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1. Introduction

MV -algebra was introduced by Chaf&j in 1958 as the algebraic structure corresponding to the
infinitely-many-valued Lukasiewicz logic. Since thenstsiructure has been developed from an
algebraic point of view by many mathematicians. In 1986, Mainproved that the category of
MV -algebras is equivalent to the category of abeligmoups with strong unit (see [7]). Noje
and Bed€25] introduced the concept of vectoridV-algebra and showed that the RGB model
(the color model of a pixel on the screen) has the vectdfgltalgebra structure. Di Nola et
al. [9] introduced the notion of aMV-module over aPMV-algebra and established that, for
a fixed lu-ring (R,v), the category ofu-modules over(R,v) is equivalent to the category of
MV-modules ovef (R, v). Forouzesh et al[13] introduced the notion of primé-ideals inMV-
modules and studied about annihilatorsfeideals. They proved that, H: M — N is anMV-
module homomorphism, then all prirdeideals ofN and primeA-ideals ofM that contairker (h)

are in a one to one correspondence.

On the other hand, soft set theory was initiated by Molod{&8vin 1999 as a new mathematical
tool for modeling the uncertainties arising from the paraipation of elements of a universe.
He mentioned several directions for the applications of sefs. In fact, before soft set theory,
there have been some mathematical theories such as pigbigiory, fuzzy set theory, rough set
theory, vague set theory, and interval mathematics thewrgdaling with uncertainties. However,
the superiority of the soft set theory compared with otheth@matical tools, is its ability of
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parametrization. Maji et al.[21] studied several operations on the theory of soft sets. Some
authors have discussed the applications of (fuzzy) so isetlecision making problems (see
[5,22]). Aktas and Cagmaf8] compared soft sets to the related concepts of fuzzy setsoagth r
sets. They also introduced the notion of soft groups. Aftent, soft algebraic structures have
been studied by many authors (§&€10,14,16,19,27,29)). Jun[17] introduced and investigated
soft BCK /BCl-algebras. Feng et al12] applied soft set theory to the study of semirings and
initiated the notion called a soft semiring. Afkhami et 42| presented the concept of a soft
nexus. Zhu30] introduced the concept of sdBlL-algebras. Moreover, by combination of fuzzy
set theory with soft set theory, fuzzy soft algebraic stites were born. For example, Hadipour
et al. [14] defined the notion of fuzzy soBF-algebra and investigated the level subset, union and
intersection, fuzzy soft image and fuzzy soft inverse imafjghem. Murali[24] introduced the
concept of a fuzzy soff-semiring and fuzzy soft k-ideal overfasemiring and studied some of
their algebraical properties. Ersoy et al1] introduced the concept of an idealistic fuzzy soft
I-near-ring and derived some results on this structure.

The most soft algebraic structures are defined as followsa &gt of parameters and a general
algebraX, a pair(F,E) is called a soft general algebra ovéif F is a mapping ok into the set
of all subsets of the s&t such that for eack € E, F(e) is the empty set or a subalgebraxaf

In this paper, at first, some definitions and results relatesbtt set andvV-modules is reviewed.
Then, the notion of a sofV-module is introduced and some examples are provided. Tamex
ples ofMV-modules that have no proper submodules are given in Segtidimen, the extended
intersection, restricted intersectiofy;intersection, extended union, restricted union &nginion

of the family of softMV-modules are established. Moreover, the notions ofiddftmodule ho-
momorphisms, soft isomorphidV-modules and sof1VV-submodules are introduced and some
of their properties are studied. Also, it is shown that the@eone-to-one correspondence between
the soft MV-submodules of two soft isomorphic MV-modules.

2. Preliminaries

Some definitions and results about soft set Biwtmodule are presented in this section.

