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Abstract — The new notions, intersectional A -soft new-ideals and intersectional (cr, A) -soft new-ideals in
PU-algebras are introduced and their properties are investigated. The relations between an intersectional A -
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1 Introduction

Imai and Is’eki [6] in 1966 introduced the notion of a BCK-algebra. Is"eki [7] introduced
BCl-algebras as a super class of the class of BCK-algebras. In [4,5], Hu and Li introduced
a wide class of abstract algebras, BCH-algebras. They are shown that the class of BCI-
algebras is a proper subclass of the class of BCH-algebras. Megalai and Tamilarasi[15]
introduced the notion of a TM-algebra, which is a generalization of BCK/BCI/BCH-
algebras and several results are presented. Mostafa et al, in [17 ] introduced a new algebraic
structure called PU-algebra, which is a dual for TM-algebra and they investigated severed
basic properties. Moreover, they derived new view of several ideals on PU-algebra. The
concept of fuzzy sets was introduced by Zadeh [22]. In 1991, Xi [20 ] applied the concept
of fuzzy sets to BCI, BCK, MV -algebras. Since its inception, the theory of fuzzy sets,
ideal theory and its fuzzification has been developed in many directions and applied to a
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wide variety of fields. Mostafa et al [18,19] introduced the notion of a-fuzzy and (a,a) -

cubic new-ideal of P U -algebra. They discussed the homomorphic image (pre image) of a-
fuzzy and (a,a) -cubic new-ideal of P U -algebra under homomorprhism of P U -algebras.

Molodtsov [16] introduced the concept of soft set as a new mathematical tool for dealing
with uncertainties that is free form the difficulties that have troubled the usual theoretical
approaches. Maji et al [12,13,14] described the application of soft theory and studied
several operations on the soft sets. Many Mathematicians have studied the concept of soft
set of some algebraic structures. The algebraic structure of set theories dealing with
uncertainties has been studied by some authors. Cagman et al. [1, 2, 3] introduced fuzzy
parameterized (FP) soft sets and their related properties. They proposed a decision making
method based on FP-soft set theory, and provided an example which shows that the method
can be successfully applied to the problems that contain uncertainties. Jun [8] applied
Molodtsovs notion of soft sets to the theory of BCK/BCl-algebras and introduced the
notion of soft BCK/BCl-algebras and soft subalgebras and then investigated their basic
properties. Jun and Park [9] dealt with the algebraic structure of BCK/BCI-algebras
by applying soft set theory. They introduced the notion of soft ideals and idealistic soft
BCK/BCl-algebras and gave several examples. Jun et al. [10] introduced the notion of soft
p-ideals and p-idealistic soft BCl-algebras and investigated their basic properties.
Using soft sets, they gave characterization of (fuzzy) p-ideals in BClI-algebras.
Moreover, Jun et al. [11] applied a fuzzy soft set introduced by Maji et al. [12] as a
generalization of the standard soft sets for dealing with several kinds of theories in
BCK/BCl-algebras. They defined the notions of fuzzy soft BCK/BClI-algebras, (closed)
fuzzy soft ideals, and fuzzy soft p-ideals, and investigated related properties. Yang et al.
[21] introduced the concept of the interval-valued fuzzy soft set; they studied the algebraic
properties of the concept and they analyzed a decision problem by using an interval-valued
fuzzy soft set.

In this paper, we introduce the notions of soft PU-algebras , A-soft new-ideals , («,A)-

soft new-ideals and discuss various operations introduced in on these concepts. Using soft
sets, we give characterizations of («, A)-soft new-ideals in PU-algebras. The relations

between A-soft new-ideals and («, A)-soft new-ideals in PU-algebras is provided. The
homomorphic image of an intersectional o-soft new-ideals are studied.

2 Preliminaries

Now, we will recall some known concepts related to PU-algebra from the literature, which
will be helpful in further study of this article.

Definition 2.1. [17] A PU-algebra is a non-empty set X with a constant 0 X and a
binary operation * satisfying the following conditions:

(D 0=*x=x,

(M x=z)x(y+xz)=y=*xforanyx,y,ze X.

