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Abstract

In this study, ruled surfaces formed by the movement of the Frenet vectors of the Successor curve along the Smarandache curve obtained
from the tangent and binormal vectors of the Successor curve of a curve are defined. Then, the Gaussian and mean curvatures of each ruled
surface are calculated. It is shown that the ruled surface formed by the movement of the tangent vector of the Successor curve along the
{1 u3} curve is a developable minimal surface and the ruled surface formed by the movement of the binormal vector is only a developable
surface. It is also stated that if the principal curve is a planar curve, the ruled surface formed by the principal normal vector of the Successor
curve along the {&; %3} curve is also a developable minimal surface. Conditions for other surfaces to be developable or minimal surfaces are
given.

Keywords: Ruled surfaces, Gaussian curvature, Successor curve.
2010 Mathematics Subject Classification: 53A04, 53A05.

1. Introduction

The image of a function with two real variables in three-dimensional space is a surface. Surfaces are used in many fields, such as architecture
and engineering (see [1]). The curvature of surfaces was defined by Gauss in the 19th century, and therefore it was named Gaussian curvature
(see [2]). Gaussian curvatures are related to the dimensions of the surface [3]. Since the average curvature of the surface is a ratio, it is
independent of the size of the surface. Thus far, many studies [4]-[9] on the Gaussian curvatures of surfaces have been conducted. In 1795,
Monge defined the striped surface as the surface formed by the movement of the line along the curve. For more details, see [10]-[15].
There are many special curves in differential geometry. One of them is the successor curve. This curve is defined as, there is a new curve,
such that the tangent of one curve the principal normal of the other curve, by Menninger in 2014. Later, Masal investigated the relationships
between the position vectors of this curve and defined Successor planes. You can see [16]-[21]. And other special curve is Smarandache
curve. This curve were first defined in Minkowski space. Related studies with Smarandache curves are available in [22]-[25].

In this paper, we present some special ruled surface with {#; %3 }-Smarandache base curve obtained from the successor frame. Then we
examine the properties of these ruled surfaces by means of Gaussian and mean curvatures.

2. Preliminaries

In this section, we recall some basic notions of which we refer through out the paper.
Let a(s) be a differentiable curve in E 3. Then, its Frenet frame and curvatures are {uy,uy,u3,ky,ky }. Here,

a//
up=0a, uy= o]’ uz =uj Ay, ky = |||, ko = (w2’ u3),
w' =kyuz, wy' = —kjuy +kous, u3' = —kous.

The surface formed by a line moving depending on the parameter of a curve is called a ruled surface, and its parametric expression is as
follows:

X(s,v) = a(s) +vr(s).
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The normal vector field, the Gaussian curvatures, and the mean curvatures of X (s, v) are as follows:

XA Xy
Ny = oKy @

[[Xs A Xl

2
- Eg—2fF+eG
:egf, _Eg—2fF+e (2.2)
EG—F? 2(EG—F?)

respectively. Here, the coefficients of the first and the second fundamental forms are defined as follows:
E = (X;,X;), F= (X5, X)), G= (X, X), (2.3)
e = (Xu5,Nx), f = (Xo,Nx), 8§ = (X, Nx) . (2.4)

Definition 2.1. [16, 17] Let o and B be curves with unit speed in E3. If the unit tangent vector of the & curve is the principal normal vector
at the same point on the 3 curve, the B curve is called the Successor curve of the a curve.

Theorem 2.2. [16] Let the Successor curve of the curve be a. Frenet apparatus of an o = ou(s) curve with unit speed be {uy ,uy,u3, ki, ko }
and Frenet apparatus of a B = B(s) curve be {ui,u,us,k1,kp }. Frenet apparatus of B curve is as follows:

Uy = —cos Ouy +sinQusz, uy = uy, uz = sinBuy + cos Ous,

El =kjcosO, Ez =k sin6, G(S) = 90+/k2(s)ds.

Here, 0 is the angle between binormal vector uz and binormal vector us.

