http://www.newtheory.org ISSN: 2149-1402

New Théory

Received: 08.08.2015 Year: 2015, Number: 9, Pages: 22-39
Published: 14.12.2015 Original Article™

BIPOLAR (T,S)-FUZZY MEDIAL IDEAL OF BCI-ALGEBAS

Samy Mohammed Mostafa'” <samymostafa@yahoo.com>
Abdelaziz Elazab Radwan® <zezoradwan@yahoo.com>
Amany El-menshawy' <amanyelmenshawy2010@gmail.com>
Reham Ghanem® <ghanemreham@yahoo.com>

lDepartment of Mathematics, Faculty of Education, Ain Shams University, Roxy, Cairo, Egypt.
*Department of Mathematics, Faculty of Science and Arts, Qassim University, Kingdom of Saudi Arabia

Abstract - In this paper, the concept bipolar (T,S)- fuzzy medial-ideals are introduced and several properties
are investigated .Also, the relations between bipolar (T,S)- fuzzy medial-ideals and bipolar (T,S)- fuzzy BCI-
ideals are given .The image and the pre-image of bipolar (T,S)- fuzzy medial-ideals under homomorphism of
BCl-algebras are defined and how the image and the pre-image of bipolar (T,S)- fuzzy medial-ideals under
homomorphism of BCl-algebras become bipolar (T,S)- fuzzy medial-ideals are studied. Moreover, the
Cartesian product of bipolar (T,S)- fuzzy medial-ideals in Cartesian product BCl-algebras is established.
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1. Introduction

In 1966 lami and Iseki [5,6,7] introduced the notion of BCK-algebras Iseki [5,7] introduced
the notion of a BCl-algebra which is a generalization of BCK-algebra. Since then
numerous mathematical papers have been written investigating the algebraic properties of
the BCK / BCl-algebras and their relationship with other structures including lattices and
Boolean algebras. There is a great deal of literature which has been produced on the theory
of BCK/BCl-algebras, in particular, emphasis seems to have been put on the ideals theory
of BCK/BCl-algebras . In 1956, Zadeh [17] introduced the notion of fuzzy sets. At present
this concept has been applied to many mathematical branches. There are several kinds of
fuzzy sets extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval
valued fuzzy sets, vague sets etc. In [1,2,8,9,10,11,13] they introduced an extension of
fuzzy sets named bipolar-valued fuzzy sets. Bipolar-valued fuzzy sets are an extension of
fuzzy sets whose membership degree range is enlarged from the interval [0,1] to [-1,1]. On
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the other hand, triangular norm is a powerful tool in the theory research and application
development of fuzzy sets [4,12]. Li [12] generalized the operators “A” and “ V ” to T-
norm and S-norm and defined the intuitionistic fuzzy groups of (T-S) - norms. as a
generalization of the notion of fuzzy set. In 1991, Xi [16] applied the concept of fuzzy sets
to BCI, BCK, MV-algebras. In [14] J.Meng and Y.B.Jun studied medial BCI-algebras.
Mostafa et al. [15] introduced the notion of medial ideals in BCl-algebras, they stated the
fuzzification of medial ideals and investigated its properties. Now, in this note we use the
notion of Bipolar valued fuzzy set to establish the notion of bipolar valued (T,S) - fuzzy
medial ideals of BCl-algebras; then we obtained some related properties, which have been
mentioned in the abstract .

2. Preliminaries

Now we review some definitions and properties that will be useful in our results.

Definition 2.1 [5,7] An algebraic system (X ,*,0) of type (2, 0) is called a BCl-algebra if it
satisfying the following conditions:

(BCI-1) ((x*y)*(x*2))*(z*y) =0,

(BCI-2) (x*(x*y))*y=0,

(BCI-3) x*x =0,

(BCI-4) x*y=0 and y*x=0 imply x=y.

Forall x,yand z € X . In a BCl-algebra X, we can define a partial ordering”<” by x <y if
andonly if x*y=0.

In what follows, X will denote a BCl-algebra unless otherwise specified.

Definition 2.2 [14] A BCl-algebra (X,*,0) of type (2, 0) is called a medial BCl-algebra if
it satisfying the following condition: ( x*y)*(z * u)=(x=*z)*(y = u) , forall
X,¥,z and ue X.

