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Abstract: Let G be a group with identity andR be aG-graded commutative ring with= 0. In this paper,
we study the graded versions of 2-absorbing and weakly &rbivgy ideals which are generalizations of the
graded prime and graded weakly prime ideals, respectivedyaded proper idedlof Ris called a graded 2-
absorbing (resp. graded weakly 2-absorbing) ideal if whenabc € | (resp. 04 abc € 1) for homogeneous
elementsa,b,c € R, thenabe |l orace | orbce l. Itis clear that a graded ideal which is a 2-absorbing
ideal, is a graded 2-absorbing ideal, but we show that theersa is not true in general. It is proved that if
| = ©geclg is a graded weakly 2-absorbing idealRjfthen eithet is a 2-absorbing ideal d® or 13 =(0) for
allg e G. Itis also shown that if = ®jcglg is a graded weakly 2-absorbing idealRyfthen for eacty € G,
eitherlg is a 2-absorbingRe-submodule oRy or (Ig :r, Rg)?lg = 0.
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1. Introduction

Throughout, all rings are assumed to be commutative ringls avinon-zero identity. In recent
years, various generalizations of prime ideals have bestiest by several authors (see, for exam-
ple, [1, 2, 8]). Anderson and Smith in [2], defined a weaklynwiideal, i.e., a proper ideRlof R
with the property that foa,b € R, 0# ab € Pimpliesa € P orb € P. The concept of 2-absorbing
ideal which is a generalization of prime ideal, has beemihiced and investigated by A. Badawi
in [5] and studied in [3, 5, 7, 9]. Asin [5] (resp. [6]), a prapdeall of a commutative rindr is
called a 2-absorbing (resp. weakly 2-absorbing) ideal iEmédverabc € | (resp. 0+ abc € 1) for
a,b,ce R thenabel orace | orbcel. Also, graded prime ideals and graded weakly prime
ideals in a commutative graded ring have been studied indtd][4] respectively. In this paper,
we introduce the graded 2-absorbing and graded weakly @daibg ideals which are the graded
versions of 2-absorbing and weakly 2-absorbing ideals enotlie hand and generalizations of
graded prime and graded weakly prime ideals on the other.

Before we state our results let us recall some notation ameirielogy. LetG be a group with
identity e. A G-graded ring is a ringR together with a decompositidR= ©gccRy (as aZ-module)
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such thaRyR, € Ryh for all g,h € G. We denote this ring b (R). The summandRy are called
homogeneous components and the elements of these summad#ed homogeneous elements
of degreeg. The set of all homogeneous elementsRdé denoted byh(R) = UgecRg- If 2€ R,
thena can be written uniquely as= ¥ jcgag anday is called theg-th homogeneous component
of a. Moreover, ifR = ®©gccRy is a graded ring, theRe is a subring oR andRy is anRe-module
forallg e G.

An ideall of a graded rindR = @g¢ccRy is said to be a graded (or homogeneous) ideal, whenever
| = ®gea (I NRy). Equivalently,l is a graded ideal dRif for every element € | all homogeneous
components oé are inl. A graded ideaP of G(R) is said to be a graded (resp., graded weakly)
prime ideal ifP ## Rand wheneveab € P (resp., 0# ab € P) for a,b € h(R), thenac Porb € P.

For other notaions and terminology about graded rings, ¥ez te [12].

Definition 1. A graded ideal of G(R) is said to be a graded (resp. graded weakly) 2-absorbing
ideal if| # Rand wheneveabc € | (resp. 0# abc € I) for a,b,c € h(R), thenabe | orace | or
bcel.