LetU be an initial universe set and IEtbe a set of parameters. Molodts[23] defined the soft
set in the following way:

Definition 1. A pair (F,E) is called a soft set (ov&) if F is a mapping oE into the set of all
subsets of the sét.
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Definition 2. [26] Let (F,A) and(G,B) be two soft sets oved. Then,

(i) (F,A) is said to be a soft subset @B, B), denoted byF,A) C (G,B), if ACBandF(a) C
G(a) for allac A,

(i) (F,A)and(G,B) are said to be soft equal, denoted(ByA) = (G, B), if (F,A) C (G,B) and
(G,B) C (F,A).

The next definition introduces three types of intersectimd three types of unions of the family
of soft sets over a common universe set:

Definition 3. [28] For a family{(F,A) | i € .7} of soft sets ovet), we give some definitions as
follows:

e The extended intersection of the family,A;) is defined as the soft set
Nies (FA) = (H.0),

whereC = Uic , Al andH (X) = N Fi(X) wherel (x) = {i € .# | x € A} for all xe C.
e The restricted intersection of the familz, A) is defined as the soft set

ﬁieﬂ(FhAi) = (H,C),

whereC = N, A andH (x) = N~ Fi(x) for all x e C.
e The extended union of the familys, A)) is defined as the soft set

Uies (F.A) = (H,C),

whereC = Uic » A, H(X) = Uici(x Fi(X) andl (x) = {i € # | x € A} for all x e C.
e The restricted union of the familyF, Aj) is defined as the soft set

Uies (F.A) = (H,C),

whereC = N, Ai # 0 andH (x) = U;.» Fi(x) for all x € C.
e The A-intersection of the familyF, A;) is defined as the soft set

Aies (F.A) = (H,C),

whereC = [ic.» Al andH ((&)ic.s) = Nic.s Fi(&) for all (g)ic.s €C.
e TheV-union of the family(F, A)) is defined as the soft set

Vies (Fi.A) = (H,C),
whereC = ic.» Al andH ((§)ic.s) = Uje.» Fi(&) for all (g)ic.» € C.

Definition 4. [12] The support of the soft s¢F,A) is denoted bySupp(F,A) and is defined as
Supp(F,A) = {xe A| F(x) # 0}. If Supp(F,A) # 0, then the soft setF, A) is called non-null.
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Definition 5. [19 Let f : X — Y be a function. If(G,A) and(H,C) are non-null soft sets ovet
andY respectively, then the functiorf§G) and f ~1(H) are defined as follows:

f(G): A— P(Y) defined byf(G)(a) = f(G(a)) for all a € Supp(G,A),

f~1(H) :C — P(X) defined byf ~(H)(c) = f~1(H(c)) for all c € Supp(H,C).

Definition 6. [8] Let ¢ be be a mapping from a s¥tto a sety and letf be a soft set oK overU.
The functiong (f) : Y — P(U), defined by:

U{T(X) | xeX, ¢(x) =y} ifyed(X)
f p—
Y { o ify¢e(X)

forally €Y, is a soft set called a soft image blunderg.

Now we recall the definitions and some of the known resultsutitioe MV-algebra andMV-
module:

Definition 7. [7] An MV-algebra is an algebr@M, @, , 0y ) of type (2,1, 0) satisfying the follow-
ing equations:

(MV1) x® (ydz) = (xBYy) Dz

(MV2) xy=y®X,

(MV3) x® 0y =X,

(MV4) xX* =X,

(MV5) x& 0y = 05,

(MVB) (x*ey)*ay= (Y ®&x)*exforall xy,ze M.

Remark 2.1. [7] On eachMV-algebraM, the constant and the operatiorb ando are defined
as follows:

1) Iy =qef Oy,
2) XOY =def (X*@y*)*7
3) XOY =def XD Y.

Theorem 1. [7] Let M be anMV-algebra and,y € M. Then the following conditions are equiva-

lent
1) X ®y= 1y,
2) XOY* = 0w,

3) y=xo(yex),
4) there isze M such thaka®y =z

Definition 8. [7] LetM be anMV-algebra and,y € M. We say thak <y if x andy satisfy one of
the equivalent conditions of Theorem 1.
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Remark 2.2. [7] It follows that < is a partial order, called the natural orderf An MV-
algebra, whose natural order is total is calledM¥i-chain. On eaciMV-algebra, the natural
order determines a lattice structure.