Lemma 2.3 [14] An algebra (X, *, 0) of type (2, 0) is a medial BCl-algebra if and only if it
satisfies the following conditions:

()  xx(y*xz)=z%(y*X)
(i) X*0 =X
(iii)  x*x=0
Lemma 2.4 [14] In a medial BCl-algebra X, the following holds:
xx(xxy)=y, forallx,ye X.
Lemma 2.5 Let X be a medial BCl-algebra, then O (y*x)=x=*y, forallx,ye X .

Proof . Clear.

Definition 2.6 A non empty subset S of a medial BCl-algebra X is said to be medial sub-
algebraof X, if x*ye S, forall x,yeS.
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Definition 2.7 [5,7] A non-empty subset | of a BCl-algebra X is said to be a BCl-ideal of X
if it satisfies:

(I) Oel,

(1) x*yeland yel implies xel forall x,ye X .

Definition 2.8 [15] A non empty subset M of a medial BCl-algebra X is said to be a
medial ideal of X if it satisfies:

(M) 0eM,

(My) z#(y*x)eMand y*zeM imply xeM forall x,yandze X.

Definition 2.9 [15] Let » be a fuzzy set on a BCl-algebra X, then x is called a fuzzy BCI-
subalgebra of X if
(FS1) p(x*y) =min{(x), u(y)}, forall x,y e X.

Definition 2.10 [15] Let X be a BCl-algebra. a fuzzy set 4 in X'is called a fuzzy BCl-ideal of
X if it satisfies:

(Fl1) 1(0) = p(x),

(F12) z(x) =min{u(x=*y), u(y)}, forall x,yandz e X.

Definition 2.11 [15] Let X be a medial BCl-algebra. A fuzzy set x in X is called a fuzzy
medial ideal of X if it satisfies:

(FM1) (0) = (),

(FM32) a(x) = min{z(z*(y* X)), u(y*2z)},forall x,yandz e X.

Definition 2.12 [12] A triangular norm (t-norm) is a function T :[0,1]x[0,1] —[0,1]
that satisfies following conditions:

(T1) boundary condition :T(x, 1) = X,

(T2) ) commutativity condition: T(X, y) = T(y, X),

(T53) associativity condition :T(x, T(y, z)) = T(T(X, y), 2),

(T4) monotonicity : T(X, y) < T(X, z) ,whenever y <z forall x, y, z €[0, 1].

A simple example of such defined t-norm is a function T (o, £) = min{a, S}.
In the general case T (a, f) <min{a, f}and T (o, 0) =0 forall ¢, # € [0, 1].

Definition 2.13 [4 ] Let X be a BCl-algebra. A fuzzy subset p in X is called a fuzzy sub-
algebra of X with respect to a t-norm T (briefly, a T-fuzzy sub-algbra of X) if

(X)) >T{u(x*y),u(y)}, forall x,ye X.

Definition 2.14 [12] A triangular conorm (t-conorm S) is a mapping
S :[01]x[0,1] — [0]] that satisfies following conditions:

(S1) S(x, 0) = x,

(S2) S(x, y) = S(y, X),

(S3) S(x, S(y, )) = S(S(x, y), 2),

(S4) S(x,y) <S(x, z) , whenevery <z forall x,y, z €[0, 1].

A simple example of such definition s-norm S is a function S(x, y) = max{X, y}.
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Every S- conorm S has a useful property: max{a, B}<S (a, p) for all a, p < [0, 1].

Definition 2.15 [4 ] Let X be a BCl-algebra. a fuzzy set x in X is called T- fuzzy BCI- ideal of
X if it satisfies:

(Th) w(0) = r(x),

(T) (X)) =T{u(x*y),u(y)}, forall x,yandz e X.

Definition 2.16 [4] Let X be a BCl-algebra. a fuzzy set A in X is called S- fuzzy BCI- ideal
of X if it satisfies:

(Sh) A(0) < A(x),

(S12) A(X) <S{A(x*Y),A(y)}, forall x,yandz e X.

Definition 2.17 Let X be a BCl-algebra. A fuzzy set x in X is called T- fuzzy medial -
ideal of X if it satisfies:

(FM1) 1(0) = u(x),

(FM2) p(X) >T{u(z*(y*x)), u(y*2)},forall x,yandze X.

Definition 2.18 Let X be a BCl-algebra. A fuzzy set 1 in X is called S- fuzzy medial -ideal
of X if it satisfies:

(FS1) A(0) < A(x),

(FS2) A(X) <S{A(z*(y=*x)),A(y=2)},forall x,yandze X.