It is well-known that a proper graded ideRlof G(R) is a prime ideal if and only if it is a graded
prime ideal ofR (see [13, Proposition 1]). However, we show that a gradetisbbing ideal

of a graded ringR need not be a 2-absorbing ideal Rf(Example 2.1). Clearly, every graded
2-absorbing ideal of a graded rifgjis a graded weakly 2-absorbing ideal, but the converse is
not true in general (Remark 2.1). Itis shown that # ©ycclg is a graded weakly 2-absorbing
ideal of R, then eitherl is a 2-absorbing ideal d® or Ig = (0) for all g € G (Theorem 1). LeM

be anR-module. A proper submoduld of M is called 2-absorbing if wheneverse R, me M
andrsme N, thenrme Norsme Norrse (N: M) ={r e R|rM C N} [11]. Itis shown
that if | = ®geclg is a graded weakly 2-absorbing idealRfthen for eachy € G, eitherly is a
2-absorbing submodule of tiRa-moduleRy or (Ig :r, Rg)?lg = 0 (Theorem 7).

2. Graded 2-Absorbing and Graded Weakly 2-Absorbing Ideals

Recall that a proper ide® of a graded rindr is a graded (resp., graded weakly) prime ideaRof
if wheneverab € P (resp., 0# ab € P) for a,b € h(R), thena € P or b € P. By [13, Proposition
1], if P is a proper graded ideal of a graded riRgthenP is a prime ideal oR if and only if it
is a graded prime ideal &®. In the following example, we see that this not true whenrfy&’ is
replaced by “2-absorbing”.

Example 2.1. Let R= Z[x,y] andl = (6,2x, 2y,xy). Consider the standard grading Bn Then,
| is a graded 2-absorbing ideal Bfwhich is not a 2-absorbing ideal. To see this, 1et= 3,
f, =x+2 andf; =y-+2, thenfyfof3 €1, but no product of any 2 of thg’s isin|. Thusl is not
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a 2-absorbing ideal d®. Now we show that is a graded 2-absorbing ideal Rf For this purpose,

letfi= 3y aXy, fo= § bjXy andfs= § ¢;x'y) be homogeneous elementsR{of
I+J=m i+]=n i+]=s

degreem,n ands, respectively) such that f,f3 € I. We can writef; = anoxX™ -+ aomy™ + P(xy),

f2 = bnoX" + bony" + Q(xy) and f3 = csox® 4 Cosy® + T (xy). Thus
f1f2f3 = (amoX™ + aomy™ + P(xy)) (bnoX" + bony" + Q(Xy)) (CsoX® + Cosy® + T (xy)) € 1.

This implies tha@mbnoCoX™ S 4+ agmbonCosy™ "5 € . Thus 2amnbnocs and 2agmbonCos. We
consider the following cases:

(1) If 2|amp and 2aom. Then, f; € 1.
(2) If 2|]amp and 2bg,. Then,f1f € 1.
(3) If 2Jamp and 2cps. Then,fifz el.

The other cases are similar. Herlds a graded 2-absorbing ideal Rfwhich is not a 2-absorbing
ideal.

Remark 2.1. It is clear that every graded 2-absorbing ideal@(R) is a graded weakly 2-
absorbing ideal oR, but the converse is not true in general. For instanc& {etZ,, and consider
the trivial grading orR. Clearlyl = (0) is a graded weakly 2-absorbing idealRfhowever it is
not a graded 2-absorbing idealR&ince2.2.3 € I, but2.2 ¢ | and2.3¢ |. The following theorem
gives a sufficient condition for a graded weakly 2-absorliiegl to be a graded 2-absorbing ideal.

Theorem 1. Let | = ®gcclg be a graded weakly 2-absorbing ideal®fR). Then, eithei is a
graded 2-absorbing ideal &or Ig3 = (0) forallge G.

Proof. Let Ig3 # 0 for someg € G. Leta,b,c € h(R) such thatabc € I. If abc # 0, sincel is a
graded weakly 2-absorbing ideal, we hae= | orace | orbce . So letabc = 0. If ablg # (0),
then there existd € | such thaibd # 0. Thus 0# abd = ab(d +c) € |. Hence, eitheab € | or
b(d+c)elorald+c)ecl. Asd e l,we have eitheabe | orbce | orace|. So, we can assume
thatablg = aclg = bclg = (0).