3. Ruled Surfaces with {7 3 }-Smarandache Base Curve Obtained From the Successor Frame

In this section, firstly we define some special ruled surfaces with {# %3 }-Smarandache base curve obtained from the successor frame. Then
we calculate the properties of these ruled surfaces by means of Gaussian and mean curvatures and we examine whether these surfaces are
develepoble or minimal surface. Finally, we illustrate the shapes of the ruled surfaces with four examples.

Definition 3.1. Let the Successor curve of the B curve be a. The ruled surface formed by tangent vector u; the vector along the {u; u3}

Smarandache curve obtained from the U\ tangent vector and i3 binormal vector s of the B curve is as follows:

D(s,v) = () +u3) +viy

€
V2
3.1)
1
= —((sin® — cos 8)uy + (sin 6 + cos O)uz ) + v(— cos Ouy + sin Ouz).

V2

Theorem 3.2. Let the Successor curve of the B curve be a. Then, the Gaussian and mean curvature of the ®(s,v) ruled surface are as
Sfollows:

Ko = Hp = 0.

Proof. Partial derivatives of Equality 3.1 are,

k1 ((14++v2)cosBsinO
P, = 1(( f) )u17 &, = —cos Ouy + sin Ouz, Dy, = kjcosOuy,
V2
o (ky'(sin@+ (vw/2 —1)cos 0) +kika(cos @ + (1 —vv/2)sin ) )uy + (ki (sin 8 + (vv/2 — 1) cos ) ) uz o —0
ss — \/Q ? v — Yy
Thus, from Equality 2.1 the normal of the surface Ng is given as
Np = —sinOuy — cos Ous.
Moreover, in Equalities 2.3 and 2.4 the coefficients of fundamental forms are
k1 ((14+vv2)cos 6 —sin6
Ep = 1 Vf)z ), Fp=Go =0,
k1%sin®(sin@ + (vv/2 — 1)cos 0) f 0
edr = s = =0,
P /2 D =8
respectively. Thus, by using Equality 2.2, the Gaussian and mean curvatures are found. O

Corollary 3.3. The ruled surface ®(s,v) is a developable minimal surface.
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Definition 3.4. Let the Successor curve of the B curve be a. The ruled surface formed by principal normal vector uy along the {u; us}
Smarandache curve obtained from the U, tangent vector and u3 binormal vectors of the B curve is as follows:

O(s,v) = %(ﬂl +13) + Vil
(3.2)

= % ((sin® — cos 0)us + (sin 0 — cos O)u3 ) +vu; .

Theorem 3.5. Let the Successor curve of the B curve be . Then, the Gaussian and mean curvature of the Q(s,v) ruled surface are as
follows:

ks

Ko =0, Ho = —7=.

Proof. Partial derivatives of Equality 3.2 are,

0, — ki ((cos & —sin 0)u; +vv/2)
T V2
(kl’(sine — CosS 6) - klkz(sine +cos 0) — vﬂklz)ul — V\ﬁkl,uz - Vﬁk1k2u3
2 .

Thus, from Equality 2.1 the normal of the surface N is given as Ny = —u3. Moreover, in Equalities 2.3 and 2.4 the coefficients of
fundamental forms are

, Oy =ur, Qs =kiuz, Qv =0,

st =

ki%(3 —sin26) ki (cos 6 —sin @)
Ep= , = , Gp=1,
0 ) 0 V2 o
eQ = 7vk1k2, fQ :gQ =0
respectively. Thus, by using Equality 2.2, the Gaussian and mean curvatures are found. O

Corollary 3.6. Let the Successor curve of the B curve be a. If & curve is planar, the ruled surface Q(s,v) is the minimal developable
surface.

Definition 3.7. Let the Successor curve of the B curve be a. The ruled surface formed by binormal vector U3 the vector along the {u, i3}

Smarandache curve obtained from the U, tangent vector and i3 binormal vectors of the B curve is as follows:

M(s,v) = (W) +u3) +vis

1
V2
(3.3)

1
= —((sin® — cos @)u + (sin @ — cos O)uz ) + v(sin OBu + cos Ouz).