Example 2.19 Let X={0, 1, 2, 3, 4, 5} be a set with a binary operation * defined by the
following table:

*10[1]2]3|4]5
0/0|0]0]|0]|4]4
111/0(1]0[4]4
212]12[0]0]4]4
3|13]12[1]0]4]4
414141414010
5|5]4[5]4]1]|0

we can prove that (X,x0) is a BCl-algebra. Let T :[01]x[01]—[01] be a function

defined by Tr, (a, B) = max {a + B — 1, 0} for all a, B € [0, 1] is a t-norm . By routine
calculations, we known that a fuzzy set p in X defined by

(1) =0.3 and p(0) = p(2) = u(3) = W4) = W) =0.9
is a Tm-fuzzy medial-ideal , since
Ha(X) 2T (2% (y * X), pa (y % 2)}-

and S, :[0,1]x[0,1] —»[01] be a function defined by S, (e, ) =min{l— (e + B),1}. Then
By routine calculations, we known that a fuzzy set A in X defined by



Journal of New Theory 9 (2015) 22-39 26

A ()=08and 1 0)=4 ()=22)=21B3)=414)=03
Is a Sp-fuzzy medial-ideal ,because

() <S{(z*(y*x),A,(y*2)} , forall x,yandze X.

3. Bipolar (T,S)-fuzzy Medial Ideal

Now, we present some preliminaries on the theory of bipolar-valued fuzzy set.

Definition 3.1 [9] A bipolar valued fuzzy subset B in a nonempty set X is an object
having  the  form B ={(x, z" (X), 17 (X)) | x € X}where u" X > [-10]and
4" X —>[01]are mappings. The positive membership degree x” (x)denotes the
satisfaction degree of an element x to the property corresponding to a bipolar-valued fuzzy
set B={(x, " (x), " (X))| xe X}, and the negative membership degree x" (x)denotes
the satisfaction degree of xto some implicit counter-property of a bipolar-valued fuzzy
set B={(x, " (X), 7 (X)) | x e X}. For simplicity, we shall use the symbol B = (x, u", u")
for bipolar fuzzy set B={(x, " (x), " (x))| x e X}, and use the notion of bipolar fuzzy
sets instead of the notion of bipolar-valued fuzzy sets.

Definition 3.2 [9] Let B =(x, #", 17) be a bipolar fuzzy set and (s,t) € [-1,0] x[0,1].
The set Bl ={xeX:u"(x)<s}and B ={xe X:u"(x)>t} which are called the
negative s-cut and the positive t-cut of B =(x, x", 17, respectively.

Definition3.3 [9] A bipolar fuzzy set B=(x, x", ") in a BCl-algebra (X,*, 0) is called a
bipolar (T,S)- fuzzy BCIl-subalgebra of X if it satisfies the following condition:
Forall x,y e X, u"(x*y)<S{u™(x), ™ (N}, 1" (x*y) 2T{u" (%), 17 (y)}-

Lemma 3.4 If B=(x,u",x")is abipolar (T,S)- fuzzy BCI-subalgebra of X , then

pM(0) < pM(x) and ” (0) = 1 (x)
Proof: Put x=y in Definition3.3and use (BCI-3) . The proof is complete.

Defintion 3.5 A bipolar fuzzy set B=(x, ", x")in X is called a bipolar (T,S)- fuzzy
BCl-ideal of X if it satisfies the following condition: for all x,y € X

(by) 4"(0) <" (x)and u™ (0) 2 1" (x),
(b2) 4" (X) < S{u" (xx y), ™ (W)}, 17 (%) 2 T{u” (x* y), 1 ()}

Defintion 3.6 A bipolar fuzzy set B=(x, ", u")in Xis called a bipolar (T,S)- fuzzy
medial -ideal of X if it satisfies the following condition: for all x,y,z € X

(by) " (0)<p"(x)and 1™ (0)2 " (x),
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(B2) 4" () =S{u" (2 (y*x), " (y*2)} " () 2T’ (2% (y*x), " (Y * 2)}-

Example 3.7 Let X = {0, 1, 2, 3} be a set with a binary operation * define by the following
table:

* 10111213
0 10]0|0]0
1 |/1]0]2]0
2 [2|/0]0]0
3 |3[2]1]0
0 1 2 3

Let T :[0,1]x[0,1] —[0,1] be a function defined by T (a, B) =max {a+ B — 1, 0} for all a,
€ [0, 1] and S:[-10]x[-1,0] »>[-10] be a function defined by
S(&,ﬁ)=min{1+(&+ﬁ),0} .,V a,p e[-10].By routine calculations, we know that
B=(x, x", 1")is bipolar (T,S)- fuzzy medial-ideal of X .