If alg2 # 0, then there ard, e € I such thatade # 0. Thus 0# ade= a(b+d)(c+e) € |. Hence
eithera(b+d) €l ora(c+e) €l or (b+d)(c+e) €l. This implies that eitheab € | orac € | or
bc e 1, sinced,e € I. So, we can also assume tlagf = blJ = clZ =0.

Sincelg # (0), there exist, e, f € Ig such thadef # 0. Then,

(a+d)(b+e)(c+ f) =def 1.

Sincedef # 0 andl is a graded weakly 2-absorbing idealRfwe may assume without loss of
generality thata+d)(b+e) € |, and thereforeab € | (note thatae,db,de € | ). Hencel is a
graded 2-absorbing ideal & [
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The graded radical of a graded idéadf G(R), denoted Grad), is the set of alk € R such that
for eachg € G, there existsiy > 0 with xg’ € 1.

Corollary 1. Let| = @©geclg be a graded weakly 2-absorbing ideal which is not a graded 2-
absorbing ideal o6(R). Then, Gradl ) = Grad 0).

Proof. It suffices to show that Grat) C Grad0). Letac |. By Theorem 113 =(0)forallge G,
and soa € Grad0); hencel C Grad0). From [14, Propositon 1.2], it follows that Grdd C
Grad0), as required. |

Lemma 1. LetJ C | be graded ideals d&(R) with | # R. Then, the following hold:

(1) If I is a graded weakly 2-absorbing ideal, tH¢d is a graded weakly 2-absorbing ideal of
R/J.

(2) If Jandl/J are graded weakly 2-absorbing ideals, tthéa a graded weakly 2-absorbing
ideal.

Proof. (1) Straightforward.

(2) Let 0+# abc € | for somea,b,c € h(R). Thus(a+J)(b+J)(c+J) €1/J. If abc € J, then
we have eitheebe JC 1 orace JC 1 orbce JC, sincel is a graded weakly 2-absorbing
ideal. So, letbc ¢ J. Then, 0 (a+J)(b+J)(c+J) € 1/J. Sincel /J is a graded weakly
2-absorbing ideal oR/J, it follows that eitherla+J)(b+J) €1/Jor (a+J)(c+J) €1/
or (b+J)(c+J)el/J. Thereforeabe | orace | orbcel.

Theorem 2. Letl = @geclg andJ = dgecJy be graded weakly 2-absorbing idealsG(R) which
are not graded 2-absorbing ideals. Thien,J is a graded weakly 2-absorbing ideal®(R).

Proof. By Corollary 1, we have Gradl) + GradJ) = Grad0) # R. Thusl +J is a proper ideal
of R. Since(l +J)/3=J/(InJ) andJ is a graded weakly 2-absorbing idealRfby Lemma 1
(1), (1+3)/J is a graded weakly 2-absorbing ideal®fJ, and then the assertion follows from
Lemma 1 (2). [

Let M be anR-module. A proper submodul® of M is called a 2-absorbing (resp., weakly 2-
absorbing ) submodule if wheneveb € Randm e M with abm e N (resp., 0 abme N ), then
abe (N:gM) orame N orbme N. In [11, Proposition 1], it has been proved thatifis a
2-absorbing submodule of @&moduleM, then(N :g M) is a 2-absorbing ideal d®. This may
be compared with the following result in the weakly 2-absuglsetting.

