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ABSTRACT. This paper introduces and studies the concept of prolongations of a hypersurface to a vector bundle.
We develop the theory of hypersurfaces using the metric tensor which is the complete lift of the metric tensor of the
initial manifold.
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1. INTRODUCTION

Prolongations of hypersurfaces to tangent bundles were studied by Tani in [14]. Prolongations of geometric struc-
tures on manifold to tangent bundle, tangent bundle of order 2 and of order r were studied by several authors,
see [3,8-11]. Prolongations of tensor fields and connections to vector bundles have been studied by several authors,
such as [1,4,5,12,16]. Also, in [6,7] the authors were studied prolongations of structures on manifold to vector bundle.
In the spirit of this work, we study generalization to vector bundle of [14].

This paper is organized as follows: In §2, we provide the notation and background material concerning the basic
concepts of tangent and vector bundles that will be used in the rest of this paper. In §3, we recall several results stated
in [4,5, 12, 16]. Such results are indispensable in the subsequent sections. In §4, we define the vertical and complete
lifts of the vector fields defined along a surface. In particular, we consider two kinds of lifts of the normal vector field
of the surface as vector fields normal to the prolonged surface. In §5, we recall some formulas for surfaces, and then
we use them in §6 to obtain fundamental formulas containing so-called the second fundamental tensor for prolonged
surfaces. In the last section, we formulate the Gauss, Weingarten and structure equations, i.e., Gauss, Codazzi and
Ricci equations, for the prolonged surface in the form of lifts corresponding to the equations of the surface given in
the base space. In particular, we observe that our results on vector bundles coincide with the earlier results of [14] in
which the tangent bundle 7'M was taken as the vector bundle.
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2. BACKGROUND MATERIAL

Let M be a differentiable manifold and 7\, M be the tangent space at a point p in M. TM is the tangent bundle of
M with its projection 7y, : TM — M. We denote by 3%(M) the space of C* tensor fields of type (r, s). We denote by
J(M) the tensor algebra on M. In other words, 3(M) = 3,  BL(M).

Let M be an m—dimensional differentiable manifold of class C* and V be a coordinate neighborhood in M and
(x) be certain local coordinates defined in V. We introduce a system of coordinates (x/, x') in ﬂ;}(V) with cartesian
coordinates (&) in each tangent space T,M, p € V, with respect to the natural frame (%) of local coordinates (x). We
then call (x', X') the coordinates induced in 7;; (V) from (x'), or simply the induced coordinates in 7, (V) [14, 15].

Consider an (m — 1)—dimensional manifold S with its imbedding : : § — M. The differential mapping d: from T'S
into T'M is called the tangential map of 1. Such tangential map is denoted by D. Note that D induces its tangential map
dD : TTS — TTM, which is denoted by D. Recall that T'S is a 2(m — 1)—dimensional submanifold of TM and TTS
is a 4(m — 1)—dimensional submanifold of of 77 M. By setting

TS, M)=m}((S)) and  T(TS,TM) = n75,(D(TS)),

we obtain
1:S - M and di=D:TS > T S,M)cTM.

Note that ; has the local expressions

¥ =,
in terms of local coordinates (x') where (1) are local coordinates of S. Therefore, the local expressions of D are given
by
X=X (),
y ; . . ox
.X'l = Dﬁ,u”, D:I = %

with respect to the local coordinates (x', ') and (u?, i) induced from (x) and (u%), respectively. In the following we
sometimes identify S with its image (S) and 7'S with its image D(T'S) [14].

Let us denote the tensor algebra associated to T(S, M) by J(S, M). The tangential map D induces an isomorphism
from J(S) into J(S, M). Similarly, dD induces an isomorphism from J(7'S) to J(T(S, M)). A mapping X assigning
to each p € S a tangent vector at p of M, i.e.,

X, eT,M,
is called a vector field defined along S. Note that J (l)(S, M) is the set of all vector fields along S. Similarly a mapping
T assigning to each p € S a tensor of type (r, 5) at p
T,eT M®---@T,MQT,M®---T,M,

is called a tensor field of type (r, 5) along S. Here, T,(M) is the dual space of 7, M. If the space of tensor fields of type
(r,s) along S is denoted by J%(S, M), it can be seen that 38(5, M) = Sg(S). In the rest of this paper, the elements of
9(S) will be denoted by f, X, w and so on. On the other hand, the elements of J(S, M) will be denoted by £, X, @ and
soon [14].

