indefinite Finsler manifolds if and only if the following conditions are hold. 

(∇𝑋
𝐻𝜙𝐻)𝑌𝐻 =

𝛼

2
{𝐺𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 − 휀𝜂𝐻(𝑌𝐻)𝑋𝐻} +

𝛽

2
{휀𝐺𝐻(𝜙𝑋𝐻 , 𝑌𝐻)𝜉𝐻 − 𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻}                        (3.1)                        

(∇𝑋
𝑉𝜙𝑉)𝑌𝑉 =

𝛼

2
{𝐺𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 − 휀𝜂𝑉(𝑌𝑉)𝑋𝑉} +

𝛽

2
{휀𝐺𝑉(𝜙𝑋𝑉 , 𝑌𝑉)𝜉𝑉 − 𝜂𝑉(𝑌𝑉)𝜙𝑋𝑉}                              (3.2)                                

where  𝛼 and 𝛽 are smooth functions on (𝑀0)ℎ and (𝑀0)𝑣 then we say such a structure the trans-

Sasakian pseudo-metric Finsler structure of type (𝛼, 𝛽). If  𝛼, 𝛽 =constant, then the getting 

𝛼, 𝛽 =constant from (3.1) and (3.2) we get 

(∇𝑋
𝐻𝜉𝐻) = −휀

𝛼

2
 𝜙𝑋𝐻 +

𝛽

2
(𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝜉𝐻)                                                                                                         (3.3) 

(∇𝑋
𝑉𝜉𝑉) = −휀

𝛼

2
 𝜙𝑋𝑉 +

𝛽

2
(𝑋𝑉 − 𝜂𝑉(𝑋𝑉)𝜉𝑉)                                                                                                           (3.4) 

(∇𝑋
𝐻𝜂𝐻)(𝑌𝐻) =

𝛼

2
𝐺𝐻(𝑋𝐻 , 𝜙𝑌𝐻) + 휀

𝛽

2
𝐺𝐻(𝜙𝑋𝐻 , 𝜙𝑌𝐻)                                                                                         (3.5) 

(∇𝑋
𝑉𝜂𝑉)(𝑌𝑉) =

𝛼

2
𝐺𝑉(𝑋𝑉 , 𝜙𝑌𝑉) + 휀

𝛽

2
𝐺𝑉(𝜙𝑋𝑉 , 𝜙𝑌𝑉)                                                                                            (3.6) 

Theorem 3.1. In the trans-Sasakian indefinite Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and 

((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉)   the following relations hold. 
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𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 =
(𝛼2−𝛽2)

4
{𝜂𝐻(𝑌𝐻)𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝑌𝐻} + 휀

𝛼𝛽

2
{𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝜙𝑌𝐻}                    (3.7)  

𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 =
(𝛼2−𝛽2)

4
{𝜂𝑉(𝑌𝑉)𝑋𝑉 − 𝜂𝑉(𝑋𝑉)𝑌𝑉} + 휀

𝛼𝛽

2
{𝜂𝑉(𝑌𝑉)𝜙𝑋𝑉 − 𝜂𝑉(𝑋𝑉)𝜙𝑌𝑉}                         (3.8) 

𝑅𝐻(𝜉𝐻, 𝑋𝐻)𝑌𝐻 =
(𝛼2 − 𝛽2)

4
{휀𝐺𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 − 𝜂𝐻(𝑌𝐻)𝑋𝐻}         

+ 휀
𝛼𝛽

2
{𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻 − 휀𝐺𝐻(𝜙𝑋𝐻 , 𝑌𝐻)𝜉𝐻}                                                                               (3.9) 

𝑅𝑉(𝜉𝑉 , 𝑋𝑉)𝑌𝑉 =
(α2 − β2)

4
{휀𝐺𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 − 𝜂𝑉(𝑌𝑉)𝑋𝑉}

+ 휀
𝛼𝛽

2
{𝜂𝑉(𝑌𝑉)𝜙𝑋𝑉 − 휀𝐺𝑉(𝜙𝑋𝑉 , 𝑌𝑉)𝜉𝑉}                                                                               (3.10) 

𝜂𝐻(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻) =  휀
(𝛼2−𝛽2)

4
{𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝜂𝐻(𝑋𝐻) − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝜂𝐻(𝑌𝐻)}  

+
𝛼𝛽

2
{𝜂𝐻(𝑋𝐻)𝐺(𝜙𝑌𝐻 , 𝑍𝐻) − 𝜂𝐻(𝑌𝐻)𝐺𝐻(𝜙𝑋𝐻 , 𝑍𝐻)}                                                                                         (3.11)                     

𝜂𝑉(𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉) =  휀
(𝛼2−𝛽2)

4
{𝐺𝑉(𝑌𝑉, 𝑍𝑉)𝜂𝑉(𝑋𝑉) − 𝐺𝑉(𝑋𝑉, 𝑍𝑉)𝜂𝑉(𝑌𝑉)}  

+
𝛼𝛽

2
{𝜂𝑉(𝑋𝑉)𝐺(𝜙𝑌𝑉 , 𝑍𝑉) − 𝜂𝑉(𝑌𝑉)𝐺𝑉(𝜙𝑋𝑉 , 𝑍𝑉)}                                                                                            (3.12) 

𝜂𝐻(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻) = 0, 𝜂𝑉(𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉)=0                                                                                                 (3.13) 

𝑆𝐻(𝑋𝐻 , 𝜉𝐻) = 𝑛
(𝛼2−𝛽2)

2
𝜂𝐻(𝑋𝐻) ,    𝑆𝑉(𝑋𝑉 , 𝜉𝑉) =  𝑛

(𝛼2−𝛽2)

2
𝜂𝑉(𝑋𝑉)                                                             (3.14) 

𝑆𝐻(𝜉𝐻, 𝜉𝐻)= 𝑛
(𝛼2−𝛽2)

2
,    𝑆𝑉(𝜉𝑉, 𝜉𝑉) =  𝑛

(𝛼2−𝛽2)

2
                                                                                               (3.15) 

Q𝑋𝐻= 휀 𝑛
(𝛼2−𝛽2)

2
𝑋𝐻 ,  Q𝑋𝑉= 휀 𝑛

(𝛼2−𝛽2)

2
𝑋𝑉 ,  Q𝜉𝐻= 휀 𝑛

(𝛼2−𝛽2)

2
𝜉𝐻 ,   Q𝜉𝑉= 휀 𝑛

(𝛼2−𝛽2)

2
𝜉𝑉                      (3.16) 

 

Proof:  

𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 = ∇
𝑋𝐻
𝐻 ∇

𝑌𝐻
𝐻 𝜉𝐻 − ∇

𝑌𝐻
𝐻 ∇

𝑋𝐻
𝐻 𝜉𝐻 − ∇∇

𝑋𝐻
𝐻 𝑌𝐻−∇

𝑌𝐻
𝐻 𝑋𝐻𝜉𝐻 

=∇
𝑋𝐻
𝐻 {−휀

𝛼

2
 𝜙𝑌𝐻 +

𝛽

2
(𝑌𝐻 − 𝜂𝐻(𝑌𝐻)𝜉𝐻)} − ∇

𝑌𝐻
𝐻 {−휀

𝛼

2
 𝜙𝑋𝐻 +

𝛽

2
(𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝜉𝐻)} 

−∇
∇

𝑋𝐻
𝐻 𝑌𝐻

𝐻 𝜉𝐻 + ∇
∇

𝑌𝐻
𝐻 𝑋𝐻

𝐻 𝜉𝐻 

=  휀
𝛼

2
{(∇𝑌

𝐻𝜙𝐻)𝑋𝐻 − (∇𝑋
𝐻𝜙𝐻)𝑌𝐻} +

𝛽

2
{(∇𝑌

𝐻𝜂𝐻)𝑋𝐻𝜉𝐻 − (∇𝑋
𝐻𝜂𝐻)𝑌𝐻𝜉𝐻 + 𝜂𝐻(𝑋𝐻)∇𝑌

𝐻𝜉𝐻 − 𝜂𝐻(𝑌𝐻)∇𝑋
𝐻𝜉𝐻} 

then we get following equation 
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=  휀
𝛼

2
{− 휀

𝛼

2
𝜂𝐻(𝑋𝐻)𝑌𝐻 + 휀𝛽𝐺𝐻(𝜙𝑌𝐻 , 𝑋𝐻) −

𝛽

2
𝜂𝐻(𝑋𝐻)𝜙𝑌𝐻 + 휀

𝛼

2
𝜂𝐻(𝑌𝐻)𝑋𝐻 +

𝛽

2
𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻} +

𝛽

2
{𝛼𝐺𝐻(𝑌𝐻, 𝜙𝑋𝐻)𝜉𝐻 − 휀

𝛼

2
𝜂𝐻(𝑋𝐻)𝜙𝑌𝐻 +

𝛽

2
𝜂𝐻(𝑋𝐻)𝑌𝐻 −

𝛽

2
𝜂𝐻(𝑋𝐻)𝜂𝐻(𝑌𝐻)𝜉𝐻 + 휀

𝛼

2
𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻 −

𝛽

2
𝜂𝐻(𝑌𝐻)𝑋𝐻 +

𝛽

2
𝜂𝐻(𝑋𝐻)𝜂𝐻(𝑌𝐻)𝜉𝐻}, 

If we rearrange last equation, then we have the following one and the proof is completed 

𝑅(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 =
(𝛼2 − 𝛽2)

4
{𝜂𝐻(𝑌𝐻)𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝑌𝐻} + 휀

𝛼𝛽

2
{𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝜙𝑌𝐻} 

By using similar processing steps, we can obtain the proof for vertical distribution. 