Proposition 3.8 Every a bipolar fuzzy(T,S)- medial-ideal of X is a bipolar fuzzy(T,S)-
BCl-ideal of X.

Proof: clear.

Proposition 3.9 If B=(x, x", ")is a bipolar (T,S)- fuzzy medial-ideal of X andx<y,
then £" (x)<™(y) and u”(x) =" (y).

Proof: If x<y, then x*y=0, since B=(x, x", ") is a bipolar fuzzy(T,S)- medial-ideal
of X, we get

by Lemma2.5

p" () < S{u™ (0% (y #x)), " ()} = S{u™ (x*y), ™ (¥)}
=S{u" (0), 4" (V)}= 1" (y)-

And

W ()= T (0% (y +30), 1" (V=T (% ), s (1)}
ST (0) 4 (V)= 1" ().

Theorem 3.10 Every bipolar fuzzy (T,S)- medial-ideal of X is a bipolar (T,S)- fuzzy
BCI-sub-algebra of X .
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Proof . Let B=(x, ", ") be bipolar (T,S)- fuzzy medial-ideal of X . Since x*y < x, for all
X,y e X, then gV (x*y)<u™(X), u°(x*y)>u"(x).Putz=0in (by), (B,), we have

p"(0) < 4" (x)and 1™ (0) > 1" (),

H (x*y) < " () < S{u (0 (y # %), 1™ (y* 00} = S{u"™ (0% (y *x), 1" (y*0)}
S{u” (x* y), 1" ()< S{u" (%), " (y)} . and

HE(x*y) 2 " (x) 2T (0% (y *x), 17 (Y *0)} =T{u" (0 (y * X),ﬂP(Y*O)}.
TLu" (xx y), 17 ()2 T{u" (%), 47 ()}

Then B=(x, ", ) is bipolar (T,S)- fuzzy sub-algebra of X.

Proposition 3.11 Let B=(x, «", ") be a bipolar (T,S)- fuzzy medial-ideal of X . If the
inequality x*y <z holds in X, then

V) <S{u (), 1" (2)} and 1P () =T (y), ()} for all x,y,ze X .

Proof . Letx,y,ze X be such thatx*y<z. Thus, put z=0 in (Defintion3.6), (using

lemma2.5 and lemma 3.9), we get,
since u™N (x*y)<u™ (2)

M () < S O (y+x), 1™ (y*O)p= S{u" (x*y), 1" (N}< S{w" (@), 4" (W)}

Similarly we have,

since u” (x*y)=u® (2)
f—%

w1 () =TLu” (0 (y = x), 1" (y *0)F = T{u" (xx y), u” (}= T{u" (@), 1° (¥)}-

Theorem 3.12 Let B=(x,u",x")be a bipolar (T,S)- fuzzy sub-algebra of X .such that

1P ) =TL" (y), 1f (@)}, 1™ (¥) < S{u" (y), 1" (2)}, satisfying the inequality x*y<z for
allx,y,ze X.Then B=(x, ", 1")is a bipolar (T,S)- fuzzy medial ideal of X.

Proof. Let B=(x,u",ux")be a bipolar fuzzy sub-algebra of X. Recall that
uN ()< uf(x)and 1N (0)> 1P (x), for all xeX. Since, for allx,y,ze X ,we have
X*k(z#(y*X)=(y*X)*(z*xX)<y*z, it follows from the hypothesis

that 22" (x) < S{u" (2= (y * ), " (y*2)}, 1" (0 2 T{u" (2 (y * %), " (Y * 2)}.
Hence B =(x, u", 17) is a bipolar (T,S)- fuzzy medial ideal of X.