On X we can define a binary relation " <" by: x <y ifandonlyify * X =0.
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Example 2.2. [17] Let X ={0, 1, 2, 3, 4} be a set and * is defined by

RIN[W|A~O|O
AIOIFR|INW]| W
OR[N |W|N] >

WAoo IN]DN

AIWIN|R|O| *
NIW[d|O|F|F

Then (X, *, 0) is a PU-algebra.

Proposition 2.3. [17] In a PU-algebra (X,*, 0) the following hold, for all x,y, z € X
(@) x*x=0.

(b) (X * z) * z =x.

(©) x*(y*2z)=y=*(X*2)

(d)x*(y=*x)=y=*0.

(€) (x*y)*0=y=*x

A Ifx<y,thenx *0=y = 0.

(9) (x*y) * 0 =(x*2) = (y*2).

(h)x *y<zifand onlyifz * y <x.
()x<yifandonlyify*z<x*z.

() In a PU-algebra (X, =, 0) , the following are equivalent:

Q) x=y, @)x=*xz=y=z, Bzxx=z=*y.

(k) The right and the left cancellation laws hold in X .

(D @Z=*x)*(Z*y)=x=*y,

(M) (x*y)*z=(z*y)*X

(N x*y)*(z*xu)=(x=*2z)*(y=*u)forallx,y,zandu e X.

Lemma 2.4.[17] If (X, *, Q) is a PU-algebra, then ( X, <) is a partially ordered set.

Definition 2.5. [17] A non-empty subset S of a PU-algebra (X, *, 0) is called a sub-algebra
of X ifx*y e Swheneverx,y € S.

Definition 2.6. [17] A non-empty subset | of a PU-algebra (X, *, 0) is called a new-ideal of
X if,

(i) 0 €l

(i)(@~(=x))»x e I, foralla,b e land xe X .

Theorem 2.7[17] Any sub-algebra S of a PU-algebra X is a new-ideal of X.
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Example 2.8[17] Let X = {0, a, b, c} be a set with = is defined by the following table:

O T @ Of %
O T 9| ©] ©
| O O 2|
| OO T| T
Ol @) T O O

Then ( X, *, 0) is a PU-algebra. It is easy to show that I; = {0, a}, I,={0, b}, 13 ={0, c}
are new-ideals of X.

3 Basic Results on Soft Sets

Molodtsov [16 ] defined the notion of a soft sets as follows. Let U be an initial universe
and E be the set of parameters. The parameters are usually “attributes, characteristics or
properties of an object”. Let P(U) denote the power set of U and A is a subset of E.

Definition 3.1 [ 16]. A pair (F, A) is called a soft set over U, where F is a mapping given
by F : A — P(U).In other words, a soft set over a universe is a U parameterized family
of subsets of the universe U . For e A, F(e) may be considered as the set of e-elements

or e- approximate elements of the soft set (F, A).Thus (F,A) = {F(e) ePU):eeAc E}.

Definition 3.2 [12 ]. Let (F, C) and (G, D) be two soft sets over a common universe U.
The soft set (F, C) is called a soft subset of (G, D), if C< D and forall ¢ € C,
F (¢ ) € G(¢). This relationship is denoted by (F, C)c (G, D). Similarly (F, C) is
called a soft superset of (G, D), if (G, D) is soft subset of (F, C). This relationship is
denoted by (F, C) > (G, D). Two soft sets (F , C) and (G, D) over U are said to be equal,
if (F, C)is asoft subset of (G, D) and (G, D) is a soft subset of (F , C).

Definition 3.3 [12]. Let (F, C) and (G, D) be any two soft sets over U.

(1) The intersection (H, E) of two soft sets (F , C) and (G, D) is defined as the soft set
(H,E)=(F,C) N(G,D),whereE=CNDandforall ¢ € Cl[J

F(e) if eeC\D
H(C)=1G(¢) if £eD\C
F(e)NG(e) if eeCND

(2) The union (H, E) of two soft sets (F , C) and (G, D) is defined as the soft set
(H,E)=(F,C) U(G,D),whereE=CuDandforall ¢ €eC
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F(e) if eeC\D
H(C)=:G(¢) if £eD\C
F(e)UG(e) if eeCND

(3) The AND operation (F , C) AND (G, D) of two soft sets (F , C) and (G, D) is defined
as the soft set (H, E) = (F, C) A (G, D), where H[a, B]= F [a] N G[p] for all

(o, B) € C x D.