Using the equations 𝐺𝐻(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 , 𝑊𝐻) =  𝐺𝐻(𝑅𝐻(𝜉𝐻, 𝑊𝐻) 𝑋𝐻 , 𝑌𝐻) and 𝐺𝑉(𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉, 𝑊𝑉) =

 𝐺𝑉(𝑅𝑉(𝜉𝑉, 𝑊𝑉) 𝑋𝑉 , 𝑌𝑉), we get 

𝑅𝐻(𝜉𝐻 , 𝑊𝐻) 𝑋𝐻 =
(𝛼2−𝛽2)

4
{휀 𝐺𝐻(𝑊𝐻 , 𝑋𝐻)𝜉𝐻 − 𝜂𝐻(𝑋𝐻)𝑊𝐻} + 휀

𝛼𝛽

2
{𝜂𝐻(𝑋𝐻)𝜙𝑊𝐻 − 휀𝐺𝑉(𝜙𝑊𝐻 , 𝑋𝐻)𝜉𝐻}. 

and 

𝑅𝑉(𝜉𝑉, 𝑊𝑉) 𝑋𝑉 =
(𝛼2−𝛽2)

4
{휀 𝐺𝑉(𝑊𝑉, 𝑋𝑉)𝜉𝑉 − 𝜂𝑉(𝑋𝑉)𝑊𝑉} + 휀

𝛼𝛽

2
{𝜂𝑉(𝑋𝑉)𝜙𝑊𝑉 − 휀𝐺𝑉(𝜙𝑊𝑉 , 𝑋𝑉)𝜉𝑉}. 

We have from equations (3.7) and (3.8), we get 

𝜂𝐻(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻) = 휀𝐺(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻 , 𝜉𝐻) = −휀𝐺(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 , 𝑍𝐻) 

= −휀𝐺 ( 
(𝛼2−𝛽2)

4
{𝜂𝐻(𝑌𝐻)𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝑌𝐻} + 휀

𝛼𝛽

2
{𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝜙𝑌𝐻} , 𝑍𝐻) 

= 휀 
(𝛼2−𝛽2)

4
{𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝜂𝐻(𝑋𝐻) − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝜂𝐻(𝑌𝐻)} 

+
𝛼𝛽

2
{𝜂𝐻(𝑋𝐻)𝐺(𝜙𝑌𝐻 , 𝑍𝐻) − 𝜂𝐻(𝑌𝐻)𝐺𝐻(𝜙𝑋𝐻 , 𝑍𝐻)} 

and 

𝜂𝑉(𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉) = 휀𝐺(𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉 , 𝜉𝑉) = −휀𝐺(𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉, 𝑍𝑉) 

=−휀𝐺( 
(𝛼2−𝛽2)

4
{𝜂𝑉(𝑌𝑉)𝑋𝑉 − 𝜂𝑉(𝑋𝑉)𝑌𝑉} + 휀

𝛼𝛽

2
{𝜂𝑉(𝑌𝑉)𝜙𝑋𝑉 − 𝜂𝑉(𝑋𝑉)𝜙𝑌𝑉}⬚,  𝑍𝑉) 

=  휀
(𝛼2 − 𝛽2)

4
{𝐺𝑉(𝑌𝑉 , 𝑍𝑉)𝜂𝑉(𝑋𝑉) − 𝐺𝑉(𝑋𝑉 , 𝑍𝑉)𝜂𝑉(𝑌𝑉)} 

+
𝛼𝛽

2
{𝜂𝑉(𝑋𝑉)𝐺(𝜙𝑌𝑉 , 𝑍𝑉) − 𝜂𝑉(𝑌𝑉)𝐺𝑉(𝜙𝑋𝑉 , 𝑍𝑉)}. 

Putting 𝑍𝐻 = 𝜉𝐻 𝑎𝑛𝑑 𝑍𝑉 = 𝜉𝑉, we get 𝜂𝐻(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻) = 0, 𝜂𝑉(𝑅𝑉(𝑋𝑉, 𝑌𝑉)𝜉𝑉)=0.   

For  the trans-Sasakian indefinite Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and ((𝑀0)𝑣 , 𝜙𝑉, 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉), 

the Ricci tensor S and scalar curvature r is defined by 

𝑆𝐻(𝑋𝐻 , 𝑌𝐻) =  ∑ 휀𝑖 𝐺𝐻2𝑛
𝑖=1 (𝑅𝐻(𝐸𝑖

𝐻 , 𝑋𝐻)𝑌𝐻 , 𝐸𝑖
𝐻) +  휀 𝐺𝐻(𝑅𝐻(𝜉𝐻, 𝑋𝐻)𝑌𝐻 , 𝜉𝐻), 

𝑟𝐻 = ∑ ⬚2𝑛
𝑖=1 𝑆𝐻(𝐸𝑖

𝐻 , 𝐸𝑖
𝐻),  𝑟𝑉 = ∑ ⬚2𝑛

𝑖=1 𝑆𝑉(𝐸𝑖
𝑉, 𝐸𝑖

𝑉), 

𝑆𝑉(𝑋𝑉 , 𝑌𝑉) =  ∑ 휀𝑖
2𝑛
𝑖=1 𝐺𝑉(𝑅𝑉(𝐸𝑖

𝑉, 𝑋𝑉)𝑌𝑉 , 𝐸𝑖
𝑉) +  휀 𝐺𝑉(𝑅𝑉(𝜉𝑉, 𝑋𝑉)𝑌𝑉 , 𝜉𝑉), 
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where { 𝐸1
𝐻 , 𝐸2

𝐻 , … , 𝐸2𝑛
𝐻 , 𝜉𝐻}  is orthonormal basis field in (𝑀0)ℎand  𝐺𝐻(𝐸𝑖

𝐻 , 𝐸𝑖
𝐻) =  휀𝑖  

(similarly, { 𝐸1
𝑉 , 𝐸2

𝑉 , … , 𝐸2𝑛
𝑉 , 𝜉𝑉}  is orthonormal basis field in (𝑀0)𝑣and  𝐺𝑣(𝐸𝑖

𝑣 , 𝐸𝑖
𝑣) =  휀𝑖). 

Replacing 𝑌𝐻 by 𝜉𝐻, we get 

𝑆𝐻(𝑋𝐻 ,  𝜉𝐻) =  ∑ 휀𝑖  𝐺𝐻2𝑛
𝑖=1 (𝑅𝐻(𝐸𝑖

𝐻 , 𝑋𝐻)𝜉𝐻 , 𝐸𝑖
𝐻) +  휀 𝐺𝐻(𝑅𝐻(𝜉𝐻 , 𝑋𝐻)𝜉𝐻 , 𝜉𝐻) 

= ∑ 휀𝑖𝐺𝐻2𝑛
𝑖=1 (

(𝛼2−𝛽2)

4
{𝜂𝐻(𝑋𝐻)𝐸𝑖

𝐻 − 𝜂𝐻(𝐸𝑖
𝐻)𝑋𝐻} + 휀

𝛼𝛽

2
{𝜂𝐻(𝑋𝐻)𝜙𝐸𝑖

𝐻 − 𝜂𝐻(𝐸𝑖
𝐻)𝜙𝑋𝐻} , 𝐸𝑖

𝐻) +

 휀 𝐺𝐻(
(𝛼2−𝛽2)

4
{𝜂𝐻(𝑋𝐻) 𝜉𝐻 − 𝜂𝐻( 𝜉𝐻)𝑋𝐻} + 휀

𝛼𝛽

2
{𝜂𝐻(𝑋𝐻)𝜙𝜉𝐻 − 𝜂𝐻( 𝜉𝐻)𝜙𝑋𝐻} , 𝜉𝐻), 

where, since 𝐺𝐻(𝑅𝐻( 𝜉𝐻 , 𝑋𝐻)𝜉𝐻 , 𝜉𝐻) =0 we get 

𝑆𝐻(𝑋𝐻 , 𝜉𝐻) = 𝑛
 (𝛼2−𝛽2)

2
𝜂𝐻(𝑋𝐻),  𝑆𝐻(𝜉𝐻 ,  𝜉𝐻) = 𝑛

 (𝛼2−𝛽2)

2
. 

The Ricci operatör Q given by 

𝑆𝐻(𝑋𝐻 , 𝑌𝐻) = 𝐺𝐻(𝑄𝑋𝐻 , 𝑌𝐻) and 𝑆𝑉(𝑋𝑉 , 𝑌𝑉) = 𝐺𝑉(𝑄𝑋𝑉 , 𝑌𝑉). 

By using 𝑆𝐻(𝑋𝐻 , 𝜉𝐻) = 𝐺𝐻(𝑄𝑋𝐻 , 𝜉𝐻) and  𝑆𝑉(𝑋𝑉 , 𝜉𝑉) = 𝐺𝑉(𝑄𝑋𝑉 , 𝜉𝑉), we obtain 

𝑄𝑋𝐻 = 휀
 𝑛(𝛼2−𝛽2)

2
(𝑋𝐻),  𝑄𝜉𝐻= 휀

 𝑛(𝛼2−𝛽2)

2
𝜉𝐻 and 𝑄𝑋𝑉  = 휀

 𝑛(𝛼2−𝛽2)

2
(𝑋𝑉),  𝑄𝜉𝐻= 휀

 𝑛(𝛼2−𝛽2)

2
𝜉𝑉. 

