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Abstaract — In the present paper, we introduce and study the concepts of (i,j)—semi open
set and (7, j)—semi neighborhood system in fuzzifying bitopological spaces. Also, the concepts of
(i,7)—semi derived set and (i, j)—semi closure, (%, j)—semi interior, (4, j)—semi exterior, (i, j)—semi
boundary operators in fuzzifying bitopological spaces are introduced and studied. Furthermore, we
introduce and study the concepts of (¢, j)—semi convergence of nets and (7, j)—semi convergence of
filters in fuzzifying bitopological spaces.

Keywords — Semiopen sets, Fuzzifying topology, fuzzifying bitopological space.

1 Introduction

In 1965 [13], Zadeh introduced the fundamental concept of fuzzy sets which to formed
the backbone of fuzzy mathematics. Since Chang introduced fuzzy sets theory into
topology in 1968 [1]. Wong, Lowen, Hutton, Pu and Liu, etc., discussed respectively
various aspects of fuzzy topology [3, 7, 8|.

In 1991-1993 [10, 11, 12], Ying introduced the concept of the fuzzifying topol-
ogy with the sematic method of continuous valued logic. In 1999 Khedr et al. [6]
introduced the concept of semiopen sets and semicontinuity in fuzzifying topology.

The study of bitopological spaces was first initiated by Kelley [5] in 1963. In
2003 Zhang et al. [14], studied the concept of fuzzy 6, j-closed, 6; -open sets in
fuzzifying bitopological spaces. Also in [2], Gowrisankar et al. studied the concepts
of (i, j)—pre open sets in fuzzifying bitopological spaces.

The contains of this paper are arranged as follows: In section (3) we introduce
the concepts of (i, j)—semiopen sets in fuzzifying bitopological spaces. In section (4)
we introduce and study the concepts of (i, j)—semi neighborhood system in fuzzi-
fying bitopological spaces. In section (5) we introduce and study the concepts of
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(i,j)—semi derived sets and (i, j)—semi closure operator in fuzzifying bitopological
space. In section (6) we introduce and study the concepts of (i,7)—semi interior
and (i, j)—semi exterior, and (i,j)—semi boundary operators in fuzzifying bitopo-
logical spaces. In section (7) we introduce and study (7, j)—semi convergence of
nets in fuzzifying bitopological spaces. Finally in section (8) we study (i, j)—semi
convergence of filters in fuzzifying bitopological spaces.

2 Preliminary

Firstly, we display the fuzzy logical and corresponding set-theoretical notations used
in this paper.

For formula ¢, the symbol [p] means the truth of ¢, where the set of truth values
is the unit interval [0, 1]. A formula ¢ is valid, we write |= ¢ if and only if [¢] = 1
for every interpretation.

(1) [a] == a (e € [0, 1]); [ A B] = min([a, [6]); [a — F] = min(1, 1 — [a] + [5]),

Vo a(z)] = in}f( [a(x)], where X is the universe of discourse.
Te

(2) If A € S(X), where S(X) is the family of fuzzy sets of X, then [z € A] := A(x).

(3) If X is the universe of discourse, then [V «a(z)] = in)f([oz(a:)].
ze

In addition, the following derived formulae are given:
(1) [ma] == [ = 0] =1 —[a].

(2) [aV ] = [=(maA=F)] = max([a], [3]).

B3) [a = pl:=[(a—= B) A (B — a)].

(4) [anpf] = [~(a = =f)] = max(0, [a] + [5] — 1).
(5) [aVp] = [~ — B] = min(L, [a] + [A]).

(6)

(7)

(a) [AC B] :=[Va(z € A — z € B)] = inf min(1,1 — A(z) + B(z));

rzeX

(b) [A=B]:=[(AC B)A (B C A)).
Secondly, we give the following definitions which are used in the sequel.

Definition 2.1. [10] Let X be a universe of discourse, P(X) is the family of subsets
of X and 7 € $(P(X)) satisfy the following conditions:

(1) 7(X) =1 and 7(¢) = 1;

(2) for any A, B,7(AN B) > 7(A) A 7(B);

(3) for any {Ay: A€ A}, 7( Ax) > A 7(Ay).
AEA AEA
Then 7 is a fuzzifying topology and (X, 7) a fuzzifying topological space.
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Definition 2.2. [10] The family of fuzzifying closed sets is denoted by F' € (P (X)),
and defined as A € F':= X ~ A € 7,where X ~ A is the complement of A.

