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Abstract— Linear time invariant (LTI) systems are widely 

used for modeling of dynamics systems in science and 

engineering problems. Harmonic oscillation of LTI systems is an 

outstanding case of LTI system behavior and it is employed for 

modeling of many periodic physical phenomenon in nature. This 

study investigates sufficient conditions to obtain harmonic 

oscillation by using high-order LTI systems. A design procedure 

for controlling harmonic oscillation of single-input single-output 

high-order LTI systems is presented. LTI system coefficients are 

calculated by solving equation sets, which imposes a stable 

sinusoidal oscillation solution for the characteristic polynomials 

of LTI systems. Moreover, these analyses are extended to 

fractional order LTI systems. Simulation examples are 

demonstrated for high-order LTI systems and the control of 

harmonic oscillations are discussed by using Hilbert transform 

and spectrogram of oscillation signals. 

 
Index Terms— Harmonic oscillation, system theory, fractional-

order LTI systems, system modeling, root locus analysis. 

 

I. INTRODUCTION 

 INEAR Time Invariant (LTI) system modeling methods 

have been played an important role in development of 

science and technology for a century. LTI models have found 

a widespread utilization in theoretical and numerical analyses 

of linear dynamic systems. Because, behaviors of dynamic 

systems can be well characterized by LTI system models and 

consistency of LTI system analyses with real systems has been 

proven for numerous applied science and engineering 

problems. It is obvious that analyses on the base of LTI 

systems still play a central role in system science, today. 

Deepened investigation on behaviors of LTI systems promises 

further contributions in term of modeling and comprehension 

of physical and electrical system behaviors.   

 LTI systems are expressed in the form of linear time-

invariant differential equations. It is convenient to represent 

LTI differential equations as a set of first-order differential 

equations to perform state space analyses. Besides, Laplace 

transform and transfer functions are mainly preferred because 

of simplification of the system analyses [1-3]. The 

characteristic polynomial of the LTI systems provides a 

valuable tool for the analysis of the character of LTI system 
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[4]. Roots of characteristic polynomial are referred to as 

eigenvalues (or system poles) of systems. Complex conjugate 

roots ( iii j  ) lead to harmonic terms, jwte , in the 

solution of LTI models, and this results in harmonic 

components at system output [4,5]. The short-term 

oscillations, originated from the terms of 
jwttie


 for 0i , 

is transient and they tend to asymptotically damp down in 

time. A continuous oscillating component at LTI system 

solutions appears when 0i  [4,5]. The current study is 

devoted for the design considerations of high-order LTI 

harmonic oscillators emerging in the cases of 0i  and 

0ij .  

Previously, stability boundary locus analyses were used for 

the design of stable control systems [6,7]. It is based on 

solving characteristic polynomial equation in s domain for 

js   to figure out stability regions of controller 

coefficients. Indeed, stability boundary locus also indicates to 

the coefficients that results in oscillation of control systems. 

We consider stability boundary as the oscillation locus and 

extend our investigation for the harmonic oscillation of LTI 

systems.   

System oscillation is one of the most prominent concerns 

for dynamic systems. Oscillation behavior is frequently seen 

in nature, and oscillation of LTI systems was extensively 

investigated due to potentials of modeling simplification and 

analysis consistency. Many applied science and engineering 

fields have been benefited from oscillation models such as in 

physics [8-12], in control science [13-16], in electrical system 

[16,17], in biology [19-21]. For instance, prevalence of 

harmonic oscillators in physics is obvious, such as while 

describing motions of an object attached to a string and 

molecules vibrating in crystals [9]. Oscillation conditions were 

stated for various oscillators [17-19]. However, investigation 

of parametric conditions to constitute harmonic oscillation 

(steady sinusoidal oscillations) of high-order LTI models may 

further extend our comprehension of complex physical 

systems, which is, today, modeled by simple second-order 

harmonic oscillation models, particularly in particle physics 

[9]. 