Example 3.1. Consider the structure of  𝐹3 = (ℝ3, (ℝ3)0, 𝐹∗) indefinite Finsler manifold. (ℝ3)0= ℝ6 ∖

{0} is a real 6-dimensional  C∞  manifold and 𝑇ℝ3 is the tangent bundle of  ℝ3. A coordinate system in 

ℝ3can be stated with {(𝑈, 𝜑): 𝑥1, 𝑥2, 𝑥3}, where 𝑈 is an open subset of  ℝ3 ; for any 𝑥 ∈ 𝑈, 𝜑: 𝑈 → ℝ3 is 

a diffeomorphism of 𝑈 onto 𝜑(𝑈), and    𝜑(𝑥) = (𝑥1, 𝑥2, 𝑥3). On ℝ3, denote by 𝜋 the canonical projection 

of 𝑇ℝ3 and by 𝑇𝑥𝑀 the fibre, at 𝑥 ∈ ℝ3, i.e., 𝑇𝑥ℝ3 = 𝜋−1(𝑥). Through the coordinate system {(𝑈, 𝜑): 𝑥𝑖} 

in ℝ3 , we can describe a new coordinate system {(𝑈∗, Φ); 𝑥1, 𝑥2, 𝑥3; 𝑦1, 𝑦2, 𝑦3} or shortly 

{(𝑈∗, Φ): 𝑥𝑖, 𝑦𝑖 } in 𝑇ℝ3, where 𝑈∗ = 𝜋−1(𝑈) and Φ: 𝑈∗ → ℝ6 is a diffeomorphism of 𝑈∗ on 𝜑(𝑈) × ℝ3, 

and Φ(𝑦𝑥) = (𝑥1, 𝑥2, 𝑥3; 𝑦1, 𝑦2, 𝑦3) for any 𝑥 ∈ 𝑈 and 𝑦𝑥 ∈ 𝑇𝑥ℝ3. Let (ℝ3)0 be a non-empty open 

submanifold of  𝑇ℝ3  such that 𝜋((ℝ3)0) = ℝ3  and 𝜃( ℝ3 ) ∩ (ℝ3)0 = ∅, where 𝜃 is the zero section of 

𝑇ℝ3 . Assume that (ℝ3)𝑥
0 = 𝑇𝑥ℝ3 ∩ (ℝ3)0 is a positive conic set, for any 𝑘 > 0 and 𝑦 ∈ (ℝ3)𝑥

0 .                                                

we have  𝑘𝑦 ∈  (ℝ3)𝑥
0  .  Obviously, the largest (ℝ3)0 holding the above circumstances is 𝑇ℝ3 ∖ 𝜃(𝑀), 

ordinarily given with the description of a Finsler manifold. The set of the local vector fields {
𝛿

𝛿𝑥1 ,
𝛿

𝛿𝑥2 ,
𝛿

𝛿𝑥3} 

is a basis in  (𝑇( ℝ3)0)𝐻 and  {
𝜕

𝜕𝑦1  ,
𝜕

𝜕𝑦2  ,
𝜕

𝜕𝑦3} is a basis in (𝑇( ℝ3)0)𝑉. We get 

 𝑋𝑉 = 𝑋1
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦1 + 𝑋2
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦2 + 𝑋3
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦3 , 𝑋𝐻 = 𝑋1
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥1 + 𝑋2
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥2 + 𝑋3
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥3, for 

any  𝑋𝑉 ⋲ (𝑇( ℝ3)0)𝑉and 𝑋𝐻 ⋲ (𝑇( ℝ3)0)𝐻. Thus, for any X⋲  𝑇( ℝ3)0,  𝑋 = 𝑋𝑖
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥𝑖 + 𝑋𝑖
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦𝑖 

( i =1, 2, 3). Consider a  𝜂, 1-form, 𝜂 = 𝜂𝐻 + 𝜂𝑉 = 𝜂𝑖
𝐻(𝑥, 𝑦)𝑑𝑥𝑖 + 𝜂𝑖

𝑉(𝑥, 𝑦)𝛿𝑦𝑖 ( i =1, 2, 3), 

 𝜂𝐻 ⋲ (𝑇∗(ℝ3)0)𝐻 and 𝜂𝑉 ⋲ (𝑇∗(ℝ3)0)𝑉. 

𝐺 is a symmetric tensor field of type (0,2), non-degenerate and pseudo-Riemannian metric on ( ℝ3)0. 

Then, 𝐺 is called Sasaki Finsler metric on ( ℝ3)0 . Then, 𝐺 can be defined as below: 

𝐺 = 𝐺𝐻 + 𝐺𝑉 = 𝑔𝑖𝑗
𝐹∗

𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 + 𝑔𝑖𝑗
𝐹∗

 𝛿𝑦𝑖  ⊗ 𝛿𝑦𝑖  ( i=1, 2, 3). 

The vector fields 
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𝐸1
𝐻 = 𝑥3

𝛿

𝛿𝑥1   ,  𝐸2
𝐻 = 𝑥3

𝛿

𝛿𝑥2   ,  𝐸3
𝐻 = 𝑥3

𝛿

𝛿𝑥3 = 𝜉𝐻 

are linear independent at every point of  ((ℝ3)0)ℎ. Let G be the Sasaki Finsler pseudo-metric given by 

𝐺𝐻(𝐸1
𝐻 , 𝜉𝐻)  = 𝐺𝐻(𝐸1

𝐻 , 𝐸2
𝐻) = 𝐺𝐻(𝐸2

𝐻, 𝜉𝐻) = 0 

𝐺𝐻(𝐸1
𝐻 , 𝐸1

𝐻) = 𝐺𝐻(𝐸2
𝐻 , 𝐸2

𝐻) = 1, 𝐺𝐻(𝜉𝐻 , 𝜉𝐻) = 휀 = -1. 

Let 𝜂𝐻 be the 1-form derscribed by 

𝜂𝐻(𝑍𝐻) = −𝐺𝐻(𝑍𝐻, 𝜉𝐻) = −𝐺𝐻(𝑧1𝐸1
𝐻 + 𝑧2𝐸2

𝐻 + 𝑧3 𝜉𝐻 , 𝜉𝐻) = 𝑧3 ,  ∀ 𝑍𝐻 ∈ (𝑇( ℝ3)0)𝐻. 

Consider 𝜙𝐻 the (1, 1) tensör field stated by 

𝜙𝐻(𝐸1
𝐻) = −  𝐸2

𝐻  , 𝜙𝐻( 𝐸2
𝐻) = 𝐸1

𝐻 , 𝜙𝐻(𝜉𝐻) = 0. 

Then using the linearity of 𝜙𝐻, we have 

𝑍𝐻 = 𝑧1𝐸1
𝐻 +  𝑧2𝐸2

𝐻 + 𝑧3 𝜉𝐻 , 𝑊𝐻 = 𝑤1𝐸1
𝐻 +  𝑤2𝐸2

𝐻 + 𝑤3 𝜉𝐻 

𝜙𝐻(𝑍𝐻) = 𝜙𝐻(𝑧1𝐸1
𝐻 +  𝑧2𝐸2

𝐻 + 𝑧3 𝜉𝐻 ) = 𝑧1𝜙𝐻(𝐸1
𝐻) + 𝑧2𝜙𝐻( 𝐸2

𝐻) + 𝑧3 𝜙
𝐻(𝜉𝐻) 

𝜙𝐻(𝑍𝐻) = −𝑧1𝐸2
𝐻 +  𝑧2𝐸1

𝐻 

𝜙𝐻(𝑊𝐻) = 𝜙𝐻(𝑤𝐸1
𝐻 +  𝑤𝐸2

𝐻 + 𝑤3 𝜉𝐻 ) = 𝑤1𝜙𝐻(𝐸1
𝐻) + 𝑤2𝜙𝐻( 𝐸2

𝐻) + 𝑤3 𝜙
𝐻(𝜉𝐻) 

𝜙𝐻(𝑊𝐻) = −𝑤1𝐸2
𝐻 + 𝑤2𝐸1

𝐻 

(𝜙𝐻)2(𝑍𝐻) = −𝑧2𝐸2
𝐻 −  𝑧1𝐸1

𝐻 = - Z + 𝜂𝐻(𝑍𝐻)𝜉𝐻 

Thus we get 

𝐺𝐻(𝜙𝐻(𝑍𝐻), 𝜙𝐻(𝑊𝐻)) =  𝐺𝐻(𝑍𝐻 ,  𝑊𝐻) + 𝜂𝐻(𝑍𝐻) 𝜂𝐻(𝑊𝐻) 

∀ 𝑍𝐻 ∈ (𝑇( ℝ3)0)𝐻 and ∀ 𝑊𝐻 ∈ (𝑇( ℝ3)0)𝐻. Thus the structure (((ℝ3)0)ℎ , 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) define the 

almost contact pseudo-metric Finsler structure on ((ℝ3)0)ℎ. 

Let ∇ be the Levi-Civita connection with respect to pseudo-metric 𝐺𝐻. Then we have 

[𝐸1
𝐻 , 𝐸2

𝐻] = 0  , [ 𝐸1
𝐻 , 𝜉𝐻] = −𝐸1

𝐻 , [𝐸2
𝐻 , 𝜉𝐻] = − 𝐸2

𝐻. 