Theorem 3. Let N be a weakly 2-absorbing submodule of a torsion fRemoduleM. Then,
(N :r M) is a weakly 2-absorbing ideal &
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Proof. Clearly(N:rM) #R. Let 0+ abc € (N :r M) andac,bc ¢ (N :r M) for a,b,c € R. Then,
there arex;,x; € M such thatacx; € M\ N andbcx, € M\ N. If 0 # abc(x; + x2) € N, then
sinceN is a weakly 2-absorbing submodule Mf we haveab € (N :g M) or ac(x; +x2) € N or
bc(xi +x2) € N. If ab € (N :gr M), then there is nothing to prove. Therefore,defx; + x2) € N.
Then,acx; ¢ N, sinceacx, € N implies thatacx; € N which is a contradiction. Thuacx, ¢ N and
bexo ¢ N while 0+# abexe € N (it is clear thatabex, # 0 sinceM s torsion free andbexy ¢ N).
Henceab € (N :rM). By a similar argument as above one can easily show thatxi +x2) € N,
thenab € (N :r M). Therefore, leabc(x; +x2) = 0. SinceM is a torsion freeR-module, this
implies thatx; = —x3. Thus 0# abex; € N, acxg ¢ N andbex; = —bexe ¢ N. SinceN is a weakly
2-absorbing submodule &f, this implies thatab € (N :r M). Hence,(N :r M) is a weakly 2-
absorbing ideal oR. n

Theorem 4. Let | = ©geclg be a gradedresp. graded weak)y2-absorbing ideal o6(R). Then,
for eachg € G, |y is a 2-absorbingresp. weakly 2-absorbingRe-submodule oR;. Moreover,
(g :re Ry) is @ 2-absorbingresp. weakly 2-absorbinddeal of Re for all g.

Proof. Letabr € Ig C | (resp. 0% abr € Ig C 1) for a,b € Re andr € Ry. Sincel is a graded 2-
absorbing (resp., graded weakly 2-absorbing) ide&,adff follows thatab € | orar €1 orbr 1.
This implies thatab € (I :r, Rg) orar € INRyg = Igorbr € INRy = Ig. Thusly is a 2-absorbing
(resp., weakly 2-absorbinge-submodule oRy.

The “moreover” statement immediately follows from [11, position 1] and Theorems 3. =

Definition 2. Let | = ®gcclg be a graded ideal dB(R). We say that the subgroug of Ry is
a 2-absorbing subgroup &, if 15 # Ry and whenevean, b,c € h(R) with abc € Ig, then either
abelgorbcelgorace lg.

Proposition 1. Let | = &4cglg be a graded ideal odB(R). If for all g € G, |g is a 2-absorbing
subgroup oRy, thenl is a graded 2-absorbing ideal Bf

Proof. Letabc e | for a,b,c € h(R). Then,abc € |4 for someg € G. Henceab € Iqorac € I or
bc € 1y, sincely is a 2-absorbing subgroup Bf. This completes the proof. [

Theorem 5. Let | = @gcclg be a graded 2-absorbing ideal fR) andg € G. If a,b € Ry such
thatab Q_f l then(lzg ‘Re ab) = (|g ‘Re a) U (|g ‘Re b)

Proof. Letce (lg:r. a)U(lg:Rr, b). Then, we may assume without loss of generality tf@tlg g,
a). Thusca € lg C | and thereforecab € | N Ryg = log. Hence,c € (lzg R, @b). For the reverse
inclusion, assume thate (log :r, ab). Then,cab € Iog C I. Sincel is a graded 2-absorbing ideal
andab ¢ I, we conclude that eith@a c | orcb € I. Thuscae€ INRy=Igorcb € INRy = Igand
thereforec € (Ig g, @) U (lg iR b). |
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Theorem 6. Let| = ®gcclg be a graded weakly 2-absorbing ideaRodindg € G. Then, for each
abeRywithab¢ 1,

(I :r. @) U (l2g 'R, @D) = (lg R, @) U (Ig :r. b) U (0 R, @b).