This study investigates sufficient conditions to obtain 

harmonically oscillating high-order LTI system model. Roots 

of the characteristic polynomials are mapped to amplitude- 

angle ( M ) plane by considering roots of characteristic 

polynomial in the form of 
 jMe , and coefficients of the 

LTI system let to a desired harmonic oscillation were found by 

arbitrary solutions of linear equations. These arbitrary 
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solutions impose sinusoidal oscillation solutions for 

characteristic polynomials. These solutions are extended for 

fractional order LTI systems. Example designs were 

demonstrated for integer and non-integer order LTI systems, 

and results were discussed for the control of harmonic 

oscillations. 

II. METHODOLOGY  

A. Theoretical Background 

Differential equations of LTI control systems with constant 

coefficients Ri   and a derivative order i  [1,2,5] are 

expressed in a general form as follows, 

uy

n

i

i
i 

0

)(         (1) 

A LTI system is commonly expressed via state space 

representation [4] as follows  

BuAxx          (2) 

DuCxy  ,        (3) 

,where x  is 1n  state variable vector of the system and y  is 

the system output vector. The tem x  denotes the first 

derivatives of state variable vector. The vector u  represents 

input vector of the system. The matrix A  is nn  size state 

transition matrix of system.  The matrix B , C  and D  are 

model parameters of the dynamic system. For single-input 

single-output systems, Laplace transform transfer function 

[4,22,23] was expressed in s-domain domain as,   

DBAsIC
sU

sY
sT  1)(

)(

)(
)(     (4) 

Characteristic polynomial of this system [4] were expressed as 

follows, 

)det()( AI          (5) 

Ci  , 1,..,3,2,1,0  ni  is complex eigenvalues of dynamic 

systems. In order to solve i ,  one expresses characteristic 

equation in polynomial form as follows, 






n

i

i
i

0

0)(        (6) 

The roots of characteristic polynomial yield iii j    

complex eigenvalues. For a zero input case ( 0)( tu ), the 

time domain solution of LTI system contains sum of 
tie


 

terms, 
t

n
tt neaeaeaty 110

110 ..)( 



 [4]. Accordingly, 

the term 
tie


 can be factored as two components as 

tjt ii ee


. 

Here, the terms 
tj ie


generates harmonics at the output 

because of )sin()cos( tjte ii
tj i 




 and this results in 

sinusoidal components at the angular frequency of ii f 2 . 

The component 
tie


 specifies evolution of amplitude of 

tj ie


 

in time.  In the case of 0i , it is also commonly referred to 

as attenuation coefficient and correspondingly time constant of 

asymptotic attenuation was commonly considered as 

ii  /1  for physical and electrical system models. These 

systems damp down any excitation in a limited time period. 

When 0i , the term of 
tie


 exponentially grows the 

amplitude of harmonics 
tj ie


 in time and indicates to 

instability of the system. If 0i , it stabilizes amplitude of 

the harmonics with the frequency of i . It is well known that 

root locations in complex plane (  j, ) tells us following 

remarks for high-order system behaviors [1,4,5], 

(i) If all roots accommodates on the left half plane, so 

0}Re{  ii  , 1,,3,2,1,0  ni , the system will be 

asymptotic stability  [4]. Because, all 
tie


 terms in solution go 

to zero, as the time goes infinity ( 0lim 
t

t
ie


) [4]. If 

there is at least a root, of which 0i , it yields a transient 

oscillation with  time constant i /1 .  

(ii) If there is at least a root accommodating on the right half 

plane, so 0}Re{  kk  , ]1,0[  nk , the system will be 

unstable. Because, at least a term 
tke


 in solution goes 

infinitive as time goes infinity. If 0k , it yields a unstable 

oscillation with  a growing amplitude. 

(iii) If there are not a complex root at right half plane and at 

least a complex conjugate root accommodates on complex 

axis ( ij ); 0}Re{ i  and for the rest of roots satisfies 

,0}Re{  kk   ik   and ]1,0[  nk , this system 

oscillates. Because, the solution contains at least one harmonic 

term (
jwte ), which leads to sinusoidal oscillations in time 

domain solutions. 

 

 

 

 

 

 

 

 

 
Fig. 1. System responses with respect to root location of characteristic 

polynomial 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2. Oscillation of LTI system for various states of complex roots 
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(  j ) 

 

The system responses are represented with respect to root 

location of characteristic polynomials in Figure 1. Figure 2 

illustrates simulation results obtained for sinusoidal oscillation 

stereotypes with respect to complex roots. 