Definition 2.3. [10] Let © € X. The neighborhood system of z is denoted by
N, € §(P(X)) and defined as N,(A) = sup 7(B).

zeBCA
Definition 2.4. [10] The closure cl(A) of A is defined as cl(A)(z) = 1 — N, (X ~ A).
In Theorem 5.3 [10], M.S. Ying proved that the closure ¢l : P(X) — $(X) is a fuzzi-
fying closure operator (see Definition 5.3 [10]) since its extension

d:S(X) = S(X), d(A) = U ad(A), A € $(X) satisfies the following Kura-
a€l0,1]
towski closure axioms:

(1) = cl(9) = ¢; _ -

(2) for any A € S(X), = AC(A);

(3) for any A, B € 3(X), f=cl(AUB) = cl(A)Ud(B);

(4) for any A € S(X), = cl(cl(A)) C cl(A4). N N
Where A, = {z: A(z) > a} is the a-cut of A and aA(z) = a A A(x).

Definition 2.5. [11] For any A € P(X), the interior of A is denoted by int(A) €
$(P(X)) and defined as follows: int(A)(z) = N.(A).

Lemma 2.6. [6] Let (X, 7) be a fuzzifying topological space.If [A C B] = 1. Then
(1) = int(A) Cint(B); (2) E cl(A) C cl(B).

Definition 2.7. [14] Let (X, 7) and (X, 72) be two fuzzifying topological spaces.
Then a system (X, 71, 73) consisting of a universe of discourse X with two fuzzifying
topologies 71 and 7, on X is called a fuzzifying bitopological space.

3 (i,j)-semiopen Sets in Fuzzifying Bitopological
Spaces
Definition 3.1. Let (X, 7y, 72) be a fuzzifying bitopological space. Then

(1) The family of fuzzifying (i, j)—semiopen sets, denoted by s7(; j) € I(P(X)), is
defined as follows:

A€ s1 ) =Va(z € A — x € cj(int;(A)))

ie., s7(,)(A) = infel; (int;(A))(2).

(2) The family of fuzzifying (4, j) —semiclosed sets, denoted by sF(; ;y € (P (X)), is
defined as follows:
Ae SF(Z'J‘) =X~Ac€ ST(4,5)

Lemma 3.2. Let (X, 7y, 72) be a fuzzifying bitopological space.If [A C B] = 1, then

Proof. 1t is obtained from Lemma (2.6) (1) and (2) .

Lemma 3.3. Let (X, 71, 72) be a fuzzifying bitopological space and A C X. Then
(1) | X ~ (clj(int;(A))) = int;(cli(X ~ A));
(2) | X ~ (int;(cli(A))) = cj(int;(X ~ A)).
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Proof. From Theorem 2.2 (5) in [11], we have
(1) (X ~ (cti(inti(A4)) ) (2) = (int; (X ~ inti(A)) (2) = (int;(ch(X ~ A)))().
(2) (X ~ (ints(cti(4))) ) (2) = (cls(X ~ cli(A) (@) = (ely(inti(X ~ A))(@).

Theorem 3.4. Let (X, 71, 72) be a fuzzifying bitopological space. Then

(1) s76,5)(X) =1, s76,5(¢) = 1;
(2> For any {AA PN E A}’ ST(i,5) ( U A)\) > /\ ST(i,5) (A)\)
AEA

Proof. The proof of (1) is straightforward.
(2) From Lemma (3.2), we have = cl;(int;(Ay)) C cl;(int;( |J Ax)). So

AEA
ST(i,j)(UA)\):ze(i " ;(int;( UA,\
AEA AEA AEA
— inf .
/1\I€1A xlean cl;(int (UA)\))(I)
AEA
> inf inf (Ay) y(Ax)
> o bt () = Aoy ()

Theorem 3.5. Let (X, 71, 7) be a fuzzifying bitopological space. Then

(1) sFi)(X) =1, sFij(0) = 1;
(2) For any {Ay : A € A}, sF; 5 (/\ﬂAA/\) > /\ sFG ;) (Ax).