(4) The OR operation (F , C) OR (G, D) of two soft sets (F , C) and (G, D) is defined as
the soft set (H, E) = (F, C) Vv (G, D), where H[a, B] = F [a] U G[p] for all

(o, B) € C x D.
Definition 3.4 [12]. Let (F, C) and (G, D) be two soft sets over U. Then,

(1) The A -intersection of two soft sets (F , C) and (G, D) is defined as the soft set
(H,E)=(F,C) A (G, D) over U, where E = C x D, where H[a, B] = F [a] N G[p] for
all (o, p) € C x D.

(2) The v -union of two soft sets (F , C) and (G, D) is defined as the soft set
(H,E)=(F,C) v (G, D) over U, where E =C x D, where H[a, B] = F [a] U G[p] for all
(o, B) € C x D.

(3) Let (F, C) and (G, D) be two soft sets over G and K, respectively.The Cartesian
product of the soft sets (F , C) and (G, D), denoted by (F , C) x (G, D), is defined as
(F,C)x (G, D)= (U, AxB),where U[a, B] = F [a] x G[B] for all (a, B) € C x D.

4 Soft PU-algebras

In this section, we introduce the notion of soft PU-algebras. Let X and A be a PU-algebra
and a nonempty set, respectively. A pair (F, A) is called a soft set over X ifand only if F

is a mapping from a set of A into the power set of X . That is, F: A— P(X) such that
F(x)=¢ if x¢ A. A softset over X can be represented by the set of ordered pairs

{(,F(x)): xe A F(x) e P(X)}.
It is clear to see that a soft set is a parameterized family of subsets of the set X .

Definition 4.1. Let (F, A) be a soft set over X . Then (F, A) is called a soft PU-algebra
over X , if F(x) is a new-ideal of X , forall xe A.

Example 4.2. Let X = {0, a, b, c} be a set in Example 2.8. Define a mapping
F:X —>P(X) by: F(0)={0} F (a)={0, a}, F (b)={0, b} and F (c) ={0, c}. Itis clear
that (F, X) is a soft PU-algebra over X .
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Definition 4.3. Let (F, A)and (G, B) be two soft PU-algebras over X . Then (F,A) is
called a soft PU-subalgebra of (G, B), denoted by (F, A) <(G,B), if it satisfies:

(i) AcB,

(if) F(x) is subalgebra of G(x), forall xe A.

Proposition 4.4. A soft set (F, A) over X is a soft PU-algebra, if and only if each
®# F [¢]isanew-ideal of X, forall € A.

Proof. Let (F, A) be a soft PU-algebra over X . Then by above definition, F [¢] is a new-

ideal of X, foralle € A. It follows that foralle € A, F [&]# ®is a new-ideal of X .
Conversely, let us consider that (F, A) is a soft set over X such that for all¢ € A,

F [&£] #D is anew-ideal of X, whenever F [¢]#®. Since F [&]isanew-ideal of X .
Hence (F, A)is a soft PU-algebra over X .

Theorem 4.5. Let(F, A) and (G, B) be two soft PU-algebras over X . If A(B # ¢,then
the intersection (F, A) ﬁ (G, B) isasoft PU-algebra over X .

Proof. We can write (F, A) ﬁ(G, B)=(H,E), where E=ANB and forall scE,itis
defined as

F(e) if £ A\B
H(g) =:G(&) if £¢eB\A
F(e)UG(e) if e ANB

Since for all ¢ € E either e A\B or e e B\ A, ¢ € A(\B. If £ € A\B, then H[g]=F [¢].
As F [g] is a new-ideal over X , then H[¢] is a new-ideal over X . If £ e B\ A, then

H[e] = G[e]. As G[e] is a new-ideal over X , then H[e] is a new-ideal over X . If, then
H[e]= F [¢] N G[g]. As F [g] and G[g] are both new-ideals over X , then H[g] is a new-

ideal over X . In all cases, H[g] is a new-ideal over X . Hence (H, E) = (F, A) N (G, B) is
a soft PU-algebra over X . [

5 Intersectional ( a,A)-soft New PU- ideals
In what follow let X and A be a PU -algebra and a non empty set, respectively.