 

B. Problem Definition 

This study aims to derive fundamental design considerations 

for harmonic oscillation of high-order LTI systems on the 

bases of characteristic root placement in complex plane. For 

this propose, lets express the roots of characteristic polynomial 

in the form of ij
ii eM

   [24, 25]. Here, iM and i  are 

magnitude and angle of complex roots i , respectively. 

Transformation from ( ,M ) to (  j, ) is performed by 

using, 
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
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
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Fig. 3. Root mapping in M  plane and resulting oscillations boundaries 

 

Figure 3 illustrates the character of systems in M  root 

mapping regions. According to figure, regions of 0M  and 







2
2

3
2

2
hh i   for Th  yields a asymptotically 

stable LTI systems due to coinciding to left half of complex 

root plane and regions of 0M  and 







2
2

2
2

hh i   for Th  yield unstable LTI 

systems because of mapping right half of complex root plane. 

Boundaries between stability and instability mapping regions 

are referred to harmonic oscillating boundaries due to Mi   

and 0i . Oscillation-free response of LTI system is 

possible when all i  is mapped over the boundaries of 

 2hi  , 1,,3,2,1,0  ni  due to 0i  and Mi  . 

Real physical systems in macro scales (mechanical systems) 

mainly exhibit attenuating harmonic oscillation ( 0i ) for a 

limited time interval due to friction forces or thermodynamic 

energy loses. Time constant of this limited time oscillation 

(transient oscillation) is ))cos(/(1/1 iii M    and the 

oscillating frequency is )sin( iii M   . Steady oscillations 

can be frequently possible in micro-scale physical systems 

such as electro-physical and particle systems. However, 

unstable harmonic oscillation ends with devastation or 

transformation of the physical systems and this type behaviors 

can be take place in very short intervals in the nature for 

instance short-lived particles. 

 

C. Oscillation Locus of LTI systems 

 

Property 1: A LTI system yields steady oscillation if at least 

one root angle satisfies 


 hi 
2

, 1,,3,2,1,0  ni  and 

Th . 

 

Proof: One can write the angle i  as )/(tan 1
iii    and 

use it in 


 hi 
2

. In this case, i  can be written as, 

)
2

tan(/ 


 hii        (8) 

Since  )
2

tan( 


h for Th , one obtains 0i for 

Th . Considering remark (iii), this LTI system oscillates due 

to  ji  . 

 

Property 2: A n-order LTI system contains harmonic 

oscillation at the angular frequency k  for the first oscillation 

locus ( 0h ), when the characteristic polynomial coefficients 

n ..,,, 210  satisfy the following conditions, 






n

i

i
ki i

0

0)
2

cos()(


  and 




n

i

i
ki i

0

0)
2

sin()(


  

 

Proof: 

If the characteristic equation of n-order LTI system given by 

equation (6) is solved for ij
ii eM

   mapping, we obtains, 






n

i

ij
ii eM

0

0)()(       (9) 

Considering Property 1 for the first oscillation locus of system 

( 0h ), one can write the following equation, 






n

i

ij
i

ii eM

0

)
2

(

0)(



      (10) 

Since, )
2

sin()
2

cos(
)

2
(

ijie
ij 



 , equation (10) can be 

reorganized as follows, 

 
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

n

i

n

i

i
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i
ii iMiM

0 0

0)
2
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2

cos()(





   (11) 

For 
2


 i , we can write the magnitude as desired oscillation 

frequency, kiM  , and rearrange equation (11) as, 

M
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 
 
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n
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n

i

i
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ki iji

0 0
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2

sin()()
2

cos()(





    (12) 

A solution of equation (12) yields the sufficient conditions of 

harmonic oscillation at the angular frequency k  as, 

 





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i
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0

0)
2

cos()(


  and  



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i
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0

0)
2
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

  (13) 

Property 2 gives the sufficient conditions for determination of 

characteristic polynomial coefficients in order to make any n-

order LTI system contain harmonic oscillation at the angular 

frequency k . 