V2

Theorem 3.8. Let the Successor curve of the B curve be a. The Gaussian and mean curvature of the M(s,v) ruled surface are as follows:
Ky =0, Hy = cos@ — (1 —vV/2)sin .
Proof. Partial derivatives of Equality 3.3 are,

B ki (cos® — (1 —vv/2)sinB)

M = , M, =sinBuy + cos OQuz, My, = —kjsinOuy,
s \/i v 2 3 sV 1 1
(k1'(cos @ — (1 —vv/2)sin8) — kiko(sin 8 + (1 +vv/2) cos 8) uy + (k1% (cos 8 — (1 —v/2)sin0))uy
Mg, = ﬁ s M,, = 0.
Thus, from Equality 2.1 the normal of the surface Ny, is given as
Ny = —cosBuy +sin Ous.
Moreover, in Equalities 2.3 and 2.4 the coefficients of fundamental forms are
k2 (cos8 — (1 —vy/2)sin6)>

P (2 v2)s5in6) , Fy=0, Gy =1,

ey = klzcose((l fvﬁ) sin@ 70059), fm=gu=0
respectively. Thus, by using Equality 2.2, the Gaussian and mean curvatures are found. O

Corollary 3.9. The ruled surface M(s,v) is a developable surface.
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Definition 3.10. Let the Successor curve of the B curve be o. The ruled surface formed by {u u,} the vector along the {u, iz} Smarandache
curve obtained from the U, tangent vector and and tz binormal vectors of the B curve is as follows:

Z(s.¥) = = (@ )+ i + )

(3.4)
L ((sin® — cos O)us + (sin @ — cos O)uz) + L(ul —cos Ouy +sin Ouz).

V2 V2
Theorem 3.11. Let the Successor curve of the B curve be a. The Gaussian and mean curvature of the L(s,v) ruled surface are as follows:

sin” @ (vcos O +sin §)?

Ky =
(sin29+sin20((1 fv)cosefsin6)2+cos29((l —v)cos® —sin6 +1)?) (((1 fv)cosefsin(?)z — (sin® +vcos 0)% + 1)

(veos O +sin0)(vv/2sin @ — 1) +ky ((1 —v) +cos @) +ky sin O ((1 —v)*cos? 6 — (1 —v)sin26 +sin” 6 + 1)

Hy =
\/2(s1n29+sin29((1 fv)cos67s1n9)2+cos29((l —v)cos6 —sinf +1)?) (((1 7V)Cosefsin9)2 — (sin® +vcos 0)% + 1)

Proof. Partial derivatives of Equality 3.4 are,

ki ((1 —v)cos O —sin0)u, +u2) 1y — cos Ouy +sin Ouz ki (cos Ouy +uy)

Y= X, = ﬂ s Loy = \/j

\/E ’

5 (ki'(1—v)cos 8 —sin@) — kika ((1 —v)sin @ +cos 0) — ki 2)uy + (ki' + k1> (1 —v)cos 8 —sin0))up + ki ko (1 +v)u3 s o
ss = s ~yy = U
V2

Thus, from Equality 2.1 the normal of the surface Ny is given as

sin@u; —sinO((1—v)cos 6 —sin6)us +cos O((1 —v)cos@ —sin 6 + 1)u3
= :
\/sin29+sin20((l —v)cosé)—sine)z—i-cosze((l —v)cosO—sinG—H)2

Moreover, in Equalities 2.3 and 2.4 the coefficients of fundamental forms are

k12((1=v)cos@ —sin0)% +1 ki (sin® )
P ((1-v) ‘ ) )7F2:— 1 (sin 2+Cos )7GZ:17

ki?sin6((1—v)%cos?@ — (1 —v)sin26 +sin® 6 + 1) +kika((1—v)+cosB)
e = )
V2(sin? @ +sin 6 ((1 —v)cos 6 —sin9)2+00529((1 —v)cosf —sin 6 + 1)2

ki sin@(vcosO +sin0)

fr= ;
V2(sin? @ +sin? 6 ((1—v)cos 6 — sin@)2 +c0s? 6 ((1—v)cosH —sin6 + 1)2
gz =0
respectively. Thus, by using Equality 2.2 the Gaussian and mean curvatures are found. O

Corollary 3.12. 8 = kn (k € N) the ruled surface £(s,v) is a developable surface.