Definition 3.13 [9] Let B=(x, ", 1) be a bipolar fuzzy set and (s,t) [-1,0]x[0,1].
The set Bl ={xe X:u"(x)<s}and B ={xe X:u"(x)>t} which are called the
negative s-cut and the positive t-cut of B=(x, ", 7), respectively.
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Example 3.14 Let X ={0,1,2,3}be a set with a binary operation * define by the following
table:

WIN| P Of %
WINFPR OO
NW O|lF| k-
P OIWINIDN
OIRFRLINW W

We can prove that (X,*,0) is a BCl-algebra. We Define

X 0 1 2 3
1M (%) -0.7 -0.6 -0.3 -0.4
1°(X) 0.7 0.5 0.3 0.2

Then
BN, ={xe X:u"(x)<-03}={012} , Bl ={xe X : t/"(x) 0.5} = {01}

Theorem 3.14 An BFS B =(x, #", 7) is a bipolar (T,S)- fuzzy medial ideal of X if and only
if for all s e[-1,0],t €[0,1], the set BsN and BtP are either empty or medial ideals of X.

Proof. Let B=(x, ", ") be bipolar (T,S)- fuzzy medial ideal of X and B,” = ® = B," . Since
#7(0)=t and #M(0)<s, let x,y,ze X be such that z*(y*x)eB,” and y*zeB, then
Lo (z*(y*x) >t and P (y*z)>t, it follows that 2" (x)>T{u" (x*(y=*2)), 4" (y*2)}=>t,
we get xe B,” . Hence B, is a medial ideal of X.

Now let x,y,z € X be such that z*(y*x)eB," andy*zeB,", then u"(z*(y*x))<s and
1N (y*2z)<s which imply that z"(x) <S{u"(z*(y*x)),u"(y*2)}<s. Thus xeB," and

therefore B." is a medial ideal of X.

Conversely, assume that for eachs €[-1,0],t €[0,1], the sets BtPand BSN are either empty or
medial ideal of X. For anyxe X, let " (x)=tandx"(x)=s. Then xe B " nB,"and so
B #®=B". SinceB,"and B “are medial ideals of X, therefore 0eB"NB,".
Hence 1 (0) >t = 1" (x)and " (0) <s= " (x) forall xe X.
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If there exist x’,y’,z'e X be such that " (X)<T{u"(Z'*(y *x)), " (Y *2")}. Then by
taking t, = %{#P(X') +T{u" (2" % (y' = X), 1 (y' * 2')}}, we get

M (X) <t <TLu" (2 *(y' * X)), 1" (Y * 2)}

and hence X' ¢ B, ", z'*(y'*x)eB." and y'*xz'c B_", ie. B," is not a medial ideal of X,
which make a contradiction. Finally assume that there exist a,b,ce X such that
p" (@) > s{u" (c* (b*a)), 1" (b*C)}

Then by taking s, = %{,uN (@) +S{u" (c*(b*a), u" (b*c)}}, we get

S{u" (c*(b*a)), 4" (b*c)}<s, <u"(a)

Therefore, (c*(b*a))e B, " and b*ce B_", but ag B_", which make a contradiction. This
completes the proof.

4. Image (Pre-image) Bipolar (T,S)-fuzzy Medial Ideal

Definition 4.1 Let (X,*,0)and (Y,*',0")be BCl-algebras. A mapping f : X —Y issaid to be a
homomorphism if f(x*xy)=f(x)* f(y) for all x,ye X. Note that if f:X —>Y is a
homomorphism of BCl-algebras, then f(0)=0".

Let f:X —Y be a homomorphism of BCl-algebras for any bipolar fuzzy set
B=(x,u", ") in Y, we define new bipolar fuzzy set B, =(u},uf) in X by

wy (X) =" (F(X), and wf (x) =" (f(x))forall xe X.

Theorem 4.2 Let f:X —Y be a homomorphism of BCl-algebras. IfB=(x, u", x") is
bipolar (T,S)- fuzzy medial ideal of Y, then B, = (u} , f)is bipolar (T,S)- fuzzy medial
ideal of X.

Proof. pf (x):= 1" (f(x)) > 4" (0) = p" (f(0)) = 5 (0), and
i (X) = ua” (F(x)) < 127 (0) = 1 ((0)) = 5 (0) , forall x,yeX.
And

pe (X) = " (FO0) 2 TLu” (F(2) * (£ (y) * £ (), " (F (y) * F(2))}
=T{u"(F @) * fF(y*x)), 1" (F(y* )} =T{u" (F (2 (y*x)), 1 (T (y *2))}
=T{us (2% (y *x), 17 (y * )},
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and

p (%)= 4" (F () < S{u™ (£ (2) * (£ (y) * T (x)), 1" (F(y*2))}
= S{u" (£ (2)* T (y*x)), 1" (F(y * 2))}=S{u" (f (2 * (y=x)), " (F (y* 2))}
= S{uy (z* (y*x)), 1z (Y *2)}

Hence B, = (uf, 1] )is bipolar (T,S)- fuzzy medial ideal of X.