Proof. Clearly (0 g, ab) C (Ig:r, ab) U (log g, ab). Letce (lg:r, @) U (lg R, b). We may assume
without loss of generality that € (Ig:r, @). Then,cac Iy C | and thereforeab € | N Ryg = Iag.
Hence,c € (lo4 :r, @b). For the reverse inclusion, first we show thigt:r, ab) C (0 i, ab). Let

c € (lg:r ab). Then,cab € lg. On the other handgab € Ryy. Thus, we must haveab = 0,
i.e.,ce€ (0:r, ab). Now letc € (lyg iR, ab). If cab =0, thenc € (0 :g, ab), and so we are done.
Therefore, let G4 cab € g C I. Sincel is a graded weakly 2-absorbing ideal aaf¢ |, we have
eithercaclorcbel. Thuscac INRy=Igorche INRy=lg,i.e.,c€ (lg:r,a)U(lg:r, b). This
completes the proof. [

Theorem 7. Let| = ©geclg be a graded weakly 2-absorbing idealGiR). Then, for eacly € G,
eitherly is a 2-absorbingRe-submodule oRy or (lg :r, Ry)2lg = 0.

Proof. By Theorem 4, for eacly € G, lg is a weakly 2-absorbing submodule of tRemodule
Ry. Assume thallg :r, Rg)?lg # O for someg € G andabr € Ig for a,b € R andr € Ry. If
abr # 0, thenar € Igorbr € lgorab € (I :r, Ry), sincelg is a weakly 2-absorbinBe-submodule
of Ry. Therefore, letabr = 0. If ablg # 0, then there exists € Iy such thatabc # 0. Thus
O0#abc=ab(c+r) €lg. Itfollows thata(c+r) € lgorb(c+r) e lgorab e (Ig:r, Rg). Sincece lg,
we conclude thadr < Igorbr € Igorab € (I :r, Ry). Therefore, letblg = 0. If ar(lg :r, Ry) # 0,
then there existg € (lg :r, Ryg) such thatarc # 0. Thus 0# arc = ar(c+b) € Iy and hence
a(c+b) e (lg:r Ry) orar elgorr(c+b) € lg. Thusab € (Ig:r, Ry) orar € Ig or br € Iy (note
thatc € (lg :r, Ry) implies thatcr € Ig). So we may also assume that(ly :r, Rg) = br(lg :r,
Rg) = 0. If alg(lg :r, Ry) # O, then there ard € (g :r, Ry) ande € Iy such thatade # 0. Since
0+# ade=a(b+d)(r+e) € lg, we havea(b+d) € (Ig:r, Ry) ora(r+e) € Igor (b+d)(r+e) elg
and saab € (Ig:r, Ry) orar € Igorbr € lg. Thus we can also assume thgf(lq :r, Ry) = blg(lg ‘R,
Ry) = 0. Finally we can assume thalg :r, Rg)? = 0, for if r(lq :r, Rg)? # 0, thenrcc’ # O for
somec,C € (Ig:r, Rg). Thus O#rec’ =r(a+c)(b+c’) € lgand hencga+c)(b+c') € (Ig:r. Ry)
orr(a+c) elgorr(b+c) € lg. Thereforeab € (Ig:r, Ry) Orar € Ig or br € Ig. Hence, we can
assume that(lg :r. Ry)? = 0. Since(lg :r. Ry)?lq # 0, there are, ¢ € (lg:r, Rg) andd € lg such
thatec'd # 0. Thus 0# cc'd = (a+c)(b+c')(d+r) € |; so we havda+c)(b+C') € (lg r, Ry)
or (a+c)(d+r)elgor(b+c)(d+r) € lg, and thereforeb € (Ig :r, Ry) orar € lg or br € Ig.
Hence g is a 2-absorbindRe-submodule oR,. u



CUJSE 13, No. 2 (2016) On Graded 2-Absorbing and Graded We&akbsorbing Ideals of a Commutative Ring 17

3. Conclusions

In this paper, we have introduced and studied graded 2-aibgoand graded weakly 2-absorbing
ideals of aG-graded ring which are generalizations of graded primelsdaad graded weakly
prime ideals respectively. Among other results, it has Istemvn that a graded 2-absorbing ideal
| = ©gealg Of Ris not necessarily a 2-absorbing ideal unlkgsg (0) for someg € G.
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