Let E be an (m+n)—dimensional vector bundle in which n > m with the projection 7 : E — M. For alocal coordinate
system (V, x') on M, let (x~'(V), x',y*) be the induced local coordinate system on E defined by x'(v) = x(n(v)) and
v = y'(W)d, for all v € 7' (V), where 1 < i < m, 1 < a < n. Here, §,,...,6, are adapted sections. For the special
case E = TM, we consider the induced local coordinate system (,; (V), x', &) on TM where x' = xi(my(v)) and
() = dx'(v) forall ven (V) [13].

Consider a surjective vector bundle morphism °7 : E — T M satisfying m; o° I = n. Let p be a point in M, then
there are components Q',(p) such that

. 0
I(z) = Q(p)* —
x|,

where z € E, = n~!(p). Moreover °I has the following local expressions in terms of local coordinates (xi, y“) and
(', &) [16]:
RESUEICHOADE
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Proposition 2.1. Let 0F T(S,M) — TS be a vector bundle morphism. 07 has the local expression
01, &) = (u®, 0 5),
with respect to the local coordinates (u", x") and (u®, u®). Therefore we obtain

DLQY =,

@ 1

where 6f is the Kronecker delta.

Let (E, , M) be a vector bundle over M and S c M be a submanifold of M. We set £ = 77!(S) ¢ E and denote
by 7 : E — S the restriction of 7 to E. We then obtain a new vector bundle (E, 7, S), called the restriction of
E to S. Each fiber E,, x € S, is equal to the corresponding fiber E,. The local coordinates of E are (u®,y%) and
dimE=@m-1)+n[2].

Let (E, #,S) subvector bundle of (E, w, M) such that £ = T'S with local coordinates (#®, v")1<e<m—1 of E whenever

~ 1<h<n-1
E=TM. ThendimE = (m- 1)+ (n— 1).
Let

B:E—E
be the inclusion map. Then B has the following local expressions with respect to the local coordinates (#®, #*) and
(x’, y“):
B®, i) = (X'(u®), Bjvh).
In particular, B induces its tangential map dB : TE — TE which is denoted by B. By setting T(E, E) = ;' (B(E)) we
obtain
B: E-ECE
dB=B: TE > T(E,E)=TECTE.

Let?l : £ > TS bea surjective vector bundle morphism such that °] = idrg in the special case when g o of =7
and E = T M. Then there are components €27'(p) such that

°I(u) = Q5 (" 5%

» (foru € Ep).

In terms of local coordinates (1®, V") of E, o7 has local expressions
oI, V") = (u®, V).

In the following, we assume all manifolds, tensor fields, maps and linear connections to be differentiable and of
class C*®.

3. VERTICAL AND COMPLETE LIFTS

In this section, two kinds of isomorphism of J(M) into J(E) or J(S) into J(E), which are called vertical and
complete lifts, will be given.

Let f, X, w and F be a function, a vector field, a 1-form and a tensor field of type (1, 1) in M, respectively. We
denote respectively by ¥, XV, " and FV, their vertical lifts and by £, X€, w® and F€, their complete lifts. For a
function f in M, we have by definition

f'=fon 3.1
and

f€ =0y, (0 =3/0x) (3.2)

a
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with respect to the induced coordinates. Moreover these lifts have the properties [4,5, 16]:
POV = X7, (10 = fXV + fYXC,
X'f'=0, XVfC=Xf" =X, XfC=&XNC,
WX’ =0, WX =wX" = (X)), wX=(wX)°, (3.3)
FYX€ = (FX)¥, F°XC=(FX)°,
[X, Y€ = [XC YC] x,v]" = [XC YV] [XV, Y¢ ] .
For a tensor field of the form 7' = P ® Q where P and Q are arbitrary tensor fields, its vertical and complete lifts are
given respectively by
Y=(PeQ)'=P' 20"
(3.4
TC=PeQ)° =P'®Q"+P'®QC
[4,5]. For the later use we note here the following formulas [4, 5]:
T¢(XC,Y¢) = (T (X, V)°,
T¢(XC,¥Y) =TV (X, Y¢) = (T (X.))" (3.5)
TC(XV,¥Y)=T" (X", ¥¢) =TV (X", ¥") =0
where X, Y are arbitrary vector fieldsin M and T € Sg(M).