Definition 9. [7] A subalgebra of aMV-algebraM is a subseSof M, containing the zero element
of M, closed under the operationsMfand equipped with the restriction 8of these operations.

Definition 10. [9] Let M be anMV-algebra. We define partial addition &has follows: for any
X,y € M, x+yis defined if and only ik < y* and in this case{+y = X®y.

Definition 11. [9] A productMV-algebra (oiPMV-algebra, for short) is a structufé, @,*,.,0)
where (A,®,*,0) is an MV-algebra and is a binary associative operation énsuch that the
following property is satisfied:

if x+vy is defined, thex.z+y.zandzx+ zy are defined an@x+y).z=xz+y.z, z(x+Yy) =
ZX+zy, where+ is the partial addition or. for all x,y,z € A.

Definition 12. [9] Let A be aPMV-algebra. A unity for product is an elemesat A such that
ex=x.e=xfor anyx € A. A PMV-algebra that has unity for product is called unieMV -
algebra.

Example 2.1. [9] The interval[0, 1] is a unitalPMV-algebra, whera &y = min{1,x+y}, x* =
1—xandxy = xy (real product) for eack,y € [0,1]. This structure is called standaRMV -
algebra.

The concept oMV-module is defined in the next definition:

Definition 13. [9] Let (A, ®,*,.,0) be aPMV-algebra andM, @,*,0) anMV-algebra.M is called
a (left) MV-module overA if there is an external operation

d:AxM— M, ¢ (a,x) = ax,
such that the following properties hold for aryy € M anda, 3 € A:
(1) if x+yis defined inM, thenax+ ay is defined and
a(x+y) =ax+ay,
(2) if a + B is defined inA, thenax+ Bx s defined inM and
(a+B)x= ax+ Bx,
(3) (a.B)x=a(Bx).

M is called unitaMV-module ifA is unital PMV-algebra andv is MV-module overA such that
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(4) 1ax=xfor anyx € M.

Example 2.2. [9] Let A be aPMV-algebra andl anMV-algebra. Ifax = 0 for anyx € M and
a € A, thenM is anA-module.

Example 2.3. [9] Any MV-algebraM is a unitalL,-module, wherd_, = {0,1} is the Boolean
algebra with two elements.

Example 2.4.[9] Let Q be a nonempty set. The#t = P(Q) is a unitalPMV-algebra withX @Y =
XUY, X*=Q—XandX.Y =XnNY foreachX,Y € «7. If AC QandM = P(A), thenM becomes
an MV-module overe with the external operation defined BX = BN X for anyB € .« and
X eM.

Definition 14. [9] Let X andY be twoMV-modules oveA. A function f : X — Y is called an
MV -module homomorphism if it satisfies the following condiisp for everyx,y € X anda € A:

Now, the concept of amMV-submodule can be defined:

Definition 15. Let M be anMV-module overA. A non-empty subsdll of M is called anMV-
submodule oM, if it is a MV-subalgebra oM and for eactx € N anda € A, ax € N.

Clearly, eachiMV-submodule is aMV-module.

3. SoftMV-module

In this section, the concept of a sty -module with the related examples is presented. Then, the
unions and intersections of the family vV -modules are investigated.

Definition 16. Let M be anMV-module overA and (F,E) be a non-null soft set ovevl. The
soft set(F,E) is called a softMV-module overM if F(x) is anMV-submodule oM for each
x € Supp(F,E).