Definition 3.13. Let the Successor curve of the B curve be o. The ruled surface formed by {u; ui3 } the vector along the {u; 3} Smarandache
curve obtained from the u| tangent vector and us binormal vectors of the B curve is as follows:

Als,v) = %(ﬁl +u3) + vz

3.5)
= \% ((sin® — cos 8)us + (sin O + cos 6)u3) + v(sin Ous + cos Huz).

Theorem 3.14. Let the Successor curve of the B curve be o. The Gaussian and mean curvature of the A(s,v) ruled surface are as follows:

cos O +sinf

Ky =0, Hy =— .
V2(1 +v)2\/(sin2 6 —c0s26)2 + (cosOsinh — 1)2
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Proof. Partial derivatives of Equality 3.5 are,

ki (14v)(cos 8 —sinB)u (sin® —cos 0)up + (sin 6 + cos 0 )u3

a’ ) = k)
s i Ay 7
ki(cos8 —sinB)u
Asy = %, Aw =0,
1
Ass = (ki (cos @ —sin0) — kk(sin @ — cos 0) )uy + (k12(0059 —sin®))uy.

V2
Thus, from Equality 2.1 the normal of the surface N, is given as
(sin® @ — cos? 6)uy + (sin 6 cos O — 1)u3

\/(sin2 0 —cos26)2 + (sinGcos O — 1)2

L=

Moreover, in Equalities 2.3 and 2.4 the coefficients of fundamental forms are

ki2(1+v)2(cos @ —sin6)?
E, = 1“(14+v) (CZOS sin ) R =0, Gy =1,

k12(cos 6 —sin6)sin® @ — cos? O
ey = ( ) s r=281=0
ﬁ\/k12(cosﬂ —sin#)sin® @ —cos2 6

respectively. Thus, by using Equality 2.2 the Gaussian and mean curvatures are found. O

Corollary 3.15. 6 = % +km (k € N) the ruled surface A(s,v) is a developable minimal surface.

Definition 3.16. Let the Successor curve of the B curve be o.. The ruled surface formed by {uy U3} the vector along the {ui; 3 } Smarandache
curve obtained from the W, tangent vector and 3z binormal vectors of the B curve is as follows:

v

V2

(@) +13) + —= (4 +13)

1
n(st) - ﬁ
(3.6)

1 v
= —((sinB — cos O)uy + (sin O +cos O + —
ﬂ((l Juz + (si Ju3) 7

Theorem 3.17. Let the Successor curve of the B curve be o. The Gaussian and mean curvature of the 1 (s,v) ruled surface are as follows:

(41 + sin Oup + cos Ouz).

< sin® @ +sin26
n =
2K?2 <v2c0529+ ((1+v)cosBsin6 —c0529)2+ ((sin@cos® — (1+v)sin® 0) —v)2> ((cos@ —(1+v) sin@)2 +12 -1 +sin20>
" cos 6(sin 6 — cos 0)% + vky (1+2v) + k; cos 6 (v* + (1 + vsin 6(cos 6 — (14 v)sin )?))
)=

ﬂkIZ\/(vzcosz 6+ ((1-+v)cos0sin 6 —cos26)” + ((sin Ocos 6 — (1+v)sin” 0) —v)° ) ((cos6 — (1+)5in ) +17 — 1 +-5in20)

Proof. Partial derivatives of Equality 3.6 are,

ki ((cos © — (14 v)sin0)u; +vuz) g +sinOuy +cos Ous _ —ki(sin@u; —uy)