Theorem 4.3 Let f:X —Y be an epimorphism of BCl-algebras .If B, = (u},uf) is
bipolar (T,S)- fuzzy medial ideal of X, then B = (x, u", &7 is bipolar (T,S)- fuzzy medial
ideal of Y.

Proof. For any aeY , there exists x € X such that f(x)=a. Then

@) = u"(F () = 1" () < 1, (0) = 4 (£(0) = ™ (0),
pM @)= p (F00) =" () 2 1" (0) = " (F(0)) = 1" (0).

Leta,b,ceY.Then f(x)=a, f(y)=Db, f(z)=c, forsome x,y,z € X. It follows that

H7(@) = p" (F () = af () 2 T{ug (2% (y * X)), 7 (y * 2)}

=T{u"(f (z*(y*x) 1" (f(y*2))}

=T{u" (@) * £ (y+x)), 1" (F(y)* (@)} =TLu" (F (@) * (F(y)* £ ON) 1" (F(y) * F(2))}
=T{u"(c*(b*a)),u"(b*c)},

H (@) = p™ (1)) = g () < S{ptg’ (2 * (y * X)), o5 (y * 2)}

=S{u" (f (z* (y*x), " (f(y*2))}

=S{u" (f(2)* T (y*x)), 1" (F(y)* £ (@)} = S{u" (£ (@) = (F(y) * £00)) ™ (F(y) * T (2))}
=S{u" (c*(b*a)),u" (b*c)}.

This completes the proof.

5. Product of Bipolar(T,S)-fuzzy Medial Ideals

Definition 5.1 Let 4 and A be two fuzzy sets in the set X. the product
Axu: X x X —[0]1] is defined by (4 x £)(x, y) = min{A(x), u(y)}, forall x,y e X .

Definition 5.2 Let A=(X,u, ,u;) and B=(X, A5, AL) are two bipolar (T,S)- fuzzy set
of X, the Cartesian product Ax B = (X x X, gp x A5, 1y x Ag) is defined by
Hn % A5 (% Y) =T{ 125(x), 25 (y)} and
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pp < 25 (%, Y) = S{aap (%), 25 (¥)}, where u; x 25 : X x X —[0,1],
Ly x Ayt X x X —>[-1,0] forall x,ye X .

Remark 5.3 Let X and Y be medial BCl-algebras, we define* on X xY by:
For every (Xx,¥),(u,v) e XxY ,(X,y)*(u,v) =(x*u,y=*v). Clearly (X xY;*(0,0))is BCI-
algebra.

Proposition 5.4 Let A=(X,u,,u;) and B=(X,A5,45) are two bipolar (T,S)- fuzzy
medial ideal of X, then Ax B is bipolar (T,S)- fuzzy medial ideal of X x X .

Proof. 1, x 25(0,0) =T{£2;(0), A5 (0} = T{ 1. (X), A (V)}}= s x A5 (x,y),  for  all

X,yeX. And x5 (0,0) = S{ 14, (0), 45 (0)} < S{ s (X), A5 (Y)}}= p4p x A5 (x,y) , for
all x,yeX.

Now let (x;,X,),(Y;,Y,),(2,,2,) € X x X, then

T{(/UE X ﬂ’g)((zl’ 2,) * (Y1, ¥2) * (%1, %,))), (ﬂi X /lg)((yl’ ¥2)* (%, %))}
:T{(/UAP X ﬂ’g)((zl’ 2,) * (Y1 * %, Y, *%,)), (IUAF: X /lg)(y1 X, Y, *X,)}
:T{(/UAP X ﬂ’g)(zl (Y1 % %), 2, * (Y, *X,)), (ﬂ: X ﬂ’g)(yl *X, Y, *X,)}
=TT (% (% X)), A5 (2 % (Y * X D TR (2 % %), s (Y, %) 1}
:T{T{,UE(Zl (Y, * Xi))'ﬂ:(yl * Xi)}aT{/lg (z, % (Y, * Xz))yﬁg(yz *X,)}
=T{T{ /JZ(Zl (Y, * Xi))vﬂ/i’()ﬁ *X)hT { ig (2, % (Y, * Xz))’lg(yz *X,)}
<T{atn (%), 25 (%) = (#n x 25) (%, %) -