Definition 5.1. Let E =X be a PU-algebra. Given a subalgebra A of E let F, bean

A-soft set over U . Then F, is called an intersectional A -soft PU-subalgebra over U if it
satisfies the following condition:

F.(x*y) 2 F,(X) N F,(y), forall x,y e X.
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Definition 5.2 Let (X, *, 0) be a PU-algebra. F,is called intersectional A -soft new-ideal
over U if it satisfies the following conditions:

(Fl) FA(O)Q FA(X)a
(F) Fal(x*(y*2))*2) 2 F,(X) NF,(y), forallx,y,z e X.

Example 5.3 . Consider the PU-algebra (Z;*,0) as the initial universeset U , where
a*b=b-a VabeZ .LetE=X={0,a,b,c} beaPU-algebrawith the following Cayley
table:

Define a soft set ( F,, X) over U by

Z if xe{0,a}

F, : X —>PU) x
X =PU) H{22 it xelb,c)

Then F, is an intersectional A -soft (subalgebra) new ideal over U .

Definition 5.4 [3] . The complement of a soft set (F, A) is denoted by (F€, A)and is
defined by (F,A)°, where F©: A— P(U) is a mapping given by

FC(X)=U-F(x) ¥V xeX .

Definition 5.5 Let F,be an intersectional A-soft PU- subalgebra over U and
ae ) FAC (x).Then F,” is called intersectional («,A)-soft PU- subalgebra over U

xeX

(w.rt. F,)and is defined by F,“(x)=F,(x)Ua, forall x e X.

Lemma 5.6 If F,is intersectional A -soft PU- subalgebra over U and « € FAC (x), then

xeX

FO(xxy) o FLY()NFL(y), forallx, y e X.

Proof: Let X be a PU-algebra anda € FAC (X).Then by Definitions (5.1, 5.5), we have

Fa“(x*y) = Fa(x*y)Ua} 2{F, () NF.(Y)}Ua
={F.0UG{F.(n)Ua}
=F,"(X)NF,(y), forallx,y e X.

Definition 5.7 Let X be a PU-algebra, F,“ is called intersectional («,A)-soft PU-
subalgebra of X if F,“(x*y) 2 F,“(X)NF,“(y)}, forallx,y € X.

It is clear that intersectional («,A)-soft PU- subalgebra over U is a generalization of
intersectional A -soft PU- subalgebra over U.
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Example 5.9 Let X = {0, 1, 2, 3} in which =* is defined by the following table:

W N | Of *
W[ N | O] O©
Nl W) Of k|
R O] Wl N N
O | N W w

Then (X, *, 0) is a PU-algebra. Define an F,“ by

z, U} if xe{0

P (X):{ Z,U{3} otherwise

Routine calculations give that F,“is an intersectional (¢, A)-soft subalgebra over U.

Lemma 5.10 Let F,“be an intersectional («, A)-soft new ideal over U. If the inequality
x*y <z holdsin X, then F,“(y) 2 F,“(X) N F,“(2).

Proof: Assume that the inequality x*y <z holds in X, then z*(x*y)=0 and by

—
(F) Fa"((z*(x*y)*y) 2 F," () NF,“(2). SinceF,”(y)=F,"(0*y), then we have
that F,“(y) 2 F,“(X) N F,“(2).

Corollary 5.11 Let F, be intersectional A-soft new ideal over U. If the inequality
x*y <z holdsin X, then F,(y) 2 F,(X) N F,(2).

Lemma 5.12 If F,“is intersectional («,A)-soft new ideal over U and if x <y,then
Fa" () =F."(y).
Proof: If x <y, then y=*x=0. Hence by the definition of PU-algebra and its properties

we have F,"(x) = F,(0)Ua =F,(0*x)Ua = F,((y*x)*x)Ua = F,(y) Ua} = F,“ ().