Remark 3.1. Let X and Y are arbitrary elements of gl o(E) such that X f€ = Y fC€ forall f € 5 (M), then X Y Let

w and 77 are arbitrary elements of SO(E) such that w(Xc) = Y(XC) for all X € J! o(M), than w= 17 Consequently any

arbitrary elements of J(E) are completely determined by its action on the set of /€ and X€, f and X being arbitrary
elements of SO(M) and J! o(M), respectively [4,5].

4. VerticaL AND CompLETE Lirts o J%(S, M) to E

In this section, we give two kinds of isomorphism of J(S, M) into J(E), so-called vertical and complete lifts from
IS, M) to E.
We define now the lifts of elements of 3%(S, M) to E.

Definition 4.1. Let f be a function defined on S. The vertical lift /¥ of f to E is defined by
V= Ffor. 4.1)
Proposition 4.2. The restriction of fVto E coincides with fw where f is an arbitrary element of 3° o(M).

In order to define the complete lift for an arbitrary point p of S, we consider a sufficiently small neighborhood U
of pin M. In U we can construct a function f such that f coincides with f on the connected component (U N S)° in
U N S containing p. We remark that a local extension f satisfies 0, f = 0o f along (U N S)°.

Then the complete lift of f to 77 1(U) is defined as

7 = foly
in the local coordinates in 7~ (U). We see that the restriction of f€ to 7' (U N S)°) is independent of the choice of f.
In fact, if we denote by # the operation of taking restriction to 77! (U N §)°), we have
#fC #0,fQLy") = 0, QLB = 8, fDLQI Q! Bivt
B fOIV" = 0, FOV! 4.2)

in7 (U N S)).

Definition 4.3. We can define a function which coincides with # 7€ in each coordinates neighborhood. We denote it
by f¢ and call the complete lift of f to E.
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Definition 4.4. Let X be an element of J (')(S ,M). The X, being a tangent vector at p € S we shall define the vertical
lift XV to E by

X'fe=&pn 43)
along S, where f is an arbitrary element of 38(M ).

Definition 4.5. Let X be an element of J (l)(S , M). The X, being a tangent vector at p € S, we shall define the complete
lift X€ to E by

X =@&P° (44)
along S, where f is an arbitrary element of Sg(M ).

Proposition 4.6. Definition 4.5 is equivalent to the one that XC is defined to be restriction on 1= (U N S)°) of X€,
where X is a local extension of X in U.

Proof. To prove this, it is sufficient to prove
XCfC = #ROfC for fe INM)
due to Remark 3.1. For an arbitrary vector field X, X f is a function which takes the value
&y =X,

at p. Therefore we have

XEFC = XD = #RNC = #EXT) = #RO/C.

Definition 4.7. Let @ be an element of 5(1)(5, M). We define the vertical lift @' 0 E by
o"(X%) = aX)"

where X is an arbitrary element of J (l)(S , M).

Definition 4.8. Let @ be an element of S?(S, M). We define the complete lift @' to E by
o (X%) = a(X)°

where X is an arbitrary element of J é(S ,M).

Proposition 4.9. Definition 4.8 is equivalent to the one that @ is defined to be restriction on 1= (U N S)°) of &F,
where & is a local extension of & in U.