One can write equation (13) in open form as, 

when the order n are even,  
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When the order n are odd, 
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These equations also tell us the following important remarks 

for oscillation condition of LTI systems: 

 

(i) According to equation (13), due to arbitrary solutions, it is 

always possible to find out a characteristic polynomial 

coefficients set n ..,,, 210  in order to oscillate any LTI 

system with 1n  at any k . (Existence of solution) 

 

(ii) According to equation (13), the characteristic polynomial 

coefficients n ..,,, 210 , which oscillates any LTI system 

at any k , is not unique. So, there is a solution family of 

n ..,,, 210  satisfying equation (13). (Abundance of 

solution) 

 

(iii) A special case of oscillating coefficients of characteristic 

polynomial appears when 1k . A solution family can be 

obtained as n  ...210  . (Balanced solution 

families) when the order n are even,  

0... 26420   nn   & 

0... 137531   nn    (16) 

when the order n are odd, 

0... 136420   nn   & 

0... 27531   nn    (17) 

 

(iv) Oscillation condition given by Equation (13) let to 

arbitrary selection of 1n  coefficient and the rest two 

coefficients are determined by the following equations, 






n

vii

i
kiv i

&0

)
2

cos()(


  & 






n

gii

i
kig i

&0

)
2

sin()(
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In order to avoid arbitrary locating of  2n  roots of 

characteristic polynomial and negative effects of this root on 

harmonic oscillation patterns, we prefer to locate them at 

 i  with magnitudes 221 ...  nMMM , which mean 

to 0  and 0... 221  n . Those roots yield 

transient asymptotic solutions (
tie


) approximating to zero 

without any oscillation as time goes to infinity. In other words, 

we obtain n  number of linear equations for n  roots and 

choose only 0  arbitrary. Additional linear equation for each 

non-oscillating transient roots ( 2..2,1  np ) can be written 

as, 






n

i

i
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0

0)cos()(       (19) 

This equation is useful for vibration free system design. When 

all roots of a system satisfies this condition, the system 

response cleans from transient damping harmonics and 

rippling. 

 

D. Extension of Analyses to Fractional Order LTI systems  

Fractional-order system modeling attracts interest of 

researches, recently. Results in previous section can be easily 

extended for fractional-order LTI system expressed in a 

general form as follows 
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 Characteristic equation of fractional-order LTI system is 

written in the following general form, 
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By considering iiii j
ii eM

  , where Ri   represents 

fractional orders. 
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For 
2


 i , we can write the magnitude as desired oscillation 

frequency, kiM  , and obtains the oscillation condition 

corresponding to equation (13), 
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For  i  and iiM  , additional linear equation for each 

non-oscillating transient roots ( 2..2,1  np )  can be written 

as, 






n

i

ipi
i

0

0)cos()(  
     (24) 

Equations (23) and (24) are reduced to equations (13) and (19) 

for integer values of derivative order i . The remarks given in 

previous section are also valid for fractional order system. 

 

Design procedure for oscillating high-order LTI system 

( 3n ) with no transient oscillation can be summarized as 

follows: 

Step 1: Set 10   or any real number. 

Step 2: Write n  number of linear equations such that equation 

(23) is for oscillating roots and equation (24) is for each non-

oscillation roots. 

Step 3: Solve linear equations to obtain n ..,, 21  

polynomials coefficients. 

 

III. NUMERICAL EXAMPLE 

In this section, we present an example system for fourth-order 

LTI systems, expressed in the form of, 

uyyyyy  01
)2(

2
)3(

3
)4(

4     (25) 

In order to obtain harmonic oscillation at 2k  radian/sec 

according to property 2, one writes equation (13) for 4n  

and then solves two equations given bellow, 

0164 420    and 082 31       (26) 

There are 5 design coefficients ( 0 , 1 , 2 , 3 and 4 ) and 

two linear equations, so we choose three coefficients 

arbitrarily as 10  , 5.01   and 14  . Then, by solving 

equation (26), one obtains 25.42   and 125.03  . 

Accordingly, the transfer function of oscillator can be obtained 

as, 

15.025.4125.0

1
)(

234 


ssss
sT     (27) 

 

State space model in controller canonical form can be written 

as 
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A Dirac function in the form of  )()( tgtu   was used for the 

input disturbance of the system. This imposes the initial 

condition of gy )0(  and 0)0()( iy , ni ..3,2,1 . The 

amplitude of Dirac ( g ) can be used for adjusting the 

amplitude of harmonic oscillation.  