Ns = \/j > Ty \/E s sy \/E

(ki'(cos @ — (1+v)sin®)) —kik (sin@ + (14 v) cos 8) — vk )uy + (k1*(cos @ — (1 +v)sin8)) —vky)up + vk kous
MNss = ; T =0.
V2
Thus, from Equality 2.1 the normal of the surface N is given as

_ veos Oug + ((1+v)cosOsin6 —cos?0)up + ((sinBcos B — (1 +v)sin® 0) —v)u3
\/vzcos2 6 + ((14v)cosOsin® — cos? 6)2 + ((sinBcos@ — (1+v)sin®B) —v)2

Moreover, in Equalities 2.3 and 2.4 the coefficients of fundamental forms are

_ klz((COSG—(l +v)sin9)2+v2) . ky (cos@—sine), Gy =1, gy =0,

Eﬂ 2 s A 2

—ki (kzv(l +2v) + ki cos 8 (v + (1+v)sin6(cos 6 — (1+v) sine)z))

en

)

\@\/vzcos2 6+ ((14v)cosOsin 6 — cos? 9)2+ ((sin@cos® — (1+v)sin®0) 7\))2

cos O(sin O —cos 6)

fn =
V24/v2c0s2 0 + ((1+v)cos 8 sin 6 — cos? 9)2+ ((sin@cos@ — (1+v)sin®B) —v)

2

respectively. Thus, by using Equality 2.2 the Gaussian and mean curvatures are found. O
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Corollary 3.18. 6 = % +km (k € N) the ruled surface 1(s,v) is a developable surface.

Definition 3.19. Let the Successor curve of the B curve be o. The ruled surface formed by {u; Uy u3} the vector along the {uus}
Smarandache curve obtained from the U tangent vector and u3 binormal vectors of the B curve is as follows:

]
T(s,v) = %(ﬁl )+ \%(ﬁl i+ 1)
3.7)

1
= —=((sin® — cos O)uz + (sin O + cos O)u3) + Y (u1 + (sin® — cos @)uz + (sin 6 + cos O)u3).

V2 V3
Theorem 3.20. Let the Successor curve of the B curve be . The Gaussian and mean curvature of the U(s,v) ruled surface are as follows:
3k;2(sin @ — cos? 6)2

K- — —
} 4(2v2(1 +5in20) + (V3 +vV2)2(sin 0 — cos? 0)% + (V3 + vv/2)(sin20 — 1)vﬁ)2) ((1 /6 +20)(1— sin29)2)

\/6( —V/2(sin® 6 — cos B)(cos O — sin 9)) — V6 (ko (v/6+202) (25in 26 — V\/i)> n \/E(k] (cosB +sin6)(2* + (V3 + V\/i)zsmze))

Hr =—

=

2k (V3 +vv/2)? = 1)(1 —sin28) +2v?) 2k (2v2(l +5in20)2 + (V3 +v/2)2(sin® @ — cos? 8) + ((v/3 +vv/2)(sin26 — 1)) —vﬁ)

Proof. Partial derivatives of Equality 3.7 are,

B ky (((cose —sin0)(V3+vv2))u; + vﬂuz) ki ((cos 6 —sin@)us +us)

I s Ty = ;

s \/6 sV \/§

in® —cos 6 in@ s 0
r, = uj + (sin@ — cos 0)uy + (sin O + cos )u37 Iy =0,
V3
(kl/(\/§+ vv/2)(cos @ — sin 0) — kyky (v/3 +vv/2)(cos 6 +sin §) — vﬁklz)ul + (klz(ﬁ+vﬁ) (cos@ —sinf) — vﬁkll)uz + vV 2k kous
5§ =
NG

Thus, from Equality 2.1 the normal of the surface N is given as
(vW2(cos 8 +sin ) )u; + (v/3+vv/2)(sin® @ — cos? 8)us + ((v3+vv/2)(5in20 — 1) — vv/2)u3

Nr= T
(2v2(1 +5in20) + (v/3+vv/2)2(sin? @ — cos? )2 + ((v/3+vv/2)(sin26 — 1) 7vﬁ)2) .