Now we give some examples of sdffvV-modules:

Example 3.1. Let M = [0, 1] be the standartV-algebra. By Example.3, M is a unitalL,-
module. Let : N — P(M) defined byF (n) = L. ; whereL,,1 ={k/n| ne N, ke NU{0}, 0<
k < n}. Then(F,N) is a softMV-module oveM.
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Example 3.2. Let Ay = {k/m" | ne N, ke NU{0}, 0 <k <m"} for eachme N. ThenAp is
a PMV-algebra with the operations of the stand&®dV-algebra (Example.2). IndeedA, is a
PMV -subalgebra of the standaPdV-algebra. Now the standaMV -algebraM = [0, 1] is anAy-
module and; andAq = QN [0, 1] are the submodules ™. Thus, if we consideF : R — P(M)
by

F(x) — { Ag ifxisrational

A, ifxisirrational,

then(F,R) is a softMV-module oveiM.

Example 3.3. Let X be a non-empty set arfek = {u | 1 : X — [0,1]} be the set of all fuzzy
subsets oK. Let A= [0, 1] be standardPMV-algebra. Then(Fx,®,*,0) is anMV-module over
A, where 0 is the empty fuzzy subset and their operations dimedeas follows:

(M Y)(X) =min{Lu(x) +y(x)}, HX)*"=1-pu(x)forallxe Xandu,y e F,
(ap)(x) =au(x) forall xe X, u € Fx anda e A.

LetC be a set of all constant functionskgy i.e.,
C={u € Fx | 3ce€[0,1] such thatu(x) = cfor all x € X}.

LetF : N — P(M) defined by

0 if n=3k
FiN={ C if n=3k+1
Fx  if n=3k+2.

Then,(F,N) is a softMV-module overr.

Definition 17. LetM be anMV-module overA and(F, E) be a non-null soft set ovédl. The soft
set(F,E) is called a whole sof1V-module oveM if F(x) = M for all x € Supp(F,E).

Theorem 2. Let M and ./ be the same as in Examplet2zand(F, E) be a softMV-module over
M. Then(F,E) is a whole softMV-module oveM.

Proof. It suffices to show thatl does not have any proper submodule. Ndte a submodule of
M. ThusN is aMV-subalgebra oM, thereforep, A € N. Now letB € M. Thus,B € ¥ and, since
N is a submodule o, we haveB.A =BN/A =B & N. HenceN = M. ]

The famous algebraic structures such as groups, ringss fielddulesMV -algebras, etc. have at
least two subalgebras. Indeed, they have at least one psapalgebra. However, in the proof of
the previous theorem, we see that M&-module may not have any propktV-submodule. The
next example, faces the same situation as well.
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Example 3.4. Let A= [0,1] be the standar®MV-algebra andvl, = [0, n] for eachn € N. Then,
by the operations

x@y=min{n x+y},x" =n—xanda.x = ax (real product)

for eachx,y € [0,n] anda € [0,1], M, is anMV-module overA that does not have any proper
MV-submodule. Because M is an MV-submodule oM, then Qn € N and for eacha € A,
an € N. Now, if x € My, thenx/n € A. Therefore,(x/n)n =x & N andN = M,,. Hence the only
soft MV-module oveiM, is a whole softMV-module.

In the previous example, it must be noted that)im € N andm < n, thenM;, is not anMV -
submodule oM. Indeed, the operations M, andM, are not the same.

We see three types of intersections for a family of soft set®éfinition 3. Now, in the three
following theorems, we show that each type of intersectioina nonempty family of sofMV-
modules is a sofV-module, if these are non-null.

Theorem 3. Let M be anMV-module and{(F,A) | i € .#} be a nonempty family of soMV-
modules oveM. Then, the extended intersectiﬁ];gj(li.,Ai) is a softMV-module oveM if it is
non-null.