and

S{un > A6 (20 2) * (Vo Yo) * 00 D)) (et % A3 ) (Vi ¥2) * 00, %))}
= 5{(/12 X ﬁg Y(20,2,) * (Y, %, Y, * Xz))1(/u,:l X 2"E\:)(yl X, Y, * %)}
= 5{(/12 X ﬂg (2% (Y1 % %), 2, * (Y, *X,)), (;u;‘ X ﬂg (Y1 * %, Y, * %)}
= S{max{y,’f (z, % (Y, * Xl))’//i’g (2, *(y, * Xz))}’s{ﬂ/';‘ (Y, * X1)J“g (Y, *%,)}}
= S{S{ﬂ,z‘ (z, % (Y, * Xl))’luAN (Y, * Xl)}’S{ﬂ"g (z, *(y, * Xz))aﬂ*g (Y, *%,)}
=S{S{ /JZ (2, *(y, * Xi))nu,’: (v *x)}hS{ /15 (2, (Y, * XZ)),/?,S (Y2 %%,)}
> S{uN (%), AN (%,)}= (up < Ay ) (%, X,) . This completes the proof.

Example 5.5 Let X = {0, 1, 2, 3} be a set with a binary operation * as example 3.14

Then X x X — {(0,0),(0,1),(0,2),(0,3),(1,0),(1,1),(1,2),(1,3), }

(2,0),(2,1),(2,2),(2,3),(3,0),(31),(3,2),(3,3)

we define operation * on X xX by:for every

(X, ¥),(u,v) e X x X, (X, y)*(u,v) = (X*u,y*V).
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By routine calculations (X x X;*,(0,0)) is BCl-algebra.

Let T, :[01]x[01] —[01] be a functions ,defined by Tr, (o, B) = max {a + B — 1, 0}
andS,, :[-10]x[-10] >[-10] defined  byS, (e, B) =min{(@+5)-10} for all

a,fe[-10] Let AxB=(Xx X, ax A8, uNaxA"s) bipolar fuzzy medial ideals of X
define by

(1 %27 )(xy) = {0-6” (x, ¥)€{(00),(0,(0,2),(03),(10), (L1), (1.2),(13),(2,0), (2.1),(30), (31}

0.3 it (x, y)el(22),23),.32),(33)]

[ =07 i (x, y)€{(00),(00),(02),(0:3), (10), (1), (12), (13), (2.0), 21), (30), (31)}
103 it (x, y)el(22),(23),.32),.33)}

By routine calculations, we can prove that AxB=(XxX,u axXs, uNaxAVs), is
bipolar (T,,,S,,) -fuzzy medial ideals of X x X .

Definition 5.6 Let A=(X,u),u;) and B=(X,Ay,A:) are two bipolar fuzzy medial
ideals of BCl-algebra X. for s,t €[0,1] the set

U (1n x 25, 0) ={(X, y) € X X | (1 % 125 )(%, ) > 1}
is called upper t-level of (uf x AZ)(x,y) and the set

I—(,U/T Xi’; ,8) ={(X,y) € X x X [(A, x 45)(X, y) <s}
is called lower s-level of (u; x AZ)(X, ).
Theorem 5.7 An bipolar fuzzy set A= (X, uy,x,) and B=(X, 4, 4;) are bipolar(T,S)-
fuzzy medial ideals of BCl-algebra X if and only if the non-empty set upper t-level cut
U(uf xA5,t) and the non-empty lower s-level cut L(u, xAy,s) are medial ideals of

X x X forany s,t €[0]].

Proof. Let A=(X,uy,u;) and B=(X, Ay, A%) are two bipolar (T,S)- fuzzy medial ideals
of BCl-algebra X, therefore for any (x,y) e X x X,

(1 % 25)(0,0) = T{u (0), A5 (0)} = T{u (X), A5 (Y)} = (a4 x A5)(x, y) and for te[0]], if
(uf x A5)(%,, X,) >t , therefore (x,, X,) € U (uf x A5, 1).

Let (X, X%,),(Y;,Y,),(2,,2,) € X x X Dbe such that

((2,,2,) *((Y,, ¥,) * (X, X,))) € U (uf, x A5, 1), and (Y,,Y,) *(2,,2,) € U(up x A3, 1) .