Figure 4(a) shows roots ( i , 4..2,1,0i ) in complex plane. 

Complex conjugate roots j22,1   yields harmonic 

oscillation at 2k  radian/sec and the roots 

j4961.00625.04,3   yield a transient decaying 

oscillation with a time constant 16)0625.0/(1   sec at 

the angular frequency of 4961.0  radian/sec. The transient 

oscillation almost attenuated in  805   sec and the harmonic 

oscillation at 2k  radian/sec continues with an amplitude 

of 0.13 for )()( ttu  . In order to increase the amplitude of 

harmonic oscillation up to the amplitude of 0.65 as in Figure 

4(c),  )(5)( ttu   was applied from the input. This figure 

confirms that harmonic oscillation amplitude for the high-

order LTI system can be controlled via the input signal )(tu . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4. (a) Root locations in complex plane, (b) LTI system response for 

)()( ttu  , (c) LTI system response for )(5)( ttu   
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Fig. 5. (a) Discrete-time analytic representation of the output signal. (b) 

Spectrogram of the output signal 

 

 

Figure 5(a) shows discrete-time analytic signal of the 

system output calculated by Hilbert transform. Analytic signal 

represents signals in a complex plane (
)()()( tjetyty  ), 

where vertical and horizontal axis are complex part and real 

part of complex signals. Irregular large circles were formed by 

transient oscillations in the figure. The circular orbit bands 

were formed by steady harmonic oscillation obtained at 

2k  radian/sec. This effect can be clearly observed in 

Figure 5(b) demonstrating spectrogram of the system output. 

Spectrogram is obtained by moving window short-time 

Fourier transform of signals. This figure shows damping of 

transient oscillation at roughly 0.08 Hz (angular frequency of 

4961.0  radian/sec) in about 80 sec and a steady harmonic 

oscillation at 0.31 Hz (angular frequency of 2  radian/sec). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6. (a) Root locations in complex plane, (b) LTI system response for 

)()( ttu  , 

 

In order to remove transient oscillations caused from the 

complex conjugates roots j4961.00625.04,3  , we 

applied the design procedure for oscillating high-order LTI 

system with no transient oscillation given in previous section. 

For this proposes, we preferred decay of non-oscillating two 

transient components for 53   and 2.94   as in illustrated 

Figure 6(a). Two addition linear equations were written 

according to equation (19) as, 

0625125255 43210   &

010000100010010 43210    (29) 

 

For 10  , the solutions of equations (26) and (29) were 

obtained as 3077.01  , 2715.02  , 0769.03  , 

0054.04   and the differential model of the system can be 

written as 

 

uyyyyy  3077.02715.00769.00054.0 )2()3()4(    (30) 
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Fig. 7. (a) Discrete-time analytic representation of the output signal. (b) 

Spectrogram of the output signal 

 

Figure 6(b) shows the system output, where transient 

oscillations are cleared. To better evaluate harmonic 

oscillations, Figures 7(a) and 7(b) shows discrete-time analytic 

signal and spectrogram of the system output. It is evident from 

figures that transient oscillations were cleared from the system 

output.  

One of the noteworthy property of this oscillator is that one 

can add a bias level for harmonic oscillation by applying a 

step function ( 1)( tu , 0t ) to the input. Figure 8(a) and (b) 

shows step response and discrete-time analytic signal of the 

system. A bias with a magnitude of one is apparent in these 

figures. Figure 9 shows results of variable step input applied 

for a fourth-order LTI system designed for 1k  radian/sec, 

53   and 8.94  . The differential model of the LTI 

oscillation control system was obtained as 

 

)(3020.00204.13020.00204.0 )2()3()4( tuyyyyy   (31) 

To better demonstrate amplitude and bias control of 

oscillations at 1k  radian/sec via input signal )(tu , we 

applied subsequent delayed Dirac input and a variable step 

input as control signal. The subsequent delayed Dirac signal 

was formed as follows, 

 

 )150(2.1)100()(5.0)(  ttttu      (32) 

 

And, the following variable step input signal was used to 

disturb the oscillating system. 
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Fig. 8. (a) LTI system response for 1)( tu  exhibiting a bias level of one, 

(b) Discrete-time analytic representation of the output signal with a bias level 

of one. 