The connection ∇ of the pseudo-metric 𝐺𝐻 is given by 

2𝐺𝐻(∇𝑋𝐻𝑌𝐻 , 𝑍𝐻) = 𝑋𝐻𝐺𝐻(𝑌𝐻 , 𝑍𝐻) + 𝑌𝐻𝐺𝐻(𝑋𝐻 , 𝑍𝐻) − 𝑍𝐻𝐺𝐻(𝑋𝐻 , 𝑌𝐻) 

−𝐺𝐻(𝑋𝐻 , [𝑌𝐻 , 𝑍𝐻]) −𝐺𝐻(𝑌𝐻 , [𝑋𝐻 , 𝑍𝐻])  + 𝐺𝐻(𝑍𝐻 , [𝑋𝐻 , 𝑌𝐻])                           (3.17) 

Which is known as Koszul’s formula. Using this formula, we have 

2𝐺𝐻 (∇𝐸1
𝐻𝜉𝐻,  𝐸1

𝐻) = −𝐺𝐻(𝐸1
𝐻 , [𝜉𝐻 ,  𝐸1

𝐻 ] ) −𝐺𝐻(𝜉𝐻 , [ 𝐸1
𝐻 ,  𝐸1

𝐻]) + 𝐺𝐻(𝐸1
𝐻 , [ 𝐸1

𝐻 , 𝜉𝐻]) 

= 2𝐺𝐻(−𝐸1
𝐻,  𝐸1

𝐻). 

Thus, 

∇𝐸1
𝐻𝜉𝐻 = −𝐸1

𝐻 ,  ∇𝜉𝐻𝐸1
𝐻 = 0. 

Again by using Koszul’s formula we obtain 

2𝐺𝐻 (∇𝐸2
𝐻𝜉𝐻,  𝐸2

𝐻) = −𝐺𝐻(𝐸2
𝐻 , [𝜉𝐻 ,  𝐸2

𝐻 ] ) −𝐺𝐻(𝜉𝐻 , [ 𝐸2
𝐻 ,  𝐸2

𝐻]) + 𝐺𝐻(𝐸2
𝐻 , [ 𝐸2

𝐻 , 𝜉𝐻]) 

= 2𝐺𝐻(− 𝐸2
𝐻,  𝐸2

𝐻). 

Thus, 
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∇ 𝐸2
𝐻𝜉𝐻 =  − 𝐸2

𝐻    ,  ∇𝜉𝐻𝐸2
𝐻 = 0. 

Also by using Koszul’s formula we obtain 

2𝐺𝐻 (∇𝐸1
𝐻  𝐸2

𝐻 ,  𝜉𝐻) = 𝐺𝐻(𝐸1
𝐻, [𝜉𝐻 ,  𝐸2

𝐻 ] ) +𝐺𝐻(𝜉𝐻, [ 𝐸1
𝐻 ,  𝐸2

𝐻]) − 𝐺𝐻(𝐸2
𝐻 , [ 𝐸1

𝐻 , 𝜉𝐻])= 0. 

Thus, 

∇𝐸1
𝐻  𝐸2

𝐻 = 0 ,      ∇ 𝐸2
𝐻  𝐸1

𝐻 = 0 

Similarly we get 

2𝐺𝐻 (∇𝐸1
𝐻  𝐸1

𝐻 ,  𝜉𝐻) = − 𝐺𝐻(𝐸1
𝐻 , [𝐸1

𝐻 , 𝜉𝐻 ] ) +𝐺𝐻(𝜉𝐻 , [ 𝐸1
𝐻 ,  𝐸1

𝐻]) − 𝐺𝐻(𝐸1
𝐻 , [ 𝐸1

𝐻 , 𝜉𝐻]) 

= 2𝐺𝐻( 𝐸1
𝐻 ,  𝐸1

𝐻) = −2𝐺𝐻( 𝜉𝐻 ,  𝜉𝐻). 

Thus, 

∇𝐸1
𝐻  𝐸1

𝐻 = − 𝜉𝐻 . 

(3.17) further yields 

∇𝐸2
𝐻  𝐸2

𝐻 = − 𝜉𝐻,   ∇ 𝜉𝐻  𝐸1
𝐻 = 0,   ∇ 𝜉𝐻  𝐸2

𝐻 = 0, ∇𝐸2
𝐻  𝐸1

𝐻 = 0. 

If we use the equations we found   

(∇𝑋
𝐻𝜉𝐻) = 𝑥1∇𝐸1

𝐻𝜉𝐻 + 𝑥2∇ 𝐸2
𝐻𝜉𝐻 = (−𝑥1) 𝐸1

𝐻 − (𝑥2 )𝐸2
𝐻 , 

∀ 𝑋𝐻 ∈ (𝑇( ℝ3)0)𝐻. 

The above equations tell us the almost contact pseudo-metric Finsler manifold 

((ℝ3)0)ℎ , 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) satisfy (3.3) for  𝛼 = 0 , 𝛽 = −2 ,  휀 =  −1. 

With the help of the above results it can be verified that 

𝑅𝐻( 𝐸1
𝐻 ,  𝐸2

𝐻) 𝐸2
𝐻 =  𝐸1

𝐻 , 𝑅𝐻( 𝜉𝐻 ,  𝐸2
𝐻) 𝐸2

𝐻 = 𝜉𝐻 , 𝑅𝐻( 𝐸1
𝐻 ,  𝜉𝐻) 𝜉𝐻 = − 𝐸1

𝐻 

𝑅𝐻( 𝐸2
𝐻 ,  𝜉𝐻) 𝜉𝐻 = − 𝐸2

𝐻 , 𝑅𝐻( 𝐸2
𝐻 ,  𝐸1

𝐻) 𝐸1
𝐻 =  𝐸2

𝐻 , 𝑅𝐻( 𝜉𝐻,  𝐸1
𝐻) 𝐸1

𝐻 =  𝜉𝐻 

𝑆𝐻(𝜉𝐻,  𝜉𝐻) = 𝐺𝐻(𝑅𝐻( 𝐸1
𝐻,  𝜉𝐻) 𝜉𝐻 ,  𝐸1

𝐻) + 𝐺𝐻(𝑅𝐻( 𝐸2
𝐻,  𝜉𝐻) 𝜉𝐻,  𝐸2

𝐻)=𝐺𝐻(−𝐸1
𝐻 ,  𝐸1

𝐻)+𝐺𝐻(−𝐸2
𝐻,  𝐸2

𝐻) 

𝑆𝐻(𝜉𝐻,  𝜉𝐻) = 𝑛
 (𝛼2−𝛽2)

2
 = - 2 

Example 3.2. Consider the structure of  𝐹3 = (ℝ3, (ℝ3)0, 𝐹∗) indefinite Finsler manifold. (ℝ3)0= ℝ6 ∖

{0} is a real 6-dimensional  C∞  manifold and 𝑇ℝ3 is the tangent bundle of  ℝ3. A coordinate system in 

ℝ3 can be stated with {(𝑈, 𝜑): 𝑥1, 𝑥2, 𝑥3}, where 𝑈 is an open subset of  ℝ3 ; for any 𝑥 ∈ 𝑈, 𝜑: 𝑈 → ℝ3 is 

a diffeomorphism of 𝑈 onto 𝜑(𝑈), and    𝜑(𝑥) = (𝑥1, 𝑥2, 𝑥3). On ℝ3, denote by 𝜋 the canonical projection 

of 𝑇ℝ3 and by 𝑇𝑥𝑀 the fibre, at 𝑥 ∈ ℝ3, i.e., 𝑇𝑥ℝ3 = 𝜋−1(𝑥). Through the coordinate system {(𝑈, 𝜑): 𝑥𝑖} 

in ℝ3 , we can describe a new coordinate system {(𝑈∗, Φ); 𝑥1, 𝑥2, 𝑥3; 𝑦1, 𝑦2, 𝑦3} or shortly 

{(𝑈∗, Φ): 𝑥𝑖, 𝑦𝑖 } in 𝑇ℝ3, where 𝑈∗ = 𝜋−1(𝑈) and Φ: 𝑈∗ → ℝ6 is a diffeomorphism of 𝑈∗ on 𝜑(𝑈) × ℝ3, 

and Φ(𝑦𝑥) = (𝑥1, 𝑥2, 𝑥3; 𝑦1, 𝑦2, 𝑦3) for any 𝑥 ∈ 𝑈 and 𝑦𝑥 ∈ 𝑇𝑥ℝ3. Let (ℝ3)0 be a non-empty open 

submanifold of  𝑇ℝ3  such that 𝜋((ℝ3)0) = ℝ3  and 𝜃( ℝ3 ) ∩ (ℝ3)0 = ∅, where 𝜃 is the zero section of 

𝑇ℝ3 . Assume that (ℝ3)𝑥
0 = 𝑇𝑥ℝ3 ∩ (ℝ3)0 is a positive conic set, for any 𝑘 > 0 and 𝑦 ∈ (ℝ3)𝑥

0 .                                                

we have  𝑘𝑦 ∈  (ℝ3)𝑥
0  .  Obviously, the largest (ℝ3)0 holding the above circumstances is 𝑇ℝ3 ∖ 𝜃(𝑀), 

ordinarily given with the description of a Finsler manifold. The set of the local vector fields {
𝛿

𝛿𝑥1 ,
𝛿

𝛿𝑥2 ,
𝛿

𝛿𝑥3} 

is a basis in  (𝑇( ℝ3)0)𝐻 and  {
𝜕

𝜕𝑦1  ,
𝜕

𝜕𝑦2  ,
𝜕

𝜕𝑦3} is a basis in (𝑇( ℝ3)0)𝑉. We get 
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 𝑋𝑉 = 𝑋1
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦1 + 𝑋2
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦2 + 𝑋3
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦3 , 𝑋𝐻 = 𝑋1
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥1 + 𝑋2
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥2 + 𝑋3
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥3, for 

any  𝑋𝑉 ⋲ (𝑇( ℝ3)0)𝑉and 𝑋𝐻 ⋲ (𝑇( ℝ3)0)𝐻. Thus, for any X⋲  𝑇( ℝ3)0,  𝑋 = 𝑋𝑖
𝐻(𝑥, 𝑦)

𝛿

𝛿𝑥𝑖 + 𝑋𝑖
𝑉(𝑥, 𝑦)

𝜕

𝜕𝑦𝑖 

( i=1, 2, 3). Consider a  𝜂, 1-form, 𝜂 = 𝜂𝐻 + 𝜂𝑉 = 𝜂𝑖
𝐻(𝑥, 𝑦)𝑑𝑥𝑖 + 𝜂𝑖

𝑉(𝑥, 𝑦)𝛿𝑦𝑖 ( i=1, 2, 3), 

 𝜂𝐻 ⋲ (𝑇∗(ℝ3)0)𝐻 and 𝜂𝑉 ⋲ (𝑇∗(ℝ3)0)𝑉. 