Now
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(etp x 25) (%, %;) >
T{(utn x 25)(2,2,) * (Yo, Y2) * O % D)) (i < A5) (Wi, ¥2) * (21, 2,))}
:T{(,U/F; Xﬂ“g)((zy Zy) * (Y * %, Yy * XZ)),(/JE Xj“g)(yl *2,,Y,%2,)}
:T{(,U: x AE)(Zl * (Y, * X)), Z, * (Y, *X,)), (,u: Xﬂ;)(yl *2,,Y,*2,)}
>T{t,t}=t, Therefore (x,,X,) €U ((u} x AL)(X, y),t)is a medial ideal of
X x X . Similar to above L((y x A3 )(X,Y),s) is a medial ideal of X x X . This completes
the proof .

6. Conclusion

we have studied the bipolar (T,S)- fuzzy of medial-ideal in BCl-algebras. Also we
discussed few results of bipolar fuzzy of medial-ideal in BCIl-algebras under
homomorphism, the image and the pre- image of bipolar (T,S)- fuzzy of medial-ideal under
homomorphism of BCl-algebras are defined. How the image and the pre-image of bipolar
(T,S)- fuzzy of medial-ideal under homomorphism of BCIl-algebras become bipolar fuzzy
of medial-ideal are studied. Moreover, the product of bipolar (T,S)- fuzzy of medial-ideal
to product bipolar (T,S)- fuzzy of medial-ideal is established. Furthermore. The main
purpose of our future work is to investigate the foldedness of other types of fuzzy ideals
with special properties such as a intuitionistic bipolar (interval value) fuzzy n-fold of
medial-ideal in BCl-algebras.
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Algorithm for BC I-algebras
Input ( X :set, * :binary operation)
Output (“ X is a BCI -algebra or not”)
Begin

If X =¢ thengoto (L.);

End If

If 0 ¢ X thengoto (1.);

End If

Stop: =false;
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i=1:
While 1 < |X| and not (Stop) do

If X; *X; #0 then

Stop: = true;

End If

j=1

While j < |X| and not (Stop) do
If (X *(x *Y;))*Yy; #0, then

Stop: = true;
End If
End If
k=1

While k < |X| and not (Stop) do

I (0% *Y;)* (% *2,)) *(z, *y;) 20, then
Stop: = true;
End If
End While
End While
End While
If Stop then
(1.) Output (“ X is not a BCl-algebra™)
Else
Output (“ X is a BCI -algebra™)
End If.

Algorithm for fuzzy subsets
Input ( X :BCl-algebra, z: X —[01]);

Output (“ Ais a fuzzy subset of X or not”)
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Begin

Stop: =false;

i=1;

While 1 < |X| and not (Stop) do

If (2(%) <0)or(u(x)>1) then
Stop: = true;
End If

End If While

If Stop then
Output (“ u is a fuzzy subset of X )
Else
Output (“ ¢ is not a fuzzy subset of X )
End If
End.
Algorithm for medial -ideals
Input ( X :BCl-algebra, | :subsetof X );
Output (“ | is an medial -ideals of X or not”);
Begin
If | =¢ thengoto (1.);
End If
If O¢ | thengoto(1.);
End If
Stop: =false;
i=1;
While 1 < |X| and not (Stop) do
j=1

While | < |X| and not (Stop) do
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k=1
While k < |X| and not (Stop) do
If z *(y;*x)eland y;*z, el then

If X; 1 then
Stop: = true;
End If
End If
End While
End While
End While
If Stop then
Output (“ | is is an medial -ideals of X )
Else
(1.) Output (“ | is not is an medial -ideals of X *)
End If

End.
Algorithm for Bipolar medial ideal of X
Input ( X :BCl-algebra, * :binary operation, ,uN and ,uP fuzzy subsets of X );
Output (“B = (X, ", 12" ) is bipolar fuzzy medial ideal of X or not”)
Begin
Stop: =false;
1=1;

While 1 < |X| and not (Stop) do

It 1™ (0)> 1" (X)and 1" (0) < £° (X) then
Stop: = true;
End If

j=1

37
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While j < |X| and not (Stop) do
k=1

While k < |X| and not (Stop) do

It 4™ () > max{ ™ (xx y), 1" ()} 47 (x) <min{u” (x* y), 1” (x)} then
Stop: = true;
End If
End While
End While
End While

If Stop then
Output (“B = (X, ", 17 ) is not bipolar fuzzy medial ideal of X )
Else
Output(“B = (X, u™, ") is bipolar fuzzy medial ideal of X )
End If.

End.
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