Proof. Let{(FR,A) |i € .7} be a nonempty family of soflV-modules oveM. By Definition 3,
we can write i, (Fi, AY) = (H,C) whereC = Ujc » Ai, H(X) = Nici R (X) andl (x) = {i € 7 |x e
Ai}. Let(H,C) be non-null andk € Supp(H,C). Then,Ni¢ ) Fi(X) # 0, and so for ali € I(x),
we haveF;(x) # 0. Since{(F,A) | i € .#} is a nonempty family of soft1V-modules ovelM, it
follows thatF; (x) is anMV-submodule oM for eachi € | (x). Since the intersection of any family
of submodules is a submodule, ld@x) is anMV-submodule oM. Hence,ﬁiej(F.,Ai) =(H,C)
is a softMV-module oveM. ]

Theorem 4. Let M be anMV-module and{(F,A) | i € .#} be a nonempty family of soMV-
modules oveM. Then, the restricted intersection » (F,A) is a softMV-module oveM if it is
non-null.

Proof. The proof is similar to the proof of Theorem 3. [

Theorem 5. Let M be anMV-module and{(F,A) | i € .#} be a nonempty family of soMV-
modules oveM. Then, the/\-intersection/~\i6j(F.,Ai) is a softMV-module oveM if it is non-
null.

Proof. The proof is similar to the proof of Theorem 3. [

The following example shows that the union of two 9di -modules is not necessary a st/ -
module.
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Example 3.5.LetM = [0,1] and(F,N) be the same as in Examplel3andG : N — P(M) defined
by G(n) = Ln.2. Then(F,N) and(G,N) are softMV-modules oveM, but (F,N)J(G,N) is not a
soft MV-module becauskE (1) UG(1) = L, UL3 is not a submodule d¥l.

Lemma 1. Let M be anMV-module overA and {N; | i € .#} be a nonempty family oMV-
submodules oM. If for all i,j € ., N C Nj or N; C N;, then{Jc » N; is aMV-submodule of
M.

Proof. LetN = UJic.» Ni. Clearly Q4 € N. Letx,y € N anda € A. Thus, there exist j € .# such
thatx € N; andy € N;. By assumptionx,y € N; orx,y € N; and s;x@y € N; orx@y € N;. Hence,
x@y e N. Alsox* € N, andax € N;, which implies thatx* € N andax € N. ThereforeN is an
MV -submodule oM. ]

Theorem 6. Let M be anMV-module and{(F,A;) | i € .#} be a family of softMV-modules over
M such thatF (x) C Fj(xj) or Fj(xj) € F(x) for all i,j € .# andx € Ai. Then, the restricted
union Oiej(F.,Ai) is a softMV-module oveM if it is non-null.

Proof. By Definition 3, we can writ¢:|i6j(|:.,Ai) = (H,C), whereC = N, A # 0 andH (x) =
Uier Fi(x) for all x e C. Letx € Supp(H,C). Thus, for some € .7, F(x) # 0. For eachj € .7 if
F;(x) # 0 thenF;(x) is anMV-submodule oM. Hence, by Lemma 1H (x) is anMV-submodule
of M and sdJi. ,(F,A) is a softMV-module oveM. |

Theorem 7. Let M be anMV-module and{(F,A;) | i € .#} be a family of softMV-modules over
M such thatF(x) C Fj(xj) or Fj(xj) C F(x) for alli,j € .# andx, € Ai andx; € Aj. Then, the
V-union \~/i€j(F.,Ai) is a softMV-module oveM if it is non-null.

Proof. The proof is similar to the proof of Theorem 6. [

Theorem 8. Let M be anMV-module and{(F,A)) | i € .#} be a nonempty family of soMV-
modules oveM such that\, N"Aj =0 foralli, j € . (i # j). Then, the extended unidg]\ej(F.,Ai)
is a softMV-module oveM if it is non-null.

Proof. The proof is straightforward. [

Theorem 9. Let X,Y beMV-modules oveAandf : X — Y be anMV-module homomaorphism.

(i) If (H,C) is a softMV-module ovel, then(f~1(H),C) is a softMV-module overX.
(i) If (G,E) is a softMV-module oveiX, then(f(G),E) is a softMV-module ovelY.