Proof. From Theorem (3.4) the proof is obtained.

Lemma 3.6. Let (X, 71, 72) be a fuzzifying bitopological space. Then
(1) =7 Cstay): (2)F Fi C sFij).

Proof. (1) From Theorem 2.2 (3) in [11], we have

[A er]=[A=1int;(A)
= [A Cint;(A)] A [int;(A) C A
=[A Cint;(A)] < [A Cclj(int;(A))] = [A € 5745

(2) From (1) above the proof is obtained.

Remark 3.7. The following example shows that
(1) s7 C s73), (2) 575 € 5705, (3) 7; C 57,5 and (4) s7;;) € s7(;,;) may not be
true for any (X, 7, 72) fuzzifying bitopological space.

Example 3.8. Let X = {a,b,c} ,A = {a,b} and 7, » be two fuzzifying topologies
on X defined as follow:

i Ac {6 X.{a), {a.c}}
n(A) =< 1/4 it Ae{{c}{bc}},

0 if Ae{{b},{a,b}}.

i Ae {0X, (B} {ac)),
n(A) = U4 i A€ {{a}, {0 b)),

0 if Ae{{c} {bc}}.
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We have int;(A)(a) = 1, int1(A)(b) = int1(A)(c) =0,

cly(int1(A))(a) = 1, cly(int1(A))(b) = cli(int1(A))(c) = 3/4;

s11(A) = 3/4 and inty(A)(a) = 1/4, ints(A)(b) = 1, inta(A)(c) =0,

cla(inty(A))(a) = cla(inta(A))(c) = 1/4, cla(inta(A)) (D) = 1; sTo(A) = 1/4.

So cly(inti(A))(a) = cla(int1(A))(c) = 1, cla(int1(A))(b) = 0, s71,2)(A) = 0. Also
cli(intz(A))(a) = 1/4 = cly(int2(A))(c), cli(inta(A))(b) = 1; sT2.1y(A) = 1/4.
Therefore st € s71,9), 571 € 57(12), T2 € 57(12) and s7(2,1) € $7(1,9).

Theorem 3.9. Let (X, 7y, 7) be a fuzzifying bitopological space. Then
(1) = clj(4) = clj(inti(A)) > A € 57,
(2) | int;(A) = int;(cli(A)) «— A € sF(i,j).

Proof. (1) [el;(A) = dly(inti(A))] = [el;(A) C ely(inti(A))] A [ely(inti(4)) C ct;(A)]
We know that [int;(A) C A] =1, so [cl;(int;(A)) C clj(A)] = 1. Then
[l (A) = el (inti(A))] = [el;(A) C el (inti(A))] < [A C clj(int;(A))] = [A € s7,].

(int;
Conversely, [A € s7(; 5] = [A C cl;(int;(A))] < [cl;(A) C clj(cl;(int;(A)))].
From Definition (2.4) (4), we have [cl;(cl;(int;(A)))] C cl;(int;(A))] = 1. Therefore
[A € s1; 5] < [clj(A) C clj(int;(A))]
= [el;(A) € cl;(inti(A))] A el (inti(A)) € cl;(A)]
= [cl;(A) = cl;(int;(A))].

(2) From (1) above and Lemma (3.3) (2), the proof is obtained.

Theorem 3.10. Let (X, 71, 72) be a fuzzifying bitopological space. Then
(1) FAcstj < Vo(re A— IB(B € s1; Nv € BC A));
(2) E A€ sFuj < Vo(x € intj(cl;(A) — x € A).

Proof. (1) Va(x € A — 3B(B € s15 Ax € B C A))] = inf sup s7(;)(B).

IEA;UEBCA

First, we have inf sup s7(;;)(B) > 575 (A).
r€AzeBCA

In the other hand, let 8, = {B: 2 € B C A}.Then for any f € le_IAﬁx, we have
U f(z) = A, s735)(A) = s7,, (U f(2)) = iggST(i,j)(f(x))a and so

€A €A

5765 (A) > sup inf s7 ) (f(x)) = inf sup s7; ;5 (f(x)) = inf sup s7(5)(B).
fE H ﬁ €A z€A fE H ﬂa: T€A e BCA

(2) From Lemma (3.3) (2), we have

Va(z € intj(cli(A)) v € A)) =Ve(r e X ~ A —z e X ~int;(cli(A)))]
= xei)r(liA (X ~intj(cli(A)))(z)

= inf (cli(int:i(X ~ 4)))(x)

reEX~

= [X ~ A € 37'(1'7]')] = [A c SF(Z"]')].