Moreover, in Equalities 2.3 and 2.4 the coefficients of fundamental forms are

_ klz((\/§+vﬂ)(gfsin26)72v2)’ A kl(coseéfsin9)7 Gr=1, gr=0,

—ki (cos 8 +sin0) (212 + (v/3 +vv2)2(sin20)) — koavv/2(v/3 4+ vv/2)(25in20 — 1)

er = T
(12v2(l +5in20) + 6(v/3+ vv/2)2 + (sin® 6 — cos? )2 + 6((v/3 + vv/2)(sin20 — 1) —vﬂ)) 2
fom sin @ —cos? 0 :
(12v2(1 +5in20) +6(v/3+vv/2)2 + (sin? 6 — cos? 8)2 +6((v3+vv/2)(sin20 — 1) — V\/E)) 2
respectively. Thus, by using Equality 2.2 the Gaussian and mean curvatures are found. O

1
Example 3.21. Ler the Successor curve of o curve be B Salkowski curve (see [26]). The equation of this curve for m = 5 is as follows:

VIo-1 . ”s VIo—1 ”s ‘
———F———sm| s+ : — sin | §— : —sins,
B(s) 3 2v/10+4 V10 2v/10+4 V10
§) = ——
2v10 chos s —2 + 101 cos [ s— —2 +coss icos 2s
2v/10+4 V10 2v/10+4 V10 T2 V10
The Successor frames of B curve {uy,u,us3} are as follows:
—COSSCOS ’ — ! sinssin o
_ V10 V10 V10 7
up(s) = ,
—sinscos 5 + ! cosssin s 3 sin 5
’ V10 V10 ’ V10 7 /10 V10
i (s) ( 3 . 3 1 )
i(s) = sins, — coss, — ,
g V10 V10 V10
—Cosssin —— — ! Sinscos —
_ V10 V10 V10 '’
ay(s) = s 1 s 3 K
—sinscos 710 + 10 COS §COS Ji0 V1o cos TS
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The graphs of the ruled surfaces obtained from these frames for s € [—n, ] and v € [—1,1] are shown in Figures 3.1-3.7:

|
| ° °
— " T W
IIIIIIIII

|
n

lllllllllllllllll

Figure 3.1: ®(s,v) = \% (@) +13) + vy

Figure 3.2: O(s,v) = %(ﬁl +13) 4 viia

4
)
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—05

NN NN TN R

|
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1

1

Figure 3.3: M(s,v) = %(E] +u3) + vtz



Konuralp Journal of Mathematics

35

e
(=] W
i Ll

|
I

e
i
Ill

|

e

in
Illllll[lTllll

Figure 3.4: X(s,v) = Lz(ﬁl +113) + ﬁ(ﬁl )

Figure 3.5: A(s,v) = - (@ +u3) + %(El +13)

2

Figure 3.6: n(s,v) = %(ﬁl +113) + %(ﬁz+ﬁ3)
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Figure 3.7: ['(s,v) = % (@0 +13) + J5 (0 + 10 +173)

Example 3.22. Let the Salkowski curve in Example 3.21 be the main curve. From [26] and Theorem 2.2, the Successor frames are as

follows:
3
—cos ([ tan 710 ds) ( 710 sins)
1
+sin ( [tan \/STO ds) (— cosssin \/STO -7 sinscos \/STO )
s 3
u(s) = cos ([ tan 710 ds) ( 710 coss) ,
1
—sin ( [tan \/STO ds) (— sinssin \/5170 + T7g Cosseos \/STO )
s 1 . s 3 s

cos (ftanﬁds) 710 +sin ([ tan 10 ds) ( 710 c0s —7= )

C085C08 —— ! sinssin ——

—coss - s
i (s) V10 V10 V10 7
2 = )
. s 1 L s 3 . s
—SInscos m + m sin s sin \/E R m Sin \/ﬁ
. s 3.
sin ([ tan 10 ds) ( 710 sins)
. s . s 1 . s
—cos(jzaans)(cosssm 715 + 75 Sinscos —r )
3
u3(s) = —sin ( [tan \/STO ds) ( 710 coss)