Proof. Let X be an arbitrary element of J (l)(S , M). If we consider a 1-form @ in a sufficiently small neighborhood U
of p such that O(X) is a local extension of @(X), i.e.,

O sy = @X)
where X is a local extension of X. We call such & a local extension of @ to U. Then we have the complete lift e

@S (XC) = a(X)¢ = #HOX)C) = #(@°(XO))

in 77'((U N $)), since @(X)C is defined by the restriction of the complete lift of a local extension. That is, &€ is a
local extension of @ in the above sense. |
We now extend these lifts to a linear mapping from J(S, M) to J(E) under the condition:
— \V =5 .
(Pe0) =P"2 0",
4.5)

- ¢ om e o A
(PeQ) =P°®Q"+P' o Q°
where P and Q are arbitrary elements of J(S, M).
We shall now sum up some properties of lifts derived immediately from the definitions.
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Proposition 4.10. The lift of 38(5, M) to E and the lift of 58(5) to E are related by

F'=7" FC=7C for feIYS,M)=I(S). (4.6)
That is
fYoD=(fo1)¥, fCoD=(for)¢ for feIYMm. 4.7)
The lifts of vector fields tangent to S are tangent to E, i.e.,
(Dx)Y = B(x"), (DX)C=BXC) for XeI\S). (4.8)

Proof. (4.6) and (4.7) are easily seen from (3.1), (3.2), (4.1) and (4.2). As for (4.8), by virtue of (4.3), (4.4), (4.6) and
(4.7), we have

BX")f¢ = dBX)fC=X"(foB) =X"(fo)f
X(fon) = (@x)f)’ = (Dx)" f€

and
BXO)f¢ = dBXOfC=X(fCoB) =X (fon)
= (X(fo)° =@ = DX)fC
for an arbitrary element f of J g(M ). Consequently from Remark 3.1, we have (4.8). O

From definition of the lifts of elements of 3’ (S, M), we have the formulas similar to (3.3) and (3.4). Summing up,
we have the following formulas.
Let f and X be arbitrary elements of J{(S) and J(S, M) respectively, then we have

X, 7% = 17X 7,
T°X",Y¢) = 1TV(&XC, 19 =7RX71), (4.9)
XYY = TVEE Y)Y =T'X", ") =0

along S where T € 39(M).

5. FORMULAS FOR SURFACES

Let there be given a Riemannian metric G in M. If we denote by g the induced metric on S from G, then by definition
we have
g(X,Y) = G(DX,DY) for X,Ye JLS).

We consider the Riemannian covariant differentiation V determined by G in M. Then we have along §
VpxDY = TxY + NyY for X,Y e Sé(S), G.D

where TxY and NyY are tangential and normal parts of VpxDY, respectively. Then the correspondence 7' which assigns
TxY to a pair of two vector fields X and Y defines a covariant differentiation along S. Thus we introduce a connection
Von S by the condition
DVyY =TxY (5.2)
where X and Y are arbitrary elements of S(l)(S ). We can easily verify that V thus defined is a Riemannian connection
with respect to the induced metric g and we call V the connection induced on S from vV, or simply the induced
connection on S. NxY being normal to S, we can put
NxY = h(X, Y)N, (5.3)
Let N be the normal vector field and % being a certain tensor field of type (0,2) on S. We call 4 the second fundamental
tensor field and we define the tensor field H of type (1, 1) by
§HX,Y) = h(X.Y).
If we denote by R the curvature tensor field for the induced connection V, the equations of Weingarten, Gauss and
Codazzi for S in M are written respectively as

VpxN = —D(HX) (5.4)
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g(R(X,Y)Z, W) = G(R(DX, DY)DZ, DW) + g(HX)h(Y, Z) — (HY)h(X, Z), W) (5.5)
G(R(DX, DY)N,DW) = g(VxHY — VyHX, W) (5.6)

where X, Y and Z are arbitrary elements of J (')(S ).
S is said to be totally umbilical if there exists a scalar field /2 such that

WX, Y)=mg(X,Y)

for arbitrary elements X, Y of 5(1)(5 ). We call 7i the mean curvature of S, and have

1
m= 1 TraceH.

If a totally umbilical hypersurface has the vanishing mean curvature, it is said to be totally geodesic.