Lemma 3.11. Let (X, 71, 72) be a fuzzifying bitopological space.Then
(1) E B=int;(A) — B C A;
(2) = B=int;(A) NA € s15 — A C clj(B).
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Proof. (1) [B=int;(A)] = [(B C int;(A))A(int;(A) C B)]. If [B C A] = 0, then

(
[B C int;(A)] = 0. Therefor [B=int;(A)] = 0.

(2)[(B=int;(A)) N A € 57, 5)]

(B=int;(A)) N A C cl;(int;(A)]

(int;(A) € B) A (A C clj(inti(A)))]
(cl;(int;(A)) € clj(B)) A (A € clj(inti(A)))]
[A € cl;(B)].

Theorem 3.12. Let (X, 71, 7) be a fuzzifying bitopological space.Then

(1) E3UWU e, NUCACc(U)) — A€ st ;

(2) VIV eFNint(V) CACV) — AcsF;;).

Proof. (1) From Theorem 2.2 (3) [11],we have
BAUWU e AU C ACcl(U))] = sup ([Uen]AUCAAACCU))

UeP(X)

[U Cint;,(U)] A [UC A A[AC cl;(U))])

[
[
[

IA A IA

(
p ([U Cint;(A)] A[A C cl;(U)])
(

< sup ([cl;(U) C clj(int;(A))] A [A € cl;(U))])

< sup[A C clj(int;(A))] = [A € 574,
UCA

(2) From (1) above and Theorem (2.2) (5) in [11], we have
[A € sFipl = [X ~ A€ s7,)

>[EUUen "UCX ~ACcU))]
=[WUern "X ~c;(U)CACX ~U)]
=[AU(U ennintj(X ~U)CACX ~U)]|

= [3V(V € F, nint;(V) C AC V).
Remark 3.13. The proof of the inverse direction of Theorem (3.12) can be obtained
by assuming that [U=int;(A)] = 1, but the following example shows that even

without the proposed requirement the proof is true. So the proof may be can obtained
without the proposed requirement.

Example 3.14. From Example (3.8), A = {a,b}, s7(21)(A) = 1/4 and
intay(A)(a) = 1/4, int2(A)(b) = 1, inta(A)(c) = 0.
The family of all subsets of A is {{a}, {0}, {a,b}} and c/;({a})(a) = 1,
cli({a})(b) =3/4, cli({a})(c) = 3/4. Then [A C cl;({a})] = igldl({a})(m) = 3/4.
So [m({a}) N A Ccli({a})] = min(1/4,3/4) = 1/4.
By the same way, we have [2({b}) A A C cly({b})] = min(1,0) = 0 and
[2({a,b}) N A C cli({a,b})] = min(1/4,1) = 1/4.
Therefore [AU(U € o AU C AC cly(U))] = 1/4 = s12,1)(A).

Note that [U=ints(A)] = [U C inta(A)|A[inta(A) C U] and
[U Cinty(A)] = 1nfint2(A)(:U), [inty(A) C U] = xei)I(lrf;U(l — inty(A)(x)).
[{a}=inty(A)] = max(O 1/44+0—-1) = 0. [{b}=inty(A)] = max(0,1+3/4—1) =3/4
[{a,b}=inty(A)] = max(0,1+1/4—-1) =1/4.
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4 (i,j)-semi Neighborhood System in Fuzzifying
Bitopological Spaces

Definition 4.1. Let (X, 7, 72) be a fuzzifying bitopological space and z € X. Then

the (i,j)—semi neighborhood system of = is denoted by sNi) e $(P(X)) and
defined as N
A€ sN{) :=3B(B € st A € BC A)

i.e., NS (A) = sup s7,(B).

r€BCA

Theorem 4.2. Let (X, 7, 72) be a fuzzifying bitopological space and A € P(X).
Then N

(1) A€ st «— Ve(r € A—3B(B € sN{ A B C A));

(2) Ni(A) < sNEP(A).