—cos ([ tan \/STO ds) (sinssinﬁ - ﬁcosscos \/STO )

_sin(ftanﬁds)ﬁ—i-cos(fmn \/STO ds) ( \/3r0 cos \/YTO )

The graphs of the ruled surfaces obtained from these frames for s € [—mt, x| and v € [—1,1] are shown in Figures 3.8-3.14:
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Figure 3.8: ®(s,v) = %5 (w1 +u3) +vuy

Figure 3.9: O(s,v) = %(ﬁl +13) +vity

Figure 3.10: M(s,v) = % (@) +u3) + vz



Konuralp Journal of Mathematics

38

(@) +u3) + %(m +1)

1
2

Figure 3.11: X(s,v) =

T

__.____._________.
=9
= | -

(ﬁl +ﬁ3)

v
2

Figure 3.12: A(s,v) = %(El +u3)+

75 (@ +3) + 5 (12 +113)

Figure 3.13: n(s,v) =
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|
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Figure 3.14: ['(s,v) = — (i1 +13) + 5 (0 + 11 +103)

1
Example 3.23. Ler the Successor curve of a curve be B*(s) anti Salkowski curve [26]. The equation of this curve for m = 3 is as

Sfollows:

> ( 3 cos(L +cos( 2 )s)) + LN sinssin 2 s
2V10 * V10 5 V10 5 V1o 7
V10 5 3 1 2 2
B 5

1
B —cosssin \/STO + 710 sinscos \/STO ,
iy (s) = 1 s 3 s ’
—sinssin 710 — 710 C0S §COS 710 ,— 710 cos 710
73(5) = (e sins, —— )
li5(s) = ( ——=sins, coss, ,
2 V10 V10 V10
—COSsCOoS b _ ! sinssin 2
. V10 V10 V10 '
M3(S)— s 1

3
—sinscos 710 + 710 cosssin \/STO VT sin \/STO

Figure 3.15: & (s,v) = (] +113) + vty
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Figure 3.18: £*(s,v) =
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Figure 3.19: A (s,v) = — (] +3) + % (w; +15)
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Figure 3.20: % (s,v) = = (@} +@}) + 55 +75)

0.5+

T,

—1
o —05

Figure 3.21: T (s,v) = %(u’; +18) + J5 () + 15 +703)

Example 3.24. Let the Salkowski curve in Example 3.23 be the main curve. From [26] and Theorem 2.2 the Successor frames are as follows:

cos(s+c)( 3 sins) +sin(s+c) ( — cosscos ’ ! sinssin —— )
—cos(s+c s s+c)(—coss - s ,
V10 V10 V10 V10
—x 3 . . s 1 . s
uj(s)=1| cos(s+c) T cos s+ sin(s+c) ( —sinscos /10 + 715 cosssin AT ),
1 3
_cos(s-i-c)W +sin(s+c)( i) sin \/STO )
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. K 1 . s L s 1 3
—cosssin + sinscos ,—sinssin - COS5COS ,
s = Vio  Vio \/F Vo V10 V10
s
- cos
V10 V10
sin(s+c) ( sins) +cos(s +c) (— cosscos \/STO T sinssin \/5170 ),
1
w;(s) = | sin(s+c) coss +cos(s +¢) ( — cosscos SIO B sinssin \/STO ),
ins-+6) 1 cos(s ) (——sin——)
sm(s -+ c¢ COS(§+c¢ sin
V10 V10

The graphs of the ruled surfaces obtained from these frames for s € [—m, x| and v € [—1,1] are shown in Figures 3.22-3.28:
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Figure 3.23: 0*(s,v) = % (T +13) + Vit
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Figure 3.24: M*(s,v) = %(ET +u3) + vty

Figure 3.25: £*(s,v) = = (i} +13) + 5@ +13)
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Figure 3.27: n*(s,v) = %(ﬁ’f +103) + 5 (5 +75)
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Figure 3.28: I (s,v) = % (u} +u3) + ﬁ (@ + 75 +73)
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