𝐺 is a symmetric tensor field of type (0,2), non-degenerate and pseudo-Riemannian metric on ( ℝ3)0. 

Then, 𝐺 is called Sasaki Finsler metric on ( ℝ3)0 . Then, 𝐺 can be defined as below: 

𝐺 = 𝐺𝐻 + 𝐺𝑉 = 𝑔𝑖𝑗
𝐹∗

𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 + 𝑔𝑖𝑗
𝐹∗

 𝛿𝑦𝑖  ⊗ 𝛿𝑦𝑖  ( i=1, 2, 3). 

The vector fields 

𝐸1
𝐻 =

𝑥1

𝑥3

𝛿

𝛿𝑥1   ,  𝐸2
𝐻 =

𝑥2

𝑥3

𝛿

𝛿𝑥2   ,  𝐸3
𝐻 =

𝛿

𝛿𝑥3 = 𝜉𝐻 

are linear independent at every point of  ((ℝ3)0)ℎ. Let 𝐺𝐻 be the Sasaki Finsler pseudo-metric of index 

2 given by 

𝐺𝐻(𝐸1
𝐻 , 𝜉𝐻)  = 𝐺𝐻(𝐸1

𝐻 , 𝐸2
𝐻) = 𝐺𝐻(𝐸2

𝐻, 𝜉𝐻) = 0 

𝐺𝐻(𝐸1
𝐻 , 𝐸1

𝐻) = 𝐺𝐻(𝐸2
𝐻 , 𝐸2

𝐻) =  −1, 𝐺𝐻(𝜉𝐻 , 𝜉𝐻) = 휀 = 1. 

Let 𝜂𝐻 be the 1-form derscribed by 

𝜂𝐻(𝑍𝐻) = 𝐺𝐻(𝑍𝐻 , 𝜉𝐻) = 𝐺𝐻(𝑧1𝐸1
𝐻 + 𝑧2𝐸2

𝐻 + 𝑧3 𝜉𝐻 , 𝜉𝐻) = 𝑧3 ,  ∀ 𝑍𝐻 ∈ (𝑇( ℝ3)0)𝐻. 

Consider 𝜙𝐻 the (1, 1) tensör field stated by 

𝜙𝐻(𝐸1
𝐻) =   𝐸2

𝐻  , 𝜙𝐻( 𝐸2
𝐻) = −𝐸1

𝐻 , 𝜙𝐻(𝜉𝐻) = 0. 

Then using the linearity of 𝜙𝐻, we have 

𝑍𝐻 = 𝑧1𝐸1
𝐻 +  𝑧2𝐸2

𝐻 + 𝑧3 𝜉𝐻 , 𝑊𝐻 = 𝑤1𝐸1
𝐻 +  𝑤2𝐸2

𝐻 + 𝑤3 𝜉𝐻 

𝜙𝐻(𝑍𝐻) = 𝜙𝐻(𝑧1𝐸1
𝐻 +  𝑧2𝐸2

𝐻 + 𝑧3 𝜉𝐻 ) = 𝑧1𝜙𝐻(𝐸1
𝐻) + 𝑧2𝜙𝐻( 𝐸2

𝐻) + 𝑧3 𝜙
𝐻(𝜉𝐻) 

𝜙𝐻(𝑍𝐻) = 𝑧1𝐸2
𝐻 −  𝑧2𝐸1

𝐻 

𝜙𝐻(𝑊𝐻) = 𝑤1𝜙𝐻(𝐸1
𝐻) + 𝑤2𝜙𝐻( 𝐸2

𝐻) + 𝑤3 𝜙
𝐻(𝜉𝐻) = 𝑤1𝐸2

𝐻 −  𝑤2𝐸1
𝐻 

(𝜙𝐻)2(𝑍𝐻) = −𝑧2𝐸2
𝐻 −  𝑧1𝐸1

𝐻 = -Z + 𝜂𝐻(𝑍𝐻)𝜉𝐻 

Thus we get 

𝐺𝐻(𝜙𝐻(𝑍𝐻), 𝜙𝐻(𝑊𝐻)) =  𝐺𝐻(𝑍𝐻 ,  𝑊𝐻) − 𝜂𝐻(𝑍𝐻) 𝜂𝐻(𝑊𝐻) 

∀ 𝑍𝐻 ∈ (𝑇( ℝ3)0)𝐻 and ∀ 𝑊𝐻 ∈ (𝑇( ℝ3)0)𝐻. Thus the structure (((ℝ3)0)ℎ , 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) define the 

almost contact pseudo-metric Finsler structure on ((ℝ3)0)ℎ. 

Let ∇ be the Levi-Civita connection with respect to pseudo-metric 𝐺𝐻. Then we have 

[𝐸1
𝐻 , 𝐸2

𝐻] = 0  , [ 𝐸1
𝐻 , 𝜉𝐻] =

1

𝑥3
𝐸1

𝐻 , [𝐸2
𝐻 ,  𝜉𝐻] =

1

𝑥3
 𝐸2

𝐻 . 

The connection ∇ of the pseudo-metric 𝐺𝐻 is given by 

2𝐺𝐻(∇𝑋𝐻𝑌𝐻 , 𝑍𝐻) = 𝑋𝐻𝐺𝐻(𝑌𝐻 , 𝑍𝐻) + 𝑌𝐻𝐺𝐻(𝑋𝐻 , 𝑍𝐻) − 𝑍𝐻𝐺𝐻(𝑋𝐻 , 𝑌𝐻) − 𝐺𝐻(𝑋𝐻 , [𝑌𝐻 , 𝑍𝐻]) 

−𝑔(𝑌𝐻 , [𝑋𝐻 , 𝑍𝐻])  + 𝐺𝐻(𝑍𝐻 , [𝑋𝐻 , 𝑌𝐻]) 

Which is known as Koszul’s formula. Using this formula, we have 
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2𝐺𝐻 (∇𝐸1
𝐻𝜉𝐻,  𝐸1

𝐻) = −𝐺𝐻(𝐸1
𝐻 , [𝜉𝐻 ,  𝐸1

𝐻 ] ) −𝐺𝐻(𝜉𝐻 , [ 𝐸1
𝐻 ,  𝐸1

𝐻]) + 𝐺𝐻(𝐸1
𝐻 , [ 𝐸1

𝐻 , 𝜉𝐻]) 

= 2𝐺𝐻( 
1

𝑥3
𝐸1

𝐻,  𝐸1
𝐻). 

Thus, 

∇𝐸1
𝐻𝜉𝐻 =

1

𝑥3
𝐸1

𝐻 ,  ∇𝜉𝐻𝐸1
𝐻 = 0. 

Again by using Koszul’s formula we obtain 

2𝐺𝐻 (∇𝐸2
𝐻𝜉𝐻,  𝐸2

𝐻) = −𝐺𝐻(𝐸2
𝐻 , [𝜉𝐻 ,  𝐸2

𝐻 ] ) −𝐺𝐻(𝜉𝐻 , [ 𝐸2
𝐻 ,  𝐸2

𝐻]) + 𝐺𝐻(𝐸2
𝐻 , [ 𝐸2

𝐻 , 𝜉𝐻]) 

= 2𝐺𝐻( 
1

𝑥3
 𝐸2

𝐻,  𝐸2
𝐻). 

Thus, 

∇ 𝐸2
𝐻𝜉𝐻 =  

1

𝑥3
 𝐸2

𝐻    ,    ∇𝜉𝐻𝐸2
𝐻 = 0. 

Also by using Koszul’s formula we obtain 

2𝐺𝐻 (∇𝐸1
𝐻  𝐸2

𝐻 ,  𝜉𝐻) = 𝐺𝐻(𝐸1
𝐻, [𝜉𝐻 ,  𝐸2

𝐻 ] ) +(𝜉𝐻 , [ 𝐸1
𝐻 ,  𝐸2

𝐻]) − 𝐺𝐻(𝐸2
𝐻 , [ 𝐸1

𝐻 , 𝜉𝐻])= 0. 

Thus, 

∇𝐸1
𝐻  𝐸2

𝐻 = 0 ,      ∇ 𝐸2
𝐻  𝐸1

𝐻 = 0 

Similarly we get 

2𝐺𝐻 (∇𝐸1
𝐻  𝐸1

𝐻 ,  𝜉𝐻) = − 𝐺𝐻(𝐸1
𝐻 , [𝐸1

𝐻 , 𝜉𝐻 ] ) +(𝜉𝐻 , [ 𝐸1
𝐻 ,  𝐸1

𝐻]) − 𝐺𝐻(𝐸1
𝐻 , [ 𝐸1

𝐻 , 𝜉𝐻]) 

= −2𝐺𝐻 ( 
1

𝑥3
𝐸1

𝐻 ,  𝐸1
𝐻) = =

2

𝑥3
= 2𝐺𝐻 ( 

1

𝑥3
𝜉𝐻 ,  𝜉𝐻). 