Proof. (i) For eachc € C, H(c) is the subset of and sof ~1(H(c)) is the subset oK. Hence, we
havef~1(H) : C — P(X) such thatf~1(H)(c) = f~1(H(c)). Thus(f~1(H),C) is a soft set over
X. Now letc € Supp(H,C). SinceH (c) is anMV-submodule o¥, Oy € H(c). On the other hand,
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f(0x) = Oy, thus & € f~(H(c)) and so(f~1(H),C) is non-null. Now letx,t € f~1(H(c)) and
ac A Thus,f(x), f(t) € H(c) and sinceH (c) is a submodulef (x) @ f(t) € H(c) and(f(x))* €
H(c). Hence,f(x@t) € H(c) andf(x*) € H(c). Thereforex®t € f~1(H(c)) andx* € f~1(H(c)).
Also we haveax € f~1(H(c)), becausaf (x) = f(ax) € H(c). Hence,f~(H(c)) is a submodule
of X and thusg(f~1(H),

C)
(i) For eache € E, G(e) is the subset oK. Therefore,f(G(e)) is the subset of¥. Hence,
we havef(G) : A— P(Y) such thatf(G)(e) = f(G(e)). Thus(f(G),E) is a soft set ovel'.
Now let e € Supp(G,E). We have Q € f(G(e)) (becauseG(e) is a submodule oK ). Now
lety,ze f(G(e)) anda € A. Then, there exist,t € G(e) such thatz= f(x) andy = f(t). Now
zpy=f(x ) f(t) = f(x®t) and sincgxdt) € G(e), zpy € f(G(e)). Alsoz = f(x*) € (G(e))
anday € f(G(e)), becausay = af (t) = f(at) andat € G(e). Hence,f(G(e)) is a submodule of
Y and thug(f(G),E) is a softMV-module ovelY. |

is a softMV-module overX.

Theorem 10. Let f : X — Y be anMV-module homomorphism. LéG,E) and (H,C) be two
non-null soft sets oveX andY, respectively.

(i) If fis onto and(G,E) is a whole softMV-module overX, then(f(G),E) is a whole soft
MV-module ovely.

(i) If H(c) = f(X) for all c € Supp(H,C), then(f~1(H),C) is a whole softMV-module over
X.

Proof. The proof is straightforward. [

Theorem 11. Let (F, X) be a softMV-module oveM. Let@: X — Y be an injective function and
@(f) be a soft image of underg. Then,(¢(f),Y) is a softMV-module oveiM, if it is non-null.

Proof. Since ¢ is injective, we havep(f)(x) = f((p*l(x)) for all x € Supp(e(f),Y). Thus,
(o(f),Y) is a softMV-module oveM. -

The concept of soft homomorphism has been defined by manyrau(f,3,12,19,27]). This
concept is used here for sdftvV-modules.

Definition 18. Let (F,E) and (G, B) be two softMV-modules oveM andN, respectively. Let
f:M — N andg: E — B be two functions. Then, we say thét, g) is a softMV-module homo-
morphism if the following conditions are satisfied:

(1) fisanMV-module homomorphism frorkl to N.
(2) f(F(e)) =G(g(e)) forallec E.

We say thatF, E) is soft homomorphic tdG, B) if there exist a sofMV-module homomorphism
(f,9) between(F,E) and (G, B) such thatf andg are both surjective.
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Moreover, if f is an isomorphism andis a bijective function, then we sy, g) is a soft isomor-
phism andF, E) is soft isomorphic tdG,B). This is denoted byF,E) ~ (G, B).