6. THE INDUCED METRIC AND CONNECTION ON £
Let G be the Riemannian metric given in M. Then the complete lift G of G is the pseudo-Riemannian metric in E
([5] Prop. 5.). We say that two vector field X and Y are orthogonal on E with respect to G, if
G“X,Y)=0
on E and we say that ]:/ is a normal vector field to E, if
GS(N,BX)=0 for XeJLE).
If we denote a mapping which assigns to each p € S to a normal vector N, to S by N, N is a vector field along S. We

can define its vertical lift N V and complete lift V' CtoE according to section 4. Then we find that for each point x € E,
(NV), and (N€), are normal vectors to £ with respect to G and they are self-orthogonal but mutually orthogonal, i.e.,

G(NY,BXS) = G°NC,BxS) =0
GE(NC,NS) = G°WNV.N")=0 6.1)
GS(NY, NS = 1

forXeJd (l)(S ). These are direct consequences of (4.9). Moreover we can choose {N ‘7, N C} as the basis of normal space
to E.
If we denote by g the induced metric on £ from G then we have

8(XC, Y% = G°(BXC,BY®) for X,YeILS). (6.2)
The complete lift V€ of V to E is by definition an affine connection in E characterized by the property
VETE = (VeD)E for X, ¥ e Iy, (6.3)
from which we also have
Ve Y€ = (V)Y for X,V e3iM) (6.4)

[16].

Proposition 6.1 ( [5]). If V is the Riemannian connection with respect to G, V€ is the Riemannian connection of E
with respect to the pseudo-Riemannian metric G€.

Similarly the complete lift V€ of the induced connection V on S is the Riemannian connection with respect to g€.
Denoting by V the connection induced on £ from V¢, along £ we have

VE BYC = B(VxcYC) + NyeYC  for XY € JY(S), (6.5)
where Nyc Y€ is the normal part of @ngEY €. Then we can put
Ny YE = R(XC, YONY + kX, YO)NE, (6.6)

where h and 12 are certain tensor fields of type (0, 2) which are called the second fundamental tensor fields with respect
to NV and N€, respectively.
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Proposition 6.2. The connection V induced on E from VC is the complete lifts of the connection V induced on S from
V. That is to say, V is the Riemannian connection of E with respect to g€ satisfying the condition

VxeYC = (VxV)C  for XY € J)(S).
Proof. First we shall show i
VgchYC = (VpxDY)¢ for X,Y € J)(S). 6.7)
Recalling the definitions of lifts of DX in section 4, we introduce vector fields X and ¥ coincide respectively with DX
and DY on (U N S)°. Then we have

VCBYC = VO (DY)C = 495 7€ = §(V 1) = (TpxDY)S,

since @f(f’ is a vector field on U which coincides with @DXDY on (U N S)°. By the same reason we have the following
formulas which will be used in the next section.

@ngNC‘ = (VpxN)C

) ~ for X e TJiS). (6.8)
@gxcﬂzvv = (VpxN)¥
Now by virtue of (4.8), (4.9), (5.1), (5.3) and (6.7), we get
VE  BYC = BOVxY)C + hE (X, YN + h"(XC, YONC. (6.9)
On the other hand by (6.5) and (6.6) we have
VE BYC = B(VxcYC) + h(XC, YNV + k(XC, YNE. (6.10)

BXC
Therefore we obtain
(V)€ = Vye Y.
|

Remark 6.3. It is known that if R is the curvature tensor field of @, then R€ is the curvature tensor field of V€ ([5D).
Similarly, the complete lift of the curvature tensor field of V. Therefore from this Proposition, the curvature tensor R
of V (= V©) is the complete lift of the curvature tensor field of V.

Moreover from (6.9) and (6.10) we have

Proposition 6.4. The complete and vertical lifts of the second fundamental tensor field of S are the second fundamental
tensor fields with respect to NV and N€, respectively.

E is said to be totally umbilic if and only if at each point of E, there exists differentiable functions A and u such
(XY =3X V) XY =ugX )
for any X, ¥ € 3 (E). Then we find

A= ——TraceH" =0

m+n—2

(6.11)

o= m+b_2 TraceH®
in terms of local coordinates. If both A and u vanish, £ is said to be totally geodesic. The main curvature vector field
M of E is defined by
M = AN" + uN°,
which is independent of the basis chosen in the space normal to £. The mean curvature 7 of E in E is defined to be
the magnitude of the mean curvature vector field, (i.e. i = G (M, M)).