Thus, 

∇𝐸1
𝐻  𝐸1

𝐻 =
1

𝑥3
 𝜉𝐻 . 

If we use the equations we found   

(∇𝑋
𝐻𝜉𝐻) = 𝑥1∇𝐸1

𝐻𝜉𝐻 + 𝑥2∇ 𝐸2
𝐻𝜉𝐻 = 𝑥1  

1

𝑥3
 𝐸1

𝐻 + 𝑥2  
1

𝑥3
𝐸2

𝐻 , 

∀ 𝑋𝐻 ∈ (𝑇( ℝ3)0)𝐻. 

The above equations tell us the almost contact pseudo-metric Finsler manifold 

((ℝ3)0)ℎ , 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) satisfy (3.3) for 𝛼 = 0  ,   𝛽 =
2

𝑥3
 ,  휀 =  1. 

3.1. 𝜶 −Sasakian Indefinite Finsler Manifolds 

𝐹2𝑛+1 = (𝑀, 𝑀0, 𝐹∗) be an indefinite Finsler manifold. The almost contact pseudo-metric Finsler structures 

(𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and (𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉)  on  (𝑀0)ℎ and (𝑀0)𝑣 are the 𝛼 −Sasakian pseudo-metric Finsler 

structures if and only if 

(∇𝑋
𝐻𝜙𝐻)𝑌𝐻 =

𝛼

2
{𝐺𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 − 휀𝜂𝐻(𝑌𝐻)𝑋𝐻}                                                                                                  (3.18) 

(∇𝑋
𝑉𝜙𝑉)𝑌𝑉 =

𝛼

2
{𝐺𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 − 휀𝜂𝑉(𝑌𝑉)𝑋𝑉}                                                                                                    (3.19)                                                                                            
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and  

(∇𝑋
𝐻𝜉𝐻) = −휀

𝛼

2
 𝜙𝑋𝐻 , (∇𝑋

𝑉𝜉𝑉) = −휀
𝛼

2
 𝜙𝑋𝑉 . 

Moreover, from (3.18) and (3.19) we obtain 

(∇𝑋
𝐻𝜂𝐻)(𝑌𝐻) =

𝛼

2
Ω𝐻(𝑋𝐻 , 𝑌𝐻) =

𝛼

2
𝐺𝐻(𝑋𝐻 , 𝜙𝑌𝐻) 

(∇𝑋
𝑉𝜂𝑉)(𝑌𝑉) =

𝛼

2
𝛺𝑉(𝑋𝑉 , 𝑌𝑉) =

𝛼

2
𝐺𝑉(𝑋𝑉, 𝜙𝑌𝑉) 

Thus, these structures are the 𝛼 −Sasakian pseudo-metric structures in the 𝛼 −Sasakian indefinite Finsler 

manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and ((𝑀0)𝑣 , 𝜙𝑉, 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉). Also, the following relations hold. 

𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 =
𝛼2

4
{𝜂𝐻(𝑌𝐻)𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝑌𝐻} 

𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 =
𝛼2

4
{𝜂𝑉(𝑌𝑉)𝑋𝑉 − 𝜂𝑉(𝑋𝑉)𝑌𝑉} 

𝜂𝐻(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻) = 휀
𝛼2

4
{𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝜂𝐻(𝑋𝐻) − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝜂𝐻(𝑌𝐻)} 

𝜂𝑉(𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉) =  휀
𝛼2

4
{𝐺𝑉(𝑌𝑉 , 𝑍𝑉)𝜂𝑉(𝑋𝑉) − 𝐺𝑉(𝑋𝑉 , 𝑍𝑉)𝜂𝑉(𝑌𝑉)} 

(∇𝑍
𝐻𝑅𝐻)(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 = 휀

𝛼2

8
{𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝑋𝐻 − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑌𝐻} −

1

2
 𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻 

(∇𝑍
𝑉𝑅𝑉)(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 =  휀

𝛼2

8
{𝐺𝑉(𝑌𝑉, 𝑍𝑉)𝑋𝑉 − 𝐺𝑉(𝑋𝑉 , 𝑍𝑉)𝑌𝑉} −

1

2
 𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉 

𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻 = 휀
𝛼2

4
{𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝑋𝐻 − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑌𝐻} 

𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉 =  휀
𝛼2

4
{𝐺𝑉(𝑌𝑉, 𝑍𝑉)𝑋𝑉 − 𝐺𝑉(𝑋𝑉 , 𝑍𝑉)𝑌𝑉} 

𝑅𝐻(𝑋𝐻 , 𝜉𝐻)𝑌𝐻 =
𝛼2

4
{𝜂𝐻(𝑌𝐻)𝑋𝐻 − 휀𝐺𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻} 

𝑅𝑉(𝑋𝑉 , 𝜉𝑉)𝑌𝑉 =  
𝛼2

4
{𝜂𝑉(𝑌𝑉)𝑋𝑉 − 휀𝐺𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉} 

𝑅𝐻(𝜉𝐻 , 𝑋𝐻)𝑌𝐻 =
𝛼2

4
{휀𝐺𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 − 𝜂𝐻(𝑌𝐻)𝑋𝐻} 

𝑅𝑉(𝜉𝑉, 𝑋𝑉)𝑌𝑉 =
𝛼2

4
{휀𝐺𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 − 𝜂𝑉(𝑌𝑉)𝑋𝑉} 

𝑆𝐻(𝜉𝐻 , 𝜉𝐻) = {
𝛼2 (

2𝑛 − 𝑞

4
) , 𝜉𝐻 𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛼2 (
2𝑛 − 𝑞 + 1

4
) , 𝜉𝐻 𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟
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𝑆𝑉(𝜉𝑉, 𝜉𝑉) = {
𝛼2 (

2𝑛 − 𝑞

4
) , 𝜉𝑉  𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛼2 (
2𝑛 − 𝑞 + 1

4
) , 𝜉𝑉  𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

 

𝑆𝐻(𝑋𝐻 , 𝜉𝐻) = {
𝛼2 (

2𝑛 − 𝑞

4
) 𝜂𝐻(𝑋𝐻), 𝜉𝐻 𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛼2 (
2𝑛 − 𝑞 + 1

4
) 𝜂𝐻(𝑋𝐻), 𝜉𝐻 𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

 

𝑆𝑉(𝑋𝑉 , 𝜉𝑉) = {
𝛼2 (

2𝑛 − 𝑞

4
) 𝜂𝑉(𝑋𝑉), 𝜉𝑉 𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛼2 (
2𝑛 − 𝑞 + 1

4
) 𝜂𝑉(𝑋𝑉), 𝜉𝑉  𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

 

If 𝜉𝐻 and 𝜉𝑉 are the space-like vectors, then we get  

𝑆𝐻(𝜙𝑋𝐻 , 𝜙𝑌𝐻) = 𝑆𝐻(𝑋𝐻 , 𝑌𝐻) + 𝛼2 (
𝑞 − 2𝑛

4
) 𝜂𝐻(𝑋𝐻)𝜂𝐻(𝑌𝐻) 

𝑆𝑉(𝜙𝑋𝑉, 𝜙𝑌𝑉) = 𝑆𝑉(𝑋𝑉 , 𝑌𝑉) + 𝛼2 (
𝑞 − 2𝑛

4
) 𝜂𝑉(𝑋𝑉)𝜂𝑉(𝑌𝑉). 

If 𝜉𝐻 and 𝜉𝑉 are the time-like vectors, then we get 

𝑆𝐻(𝜙𝑋𝐻 , 𝜙𝑌𝐻) = 𝑆𝐻(𝑋𝐻 , 𝑌𝐻) + 𝛼2 (
𝑞 − 2𝑛 − 1

4
) 𝜂𝐻(𝑋𝐻)𝜂𝐻(𝑌𝐻) 

𝑆𝑉(𝜙𝑋𝑉, 𝜙𝑌𝑉) = 𝑆𝑉(𝑋𝑉 , 𝑌𝑉) + 𝛼2 (
𝑞 − 2𝑛 − 1

4
) 𝜂𝑉(𝑋𝑉)𝜂𝑉(𝑌𝑉). 

3.2.  𝜷 −Kenmotsu Indefinite Finsler Manifolds 

Let 𝐹2𝑛+1 = (𝑀, 𝑀0, 𝐹∗) be an indefinite Finsler manifold with the warped product space 𝑀2𝑛+1 =

ℝ ×𝑓 𝑁2𝑛. We suppose that (𝑁0)2𝑛 = 𝑇𝑁2𝑛 ∖ 𝜃 is a Kahlerian manifold and 𝑓(𝑡) = 𝑐𝑒𝛽
𝑡

2. For the almost 

Kenmotsu pseudo-metric Finsler structures (𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and (𝜙𝑉, 𝜉𝑉, 𝜂𝑉 , 𝐺𝑉)  on  (𝑀0)ℎ and (𝑀0)𝑣 

resp., 1-forms 𝜂𝐻 and 𝜂𝑉 and 2-forms Ω𝐻 and Ω𝑉  satisfy the below conditions. 

𝑑𝜂𝐻 = 𝑑𝜂𝑉 = 0, 𝑑𝜂𝐻 = 𝛽𝜂𝐻 ∧ 𝛺𝐻 , 𝑑𝜂𝑉 = 𝛽𝜂𝑉 ∧ Ω𝑉 

where 𝛽 being a non-zero real constant. 