 

Figure 9(a) and (b) demonstrates control of oscillation 

amplitude by the subsequent delayed Dirac signal generated 

by equation (32). Each pulse increases amplitude of harmonic 

oscillation for a zero bias. Figure 9(c) demonstrates shift of 

bias of oscillation by altering amplitude of the variable step 

function according to equation (33). It should be noticed that 

oscillation control is performed for amplitude by Dirac input 

and for bias by step input. 

Practical harmonic oscillator implementation in circuit 

design encounters with voltage stability problems and it 

requires a control circuitry to sustain oscillation voltage 

stability[26]. 
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Fig. 9. (a) LTI system response for subsequent delayed dirac input, (b) 

Discrete-time analytic representation of the output signal for subsequent 
delayed dirac input, (c) Harmonic oscillation controlled with a variable step 

input and corresponding bias levels. 

 

 

We present another example system for fractional-order LTI 

systems, expressed in the form of, 

uyyyy  0

)2.1(

1

)4.2(

2

)6.3(

3     (34) 

In order to obtain harmonic oscillation at 4k  radian/sec 

according to property 2, one writes equation (23) for 3n  

and then solves two equations given bellow, 

 

         06350.18195.18155.0 3210    and             

         01879.13219.15099.2 321                        (35) 

There are 4 design coefficients ( 0 , 1 , 2 , 3 ) and two 

linear equations, 10   and 5.01   are chosen arbitrarily. 

Then, by solving equations (35), one obtains 080733.02   

and 013745.03  . Accordingly, the transfer function of 

fractional order LTI harmonic oscillator can be obtained as, 

15.0080733.001374.0

1
)(

2.14.26.3 


sss
sT   (36) 

 

A differential model of fractional order LTI harmonic 

oscillator was obtained as, 

 

)(5.0080733.0013745.0 )2.1()4.2()6.3( tuyyyy    (37) 

 

Fig. 10 shows step response of fractional order LTI system 

and its discrete-time analytic representation. In order to 

simulate step response of equation (36), we used Matlab 

functions presented in [27]. We observed in simulation that 

amplitude of harmonic oscillation is not steady for a long time 

as harmonic oscillation of integer order LTI systems. One 

reason for this amplitude instability can be approximation 

errors, which are caused from approximate implementation of 

fractional order terms in numerical simulations. 
 

 

 
 

 

 
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

Fig. 10. (a) Step response of fractional order LTI system given by equation 
(36), (b) Discrete-time analytic representation of the output signal. 

 

IV. CONCLUSIONS 

This study presents a harmonic oscillation design and control 

procedure for high-order LTI systems. The paper discusses 

sufficient conditions of system coefficients to maintain 
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harmonic oscillation and to clear transient harmonics from the 

system output. Moreover, some properties related to 

oscillating LTI system solutions such as existence of solution, 

abundance of solutions, balanced solution families are 

discussed. Equation set for oscillating roots (equation (13)) 

and non-oscillation roots (equation (19)) placement is derived 

and a design procedure for oscillating high-order LTI systems 

with no transient oscillation is presented. 

Design and control examples were presented for the fourth-

order LTI systems. In these examples, we illustrated removal 

of undesired transient harmonic oscillation from the system 

response and controlling the amplitude and bias levels of 

harmonic oscillations of the systems via input signal. 

In physics, harmonic oscillations are widely used to explain 

mechanisms acting on the periodic events. A notable point 

should be emphasized that the steady state behavior of a high-

order LTI system can mimic a second-order harmonic 

oscillator, when the complex conjugate roots resulting in 

transient oscillations moves away the complex axis. This 

transient components damp down during the transient regime. 

Steady-state response analysis of physical systems can hide 

effects of higher-order eigenvalues or roots at the system 

output. However, the actual orders of harmonically oscillating 

systems can be estimated by evaluating transient response of 

systems. 

Discussions and examples in the paper can be useful for 

system engineering and results can contribute to the field of 

vibration control, electrical systems, modeling and analysis of 

periodical physical phenomena. 
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