Proposition 6.5. If E is totally umbilic, then S is totally geodesic. E is totally geodesic if and only if S is totally
geodesic in M.

Proof. If we assume that E is totally umbilic, then the second fundamental tensor of S always vanishes, because
Traceh" is zero. Conversely, if S is totally geodesic, E is also totally geodesic from Proposition 6.4. O

Proposition 6.6. The mean curvature of E vanishes.
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Proof. If we denote the mean curvature by 7, by the virtue of (6.1) we have
m= GC(M, M) =2, (m+n-2)A=TraceH", (m+n—-2)u= TraceHC.

Now from (6.11), we have Proposition 6.6. |

7. THe STRUCTURE EQUATION OF E

In this section we shall investigate the equations of Gauss and Weingarten and the structure equations (i.e., the
equations of Gauss, Codazzi and Ricci) on E in E. These are written in the following form.

VE N" = —BH"XC

) for X e Jy(S), (7.1
&C C _ nryCyC
Ve NC = —BH X
FRXC,YHZE, WS = GE(RE(BXC,BY)BZC, BWC)
+3(HEXORY (Y€, 25 + (HVXRC (Y€, 2% (7.2
—(H YR (X, Z) - (H YR (X, Z2€), W©)

where R is the Riemannian curvature tensor field of V€ on E.

RE(BXC,BYN” = B(VS.H'YC - VS HYXC),
I%C(BX_C,B_YC)NC = BV HCYC - VS HEXO), (7.3)
RE(NY,NOBXC = 0.

Proof. By virtue of (3.3), (4.8), (5.4) and (6.8), (7.1) is reduced to

VS eNY = (VpxN)Y = ~(DHX)" = -B(HX)" = ~-BH"X",
and
V< NC = (VpxN)© = ~(DHX)C = ~B(HX)® = ~-BH XC.

Next as for (7.2), we first note that R is the complete lift of R, then we find
R(XC,YC)ZC = RE(XC,YHZE for X,Y € T(S)

because of Remark 6.3.
We shall drive the formulas for the later use

RE(XC,YHZE = (R(X,V)Z)C,
RE(BXC,BY)BZE = (R(DX,DY)DZ)C,
RE(BXC,BY)NY = (R(DX,DY)N)", (7.4)
RE(BXC,BY)N® = (R(DX,DY)N)C,
RE(NV,N©)BX® = (RWN,N)DX)" =0.
In fact, from (3.3) and (6.3) we have,
RE(XC,YHZE = V& V$.Z6 - VSV z€ - Vch,YC]ZC

= Vie(Vy2D) = V5e(Vx2) = Vi e Z€
= (VxVy2)¢ = (VyVx2) = (Vixn2)©
= (RX,Y)2)C.

By making use of (6.6) and (6.7), the others are also obtained.
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Now we have
BRXC,YOHZE WO = BRXC,Y)ZE, W) = (RX. V)Z)", WO)
= GS((R(DX, DY)DZ)C,(DW))
+Z((HX)h(Y, Z) - (HY)(X, 2))°, W©)
= GSRC(BXC,BY)BzC, BWS)
+3(HEXORY (Y€, 29 + (HV XK (Y€, 2%
_(HCYC)hV(XC’ZC) _ (HVYC)hC(XC,ZC)’ WC)
from (5.4).
As for (7.3), by making use of the equations of Codazzi and Ricci (5.5), (5.6) and (7.4), we have

RE(BXC,BY)N” = (R(DX,DY)N)”
= (D(VxHY - VyHX))V
= B(VxHY - VyHX)"
= BV H"Y" - VS H"X )

RE(BXC,BYE)N® = (R(DX,DY)N)¢
= (D(VxHY - VyHX))¢
= B(VxHY - VyHX)®
= BV HY® - V$ H X )
and o
RE(NY,NSBXC = 0.
O

Thus we have (7.1), (7.2) and (7.3), which are the equations of Weingarten, Gauss and Codazzi and Ricci on E in
E, respectively.
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