The almost contact pseudo-metric Finsler structures (𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and (𝜙𝑉, 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉)  on  (𝑀0)ℎ 

and (𝑀0)𝑣 resp., are the 𝛽-Kenmotsu pseudo-metric Finsler structures if and only if 

(∇𝑋
𝐻𝜙)𝑌𝐻 =

𝛽

2
{휀𝐺𝐻(𝜙𝑋𝐻 , 𝑌𝐻)𝜉𝐻 − 𝜂𝐻(𝑌𝐻)𝜙𝑋𝐻}                                                                                   (3.20) 

(∇𝑋
𝑉𝜙)𝑌𝑉 =

𝛽

2
{휀𝐺𝑉(𝜙𝑋𝑉 , 𝑌𝑉)𝜉𝑉 − 𝜂𝑉(𝑌𝑉)𝜙𝑋𝑉}                                                                                     (3.21) 

and  

(∇𝑋
𝐻𝜉𝐻) =

𝛽

2
(𝑋𝐻 − 𝜂𝐻(𝑋𝐻)𝜉𝐻) = −

𝛽

2
𝜙2𝑋𝐻 

(∇𝑋
𝑉𝜉𝑉) =

𝛽

2
(𝑋𝑉 − 𝜂𝑉(𝑋𝑉)𝜉𝑉) = −

𝛽

2
𝜙2𝑋𝑉 . 

Moreover from (3.20) and (3.21) we obtain 
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(∇𝑋
𝐻𝜂𝐻)(𝑌𝐻) =

𝛽

2
𝐺𝐻(𝜙𝑋𝐻 , 𝜙𝑌𝐻) =

𝛽

2
𝛺𝐻(𝜙𝑋𝐻 , 𝑌𝐻) 

(∇𝑋
𝑉𝜂𝑉)(𝑌𝑉) =

𝛽

2
𝐺𝑉(𝜙𝑋𝑉 , 𝜙𝑌𝑉) =

𝛽

2
𝛺𝑉(𝜙𝑋𝑉 , 𝑌𝑉). 

Thus, these structures are the 𝛽 −Kenmotsu pseudo-metric Finsler structures. 

In the 𝛽 −Kenmotsu indefinite Finsler manifolds ((𝑀0)ℎ , 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻)  and((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉), 

the following relations hold. 

𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 =
𝛽2

4
{𝜂𝐻(𝑋𝐻)𝑌𝐻 − 𝜂𝐻(𝑌𝐻)𝑋𝐻} 

𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 =
𝛽2

4
{𝜂𝑉(𝑋𝑉)𝑌𝑉 − 𝜂𝑉(𝑌𝑉)𝑋𝑉} 

𝜂𝐻(𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻) =  휀
𝛽2

4
{𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝜂𝐻(𝑌𝐻) − 𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝜂𝐻(𝑋𝐻)} 

𝜂𝑉(𝑅(𝑋𝑉 , 𝑌𝑉)𝑍𝑉) =  휀
𝛽2

4
{𝐺𝑉(𝑌𝑉 , 𝑍𝑉)𝜂𝑉(𝑌𝑉) − 𝐺𝑉(𝑌𝑉, 𝑍𝑉)𝜂𝑉(𝑋𝑉)} 

(∇𝑍
𝐻𝑅𝐻)(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 =  휀

𝛽2

8
{𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑌𝐻 − 𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝑋𝐻} −

1

2
 𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻 

(∇𝑍
𝑉𝑅𝑉)(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 =  휀

𝛽2

8
{𝐺𝑉(𝑋𝑉 , 𝑍𝑉)𝑌𝑉 − 𝐺𝑉(𝑌𝑉 , 𝑍𝑉)𝑋𝑉} −

1

2
 𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉 

𝑅𝐻(𝑋𝐻 , 𝑌𝐻)𝑍𝐻 = − 휀
𝛽2

4
{𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝑋𝐻 − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑌𝐻} 

𝑅𝑉(𝑋𝑉 , 𝑌𝑉)𝑍𝑉 = − 휀
𝛽2

4
{𝐺𝑉(𝑌𝑉 , 𝑍𝑉)𝑋𝑉 − 𝐺𝑉(𝑋𝑉, 𝑍𝑉)𝑌𝑉} 

𝑅𝐻(𝜉𝐻 , 𝑋𝐻)𝑌𝐻 =  휀
𝛽2

4
{−𝐺𝐻(𝑋𝐻 , 𝑌𝐻)𝜉𝐻 + 휀𝜂𝐻(𝑌𝐻)𝑋𝐻} 

𝑅𝑉(𝜉𝑉 , 𝑋𝑉)𝑌𝑉 = 휀
𝛽2

4
{−𝐺𝑉(𝑋𝑉 , 𝑌𝑉)𝜉𝑉 + 휀𝜂𝑉(𝑌𝑉)𝑋𝑉} 

𝑆𝐻(𝜉𝐻 , 𝜉𝐻) = {
𝛽2 (

𝑞 − 2𝑛

4
) , 𝜉𝐻 𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛽2 (
𝑞 − 2𝑛 − 1

4
) , 𝜉𝐻 𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

 

𝑆𝑉(𝜉𝑉 , 𝜉𝑉) = {
𝛽2 (

𝑞 − 2𝑛

4
) , 𝜉𝑉  𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛽2 (
𝑞 − 2𝑛 − 1

4
) , 𝜉𝑉  𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

 

𝑆𝐻(𝑋𝐻 , 𝜉𝐻) = {
𝛽2 (

𝑞 − 2𝑛

4
) 𝜂𝐻(𝑋𝐻), 𝜉𝐻 𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛽2 (
𝑞 − 2𝑛 − 1

4
) 𝜂𝐻(𝑋𝐻), 𝜉𝐻 𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟
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𝑆𝑉(𝑋𝑉 , 𝜉𝑉) = {
𝛽2 (

𝑞 − 2𝑛

4
) 𝜂𝑉(𝑋𝑉), 𝜉𝑉  𝑖𝑠 𝑎 𝑠𝑝𝑎𝑐𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 

𝛽2 (
𝑞 − 2𝑛 − 1

4
) 𝜂𝑉(𝑋𝑉), 𝜉𝑉  𝑖𝑠 𝑎 𝑡𝑖𝑚𝑒 − 𝑙𝑖𝑘𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

 

𝑆𝐻(𝜙𝑋𝐻 , 𝜙𝑌𝐻) = 𝑆𝐻(𝑋𝐻 , 𝑌𝐻) + 𝛽2 (
2𝑛 − 𝑞

4
) 𝜂𝐻(𝑋𝐻)𝜂𝐻(𝑌𝐻) 

𝑆𝑉(𝜙𝑋𝑉 , 𝜙𝑌𝑉) = 𝑆𝑉(𝑋𝑉 , 𝑌𝑉) + 𝛽2 (
2𝑛 − 𝑞

4
) 𝜂𝑉(𝑋𝑉)𝜂𝑉(𝑌𝑉). 

4. Conformally Flat Trans-Sasakian Indefinite Finsler Manifolds 

We consider conformally flat trans-Sasakian indefinite Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and 

((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉). The conformal curvature tensor field C is given by 

𝐶𝐻(𝑋𝐻 ,  𝑌𝐻)𝑍𝐻 = 𝑅𝐻(𝑋𝐻 ,  𝑌𝐻)𝑍𝐻 − 
1

(2𝑛−1)
[𝑆𝐻(𝑌𝐻 ,  𝑍𝐻)𝑋𝐻 −  𝑆𝐻(𝑋𝐻 ,  𝑍𝐻)𝑌𝐻 + 𝐺𝐻(𝑌𝐻, 𝑍𝐻)𝑄𝑋𝐻 −

𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑄𝑌𝐻] +
𝑟

2𝑛(2𝑛−1)
[𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝑋𝐻 − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑌𝐻]   (4.1) 

and 

𝐶𝑉(𝑋𝑉 ,  𝑌𝑉)𝑍𝑉 = 𝑅𝑉(𝑋𝑉 ,  𝑌𝑉)𝑍𝑉 − 
1

(2𝑛−1)
[𝑆𝑉(𝑌𝑉 ,  𝑍𝑉)𝑋𝑉 −  𝑆𝑉(𝑋𝑉 ,  𝑍𝑉)𝑌𝑉 + 𝐺𝑉(𝑌𝑉,  𝑍𝑉)𝑄𝑋𝑉 −

𝐺𝑉(𝑋𝑉, 𝑍𝑉)𝑄𝑌𝑉] +
𝑟

2𝑛(2𝑛−1)
[𝐺𝑉(𝑌𝑉, 𝑍𝑉)𝑋𝑉 − 𝐺𝑉(𝑋𝑉 ,  𝑍𝑉)𝑌𝑉]   (4.2), 

where  𝑅𝐻 , 𝑆𝐻 , 𝑄𝐻 and 𝑟  are the curvature tensor, the Ricci tensor, the Ricci operatör and the scalar 

curvature tensor  of the (𝑀0)ℎ, respectively. (𝑅𝑉, 𝑆𝑉 , 𝑄𝑉  and 𝑟  are the curvature tensor, the Ricci 

tensor, the Ricci operatör and the scalar curvature tensor  of the (𝑀0)𝑣). If the trans-Sasakian indefinite 

Finsler manifolds ((𝑀0)ℎ , 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and ((𝑀0)𝑣 , 𝜙𝑉, 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉) are conformally flat, i. e.   