Theorem 12. The relation~ is an equivalence relation on sdfV-modules.
Proof. The proof is straightforward. [

Example 3.6. Let Q be a nonempty setang# T C A C Q. Let.s/ = P(A), M = P(A) and

N =P(I'). Then,M andN becomeVV-modules overs analogous to Example£2 Let(F,R)and
(G,Z) be softMV-modules oveM andN, respectively. Then by Theorem 2, these are whole soft
MV-modules. Thu& (x) = M andG(n) = N for all x e R andn € Z. Now we defingg: R — Z by

g(x) =[x]andf:M — Nby f(Y) =YNTI. Thengis a surjective function anélis anMV-module
epimorphism. Thus(f,Qg) is a softMV-module homomorphism an@, R) is soft homomorphic

to (G,Z).

Example 3.7. ConsidetM = [0,1] andN = [0, 2] asMV-modules ovet,. Supposd : N — P(M)
by F(n) = Lyy1 andG: N— {1} — P(N) by G(n) = 2L, = {2x | x € L,}. Thus, (F,N) and
(G,N—{1}) are softMV-modules oveM andN respectively. Now lef : M — N by f(x) = 2x
andg:N — N—{1} byg(n) =n+1. Then(f,g) is a softisomorphism an@,N) ~ (G,N— {1}).

Theorem 13. Let (F,E) and (G,B) be two softMV-modules oveM and N, respectively and
(F,E) be soft homomorphic t6G,B). If (F,E) is a whole sofMV-module, ther{G, B) is a whole
soft MV-module.

Proof. Suppose thatF, E) is a whole softMV-module andF, E) is soft homomorphic tdG, B).
Thus, there exists a surjective functign E — B and anMV-module epimorphisnf : M — N.
Hence,f(M) = N andF(e) = M for all ec E. Now letb € B. Sinceg is onto, there i € E
such thag(e) =b. SoG(b) = G(g(e)) = f(F(e)) = f(M) = N. Therefore(G,B) is a whole soft
MV-module. [

Theorem 14. Let (F,E) and (G,B) be two softMV-modules oveM and N, respectively and
(f,9) be a soft homomorphism between them(®& B) is a whole softMV-module, thenf is an
epimorphism.

Proof. By hypothesis, we hav@(g(e)) = N and sof (F (e)) = N for all e € E. On the other hand,
sinceF (e) C M, we haveN = f(F(e)) C f(M) C N. Thus,f(M) = N and sof is an epimorphism.
|

Theorem 15. Let (F,E) and (G,B) be two softMV-modules oveM and N, respectively and
(f,9) be a soft homomorphism between them.(®,B) is a whole softMV-module andf is
monomorphism, the(F, E) is a whole softMV-module.
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Proof. Suppose tha¢ € E. By hypothesis, we hav&(g(e)) = N and sof (F(e)) = N. On the
other hand, by the previous theorefis onto and sd (M) = N. Now, sincef is one-to-one, we
haveF (e) = M. Hence,(F,E) is a whole softMV-module. ]

Example 36, shows that the converse of the previous theorem does bt ho

4. Soft Submodule

In this section, the concept of sdffV-submodules is defined and some properties about this
concept are investigated.

Definition 19. Let (F,A) and (G,B) be two softMV-modules oveMM. Then (G,B) is called
a softMV-submodule of(F,A), denoted by(G,B) < (F,A), if BC A andG(b) C F(b) for all
b e Supp(G,B).

Clearly, if (G,B) < (F,A), thenSupp(G,B) C Supp(F,A).

Example 4.1. Let A andAq be the same as in Example23andM = [0,1]. LetF : R — P(M)
andG: N — P(M) be defined by (x) = Ag andG(n) = Az. Then,(G,N) is a softMV-submodule
of (F,R) overM.

Theorem 16. Let (F,A) and(G, B) be two softMV-submodules ovex. If (G,B) C (F,A), then
(G,B) < (F,A).

Proof. The proof is straightforward. [

The next theorems states that each type of intersectionfolé-submodules is again a soft
MV -submodule:

Theorem 17. Let M be anMV-module and{(F,A)) | i € .#} be a nonempty family of sof1V-
submodules ofF, A) overM.