Corollary 5.13 If F,is intersectional A-soft PU-new ideal over U and if x <y, then
Fo () = Fa(y).

Lemma 5.14 If F,is intersectional A-soft new ideal over Uand « € Fi(x) ,then
xeX

(R*) F“(0)=2F“(x),
(F) F((x*(y*2))*2) o2 F“(X)NF“(y), forallx,y,z e X.
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Proof: Let X be a PU-algebra and a € N Fi(x) .Then by Definitions (5.2, 5.5), we have:
xeX

F°(0)=F,(0)Ua oF,(0)Ua =F,"(x), forallx e X.
Fa (x*(y*2))*2) = Fo((x*(y*2)) * ) Ucx
S{F. () NF.(V}Ua}
={F.(x)Ua3N{F,(y)Ua}}
={F,“(X)NF“(y)}, forallx,y,z e X.

Definition 5.8 Let X be a PU-algebra, F,” is called intersectional («, A)-soft new ideal
of X if

(RDH R 0=2FR" (%),
(R B ((x=(y*2)*2) 2K (NE" (y), forallx,y,zeX.

Remark. In what follows, denote by S(U ) the set of all soft sets over U by C, a*gman
etal. [2,3].

Definition 5.15 Let f be a mapping from Xto Y, F, , K, e SU)

(1) The softset f *(F,)={(x, f *(F,)(0):xe X, f *(F,)(x) ePU) |, where
f(F,)(X) = F, (f(x)) ,is called the soft pre-image of F, under f.

(2) The softse f (F,)=1{(y, F(F)(Y):yeY, f(F)(y)ePU) |
where

F(x) if fH(y)=®
f(FO(Y) —{xefu(y)

(6)) otherwise

is called the soft image of F, under f.

Proposition 5.16. For any PU-algebras X and Y, let f : X —Y be a function. Then
(VF eSU)) (F& < FH(F(F)) (*)
Proof: Since f*(f(x))=® V xe X.Hence

Fse U Fu)=fFEIE) = FHFFEDK) vxeX,
pefH(F(x)

and therefore (*) is valid.
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Theorem 5.17 Let (X,x0) and (Y,',0') be PU-algebras and f:X —>Ybe a
homomorphism. If F¢eS(U)is « -intersectional A-soft PU-new ideal over Y, then the
soft pre-imag  (f )(F%)of E¢ is intersectional («, A)-soft PU-new ideal over Y, of X.

Proof: Since ((f™))(F¢)is soft pre-image of F, under f. then f (F$)(x) = F¢(f(x))for
all xe X Let xe X, then ((f )(F¥)(0) = (F N(FH(X)

Now letx,y,z € X, then

((FNEN(x*(y*2) *2) = FF(F((x*(y*2))*2))
=F{(f(xx(y*2))* (2))
=FS((F OO+ Ty*2))* (2)
=FS((FO)+ (F(y) = f(@))+ f(2))
S FY(FONNFEE(F(YD}
= ((F ) )FEDCINCE NEDWY)

and the proof is completed.

Theorem 5.18 Let (X,x0) and (Y,«',0') be PU-algebras, f:X —Y be a injective
homomorphism, F¢ be an(«, X)-intersectional soft of X, f(F¢%)be the image of F¢$ under

fand F&(y)=F%(f(x))for all xe X . If F&is an(«, X)-intersectional soft new ideal
over X, then f(F%)isan (a,Y) -intersectional soft new ideal over Y.

Proof: If at least one of f *(x') and f*(y"), f *(z") is empty, then

FORC(OC* (y' * 2+ 2 ) o F(R (XD N F(RC (YY)
is clear.

Assume that f *(x") = ¢, f (y') = gand f *(z") = ¢.Then

FESOCNNTESGN=C U ReINC U R )=

xef(x') yref(y")

U ENE)e U ROy *2)*2) = U F (%)
xef1(x"), xef1(x"), xe f 1 (x #(y vz )xz")
yief(y") yief H(y")

zef (2"

Therefore f(F,“)isa(a,Y) -intersectional soft new ideal.
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