𝐶𝐻 = 0 and 𝐶𝑉 = 0, then from (4.1) and (4.2), we have  

𝑅𝐻(𝑋𝐻 ,  𝑌𝐻)𝑍𝐻 = 
1

(2𝑛−1)
[𝑆𝐻(𝑌𝐻,  𝑍𝐻)𝑋𝐻 −  𝑆𝐻(𝑋𝐻 ,  𝑍𝐻)𝑌𝐻 + 𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝑄𝑋𝐻 − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑄𝑌𝐻] −

𝑟

2𝑛(2𝑛−1)
[𝐺𝐻(𝑌𝐻, 𝑍𝐻)𝑋𝐻 − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑌𝐻] 

𝑅𝑉(𝑋𝑉 ,  𝑌𝑉)𝑍𝑉 = 
1

(2𝑛−1)
[𝑆𝑉(𝑌𝑉,  𝑍𝑉)𝑋𝑉 −  𝑆𝑉(𝑋𝑉 ,  𝑍𝑉)𝑌𝑉 + 𝐺𝑉(𝑌𝑉,  𝑍𝑉)𝑄𝑋𝑉 − 𝐺𝑉(𝑋𝑉 , 𝑍𝑉)𝑄𝑌𝑉] −

𝑟

2𝑛(2𝑛−1)
[𝐺𝑉(𝑌𝑉, 𝑍𝑉)𝑋𝑉 − 𝐺𝑉(𝑋𝑉,  𝑍𝑉)𝑌𝑉] 

Now, taking scalar product on both side of above equations with  𝑊𝐻 and 𝑊𝑉, we have 

𝐺𝐻(𝑅𝐻(𝑋𝐻 ,  𝑌𝐻)𝑍𝐻 ,  𝑊𝐻)= 𝐺𝐻( 
1

(2𝑛−1)
[𝑆𝐻(𝑌𝐻 ,  𝑍𝐻)𝑋𝐻 − 𝑆𝐻(𝑋𝐻 ,  𝑍𝐻)𝑌𝐻 + 𝐺𝐻(𝑌𝐻 ,  𝑍𝐻)𝑄𝑋𝐻 −

𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝑄𝑌𝐻] +
𝑟

2𝑛(2𝑛−1)
[𝐺𝐻(𝑌𝐻 ,  𝑍𝐻)𝑋𝐻 − 𝐺𝐻(𝑋𝐻 ,  𝑍𝐻)𝑌𝐻] , 𝑊𝐻) 

and 

𝐺𝑉(𝑅𝑉(𝑋𝑉 ,  𝑌𝑉)𝑍𝑉 ,  𝑊𝑉)= 𝐺𝑉( 
1

(2𝑛−1)
[𝑆𝑉(𝑌𝑉,  𝑍𝑉)𝑋𝑉 −  𝑆𝑉(𝑋𝑉 ,  𝑍𝑉)𝑌𝑉 + 𝐺𝑉(𝑌𝑉 ,  𝑍𝑉)𝑄𝑋𝑉 −

𝐺𝑉(𝑋𝑉, 𝑍𝑉)𝑄𝑌𝑉] +
𝑟

2𝑛(2𝑛−1)
[𝐺𝑉(𝑌𝑉,  𝑍𝑉)𝑋𝑉 − 𝐺𝑉(𝑋𝑉,  𝑍𝑉)𝑌𝑉] , 𝑊𝑉) 

𝐺𝐻(𝑅𝐻(𝑋𝐻 ,  𝑌𝐻)𝑍𝐻 ,  𝑊𝐻) = 
1

(2𝑛−1)
[𝑆𝐻(𝑌𝐻 ,  𝑍𝐻)𝐺𝐻(𝑋𝐻 ,  𝑊𝐻) − 𝑆𝐻(𝑋𝐻 ,  𝑍𝐻)𝐺𝐻(𝑌𝐻 ,  𝑊𝐻) +

𝐺𝐻(𝑌𝐻 , 𝑍𝐻)𝐺𝐻(𝑄𝑋𝐻 ,  𝑊𝐻) − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝐺𝐻(𝑄𝑌𝐻 ,  𝑊𝐻)] 
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+
𝑟

2𝑛(2𝑛−1)
[𝐺𝐻(𝑌𝐻 ,  𝑍𝐻)𝐺𝐻(𝑋𝐻 ,  𝑊𝐻) − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)𝐺𝐻(𝑌𝐻 ,  𝑊𝐻)] , 

on putting   𝑊𝐻 = 𝜉𝐻 we get 

𝐺𝐻(𝑅𝐻(𝑋𝐻 ,  𝑌𝐻)𝑍𝐻 , 𝜉𝐻) = 
1

(2𝑛−1)
[𝑆𝐻(𝑌𝐻,  𝑍𝐻)휀 𝜂𝐻(𝑋𝐻) −  𝑆𝐻(𝑋𝐻 ,  𝑍𝐻) 휀 𝜂𝐻(𝑌𝐻) + 𝐺𝐻(𝑌𝐻 ,

𝑍𝐻) 𝑆𝐻(𝑋𝐻 , 𝜉𝐻) − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻) 𝑆𝐻(𝑌𝐻, 𝜉𝐻)] − 휀 
𝑟

2𝑛(2𝑛−1)
[𝐺𝐻(𝑌𝐻 ,  𝑍𝐻) 𝜂𝐻(𝑋𝐻)−𝐺𝐻(𝑋𝐻 , 𝑍𝐻) 𝜂𝐻(𝑌𝐻)] . 

Replacing 𝑌𝐻 by 𝜉𝐻 in equation (3.11) we have 

𝐺𝐻(𝑅𝐻(𝑋𝐻 , 𝜉𝐻)𝑍𝐻 , 𝜉𝐻) = 휀 𝜂𝐻(𝑅𝐻(𝑋𝐻 , 𝜉𝐻)𝑍𝐻)=  
(𝛼2−𝛽2)

4
{휀 𝜂𝐻(𝑋𝐻)𝜂𝐻(𝑍𝐻) − 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)} 

−휀
𝛼𝛽

2
{𝐺𝐻(𝜙𝑋𝐻 , 𝑍𝐻)}=

1

(2𝑛−1)
[휀 𝑆𝐻(𝜉𝐻 ,  𝑍𝐻) 𝜂𝐻(𝑋𝐻) −  휀 𝑆𝐻(𝑋𝐻 ,  𝑍𝐻)   + 휀 𝜂𝐻(𝑍𝐻)𝑆𝐻(𝑋𝐻 , 𝜉𝐻) −

𝐺𝐻(𝑋𝐻 , 𝑍𝐻) 𝑆𝐻(𝜉𝐻,  𝜉𝐻)] −
𝑟

2𝑛(2𝑛−1)
[ 𝜂𝐻(𝑍𝐻) 𝜂𝐻(𝑋𝐻) − 휀 𝐺𝐻(𝑋𝐻 , 𝑍𝐻)] . 

by using equations (3.14), (3.15) and (3.16) 

 𝑆𝐻(𝑋𝐻 ,  𝑍𝐻) = [ 
𝑟

2𝑛
+ 

(𝛼2 − 𝛽2)

4
((2𝑛 − 1) − 휀(2𝑛))] 𝐺𝐻(𝑋𝐻 , 𝑍𝐻) 

+[ 
−  𝑟

2𝑛
+

(𝛼2−𝛽2)

4
(4𝑛 − 휀 (2𝑛 − 1)] 𝜂𝐻(𝑍𝐻) 𝜂𝐻(𝑋𝐻) + 휀

𝛼𝛽

2
(2𝑛 − 1){𝐺𝐻(𝜙𝑋𝐻 , 𝑍𝐻)} 

and 

 𝑆𝑉(𝑋𝑉 ,  𝑍𝑉) = [ 
𝑟

2𝑛
+ 

(𝛼2 − 𝛽2)

4
((2𝑛 − 1) − 휀(2𝑛))] 𝐺𝑉(𝑋𝑉 , 𝑍𝑉) 

+[ 
−  𝑟

2𝑛
+

(𝛼2−𝛽2)

4
(4𝑛 − 휀 (2𝑛 − 1)] 𝜂𝑉(𝑍𝑉) 𝜂𝑉(𝑋𝑉) + 휀

𝛼𝛽

2
(2𝑛 − 1){𝐺𝑉(𝜙𝑋𝑉 , 𝑍𝑉)} 

Hence we have the following theorem 

Theorem 4.1. The conformally flat trans-Sasakian indefinite Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) 

and ((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉) are the 𝜂 − Einstein manifolds if and only if 𝛼. 𝛽 = 0, where 𝛼, 𝛽 are 

constant functions defined on (𝑀0)ℎ  and (𝑀0)𝑣. 

Corollary 4.1. The conformally flat 𝛼 -Sasakian indefinite Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and 

((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉) are the 𝜂 − Einstein manifolds. 

Corollary 4.2. The conformally flat 𝛽 -Kenmotsu indefinite Finsler manifolds ((𝑀0)ℎ, 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and 

((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉) are the 𝜂 − Einstein manifolds. 

5. Conclusion 

In this article, we study indefinite trans-Sasakian structures on indefinite Finsler manifolds by using 

pseudo-Finsler metric. Also,  𝛼 −Sasakian and   𝛽 −Kenmotsu indefinite Finsler manifolds are presented. 

The conformally flat trans-Sasakian indefinite Finsler manifolds ((𝑀0)ℎ , 𝜙𝐻 , 𝜉𝐻 , 𝜂𝐻 , 𝐺𝐻) and 

((𝑀0)𝑣 , 𝜙𝑉 , 𝜉𝑉 , 𝜂𝑉 , 𝐺𝑉) are the 𝜂 − Einstein manifolds if and only if 𝛼. 𝛽 = 0, where 𝛼, 𝛽 are constant 

functions defined on (𝑀0)ℎ and (𝑀0)𝑣. 
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