(i) The extended intersectiofﬁ]iej(F.,Ai) is a softMV-submodule of(F,A) over M, if it is
non-null.
(i) The restricted intersectioflic »(F,A) is a softMV-submodule of(F,A) over M, if it is
non-null.
(iii) The restricted intersectiofic ~(F,A) is a softMV-submodule of R, A) over M for all
ke .7, ifitis non-null.



CUJSE 13, No. 1(2016) MV -Modules in View of Soft Set Theory 13

Proof. (i) Let ﬁiej(F,,Ai) = (H,C) be non-null. Thus, by Theorem 3, it is a sdfV-module
overM and by Definition 3C C AandH (x) C F(x) for all c € Supp(H,C). Therefore, it is a soft
MV-submodule of F,A).

The proofs of (ii) and (iii) are similar to the proof of (i). [

Note that the extended intersectirg]rgj(lz.,Ai) is not a softMV-submodule of K, A¢) in general.
Indeed, by Definition 3, it is not a soft subset(&%, Ax).

Theorem 18. LetM be anMV-submodule and(F,A)) | i € .# } be a family of sofMV-submodules
of (F,A) overM such thaf(x) C Fj(x;) or Fj(x;) CF(x) foralli, j € .# andx € A andx; € A;.
Then, the restricted uni(fjiej(F.,Ai) is a softMV-submodule of F, A) overM, if it is non-null.

Proof. By Theorem 6, the proof is straightforward. [

The effect of aMV-module homomorphism on the sdftV -submodules is given below:

Theorem 19. Let f : X — Y be anMV-module homomorphism.

(i) Let (F,A) and(G,B) be two softMV-modules ovek. If (G,B) < (F,A), then(f(G),B) <
(F(F),A).

(i) Let (H,C)and(K,D) be two softMV-modules oveY. If (H,C) < (K,D), then(f~1(H),C) <
(f1(K),D).

Proof. (i) Since(G,B) < (F,A), we haveG(x) C F(x) for all x € B. Thus, f(G)(x) = f(G(x))
f(F)(x) = f(F(x)). Hence,(f(G),B) C (f(F),A). On the other hand, by Theorem(@,G),
and (f(F),A) are two softMV-modules ovelY. Thus, by Theorem 16, we havé(G),B)
(F(F).A).

A BN

(if) The proof is similar to the proof of (i). [

There is a one-to-one correspondence between théBofsubmodules of two soft isomorphic
MV-modules. More precisely, we have the following theorem:

Theorem 20. Let (F,E) and (G,B) be two softMV-modules oveM and N, respectively. Let
(F,E) ~ (G,B). Then, for each soft1V-submodule(Fy,E;) of (F,E), there exists a sofV-
submodulg Gy, B;) of (G,B) such thatF;,E;) ~ (G1,B;).

Proof. Let (F,E) ~ (G,B) via soft isomorphism(f,g). Let (Fi,E;) < (F,E). We define the
function Gy : g(E1) — P(N) by Gy (b) = f(F1(g~%(b))) for all b € g(E;). Let By = g(E1). Since
Fi(e) <F(e) andf(F(e)) = G(g(e)) we have:

Gy(b) = f(Fi(g (b)) C f(F(g7" (b)) = G(g(g*(b))) = G(b)
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Thus,G;(b) < G(b). Hence(Gy1,B1) < (G,B). Nowm we consideg; = g |g: Ex — Bs. Clearly,
g1 is a bijective function. We also hav&; (gi(e)) = Gi(g(e)) = f(Fi(e)) for eache € E;. Thus,
(F1,E1) ~ (Gy,By) via soft isomorphisni f,g;). ]

5. Conclusion

Soft sets were introduced by Molodtsov as a hew mathemadtohin order to deal with uncer-
tainties. This concept was applied to algebraic structawueh as fuzzy sets. In this paper, we
defined the notion of a sof¥lV-module and then we focused on sMV/-submodules, the soft
MV-module homomorphism and different types of intersectiammg unions of the family of soft
MV-modules.
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