Proof. (1) From Theorem (3.10) (1), we have

Vaz(zx € A— 3B(B € sNW) A B C A))] = inf sup sN{)(B)
z€A BCA

= inf sup sup s7;;(C)
©€A BCA zeCCB

= inf sup s7;;)(C) = 5735 (4).
T€A zcCCA
(2) From Lemma (3.6) (1), we have
sNS(A) = sup st (B) > sup 7(B) = Ni(A).
z€BCA r€BCA

Corollary 4.3. s7; ;(A) = ingsNéi’j)(A)-
Tre

Theorem 4.4. Let (X, 7y, 7) be a fuzzifying bitopological space. The mapping
sNGI) - X — SV(P(X)), = — SN where SN(P(X)) is the set of all normal
fuzzy subset of P(X), has the following properties:

(1) E AesNY -z e 4

(2) EAC B — (AesN% — BesN®y,

(3) A€ sNS — 3HH € sNS NH C AnVy(y € H— H € sN)).

Proof. (1) If [A € sNS’j)] =0, then (1) is obtain.
If [A € sNSP] = sup s7(7)(B) > 0, then there exists By such that z € By C A.
€BCA

xT

Now we have [z € A] = 1. Therefore [A € sNI"] < [z € A].
(2) Immediate.

(3) BH(H € sNS) AH C ANVy(y € H — H € sN{™))]

= sup (sN) (H) A inf sNy(i’j)(H))

HCA yeH
= sup (sN9) (H) A s7(;,5(H))
HCA

= sup s7,5)(H) > sup s7,)(H) = sN{"(A) = [A € sN{W].

HCA r€HCA
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5 (i,j)-semi Derived Sets and (i,j)-semi Closure
Operator in Fuzzifying Bitopological Spaces

Definition 5.1. Let (X, 7, 7) be a fuzzifying bitopological space. The (i, j)—semi
derived set sd(; j)(A) of A is defined as follows:

x € sdij)(A) :=VB(B € sN™ — BN (A~ {z}) # ¢)
ie., sdg(A)(z) = £ (1—sNS(B)).
e, sdgg(A)e) = b (1= SN ()

Lemma 5.2. sd;; jy(A)(z) = 1 — sNS (X ~ A) U {z}).

Proof.
sdi jy(A)(x) =1—  sup sNéi’j)(B) =1-— sup sup s7,5)(C)
BnA~{z}=¢ BC(X~A)U{z} z€CCB
=1- sup 57(.5)(C) =1 — sNED (X ~ A) U {z}).
zeCC(X~A)U{z}

Theorem 5.3. Let (X, 1, 7) be a fuzzifying bitopological space and A, B € P(X).
Then

(1) = sd () = ¢

(2) EAC B — sdg,;(A) C sdg,j(B);

(3) F A€ sFjj < sduj(A) C A;
)

(4) = sdj)(A) € di(A).
Proof. (1) From Lemma (5.2), we have

sdig(0)(x) =1 = sNI (X ~ ¢) U {z})
=1—-sNOW(X)=1-1=0.

(2) Let A C B, then From Lemma (5.2) and Theorem (4.4) (2), we have

sdig(A) (@) =1 = sNI (X ~ A) U {z})
< 1= sNI((X ~ B)U{x}) = sdj(B)(x).

(3) From Lemma (5.2) and Theorem (4.2) (1), we have

[sdi;;)(A) € Al = inf (1 —sd;;)(A)(x)) = inf SN(”)((X ~ A)yU{z})

reEX~A reEX~A
= inf sNW(X ~ A f . (B
Lot sV )=, s s76a(B)

= ST(Z‘,J')(X ~ A) = SF(Z,J)(A) = [A € SF(i,j)]-

(4) From Theorem (4.2) (2) and Lemma (5.1) in [10], we have
sdi)(A)(@) = 1= sN (X ~ A) U {a}) < 1= N((X ~ A) U {a}) = di(A)(@).

Definition 5.4. Let (X, 71, 72) be a fuzzifying bitopological space. The Fuzzifying
(1, 7)—semi closure of A, is denoted and defined as follows:
ie., scli ) (A)(x) = $¢iggA(l — sFuj(B)).
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Lemma 5.5. [6] For any A € P(X) and B € S(X), then [BC Al = [BUA C AJ.

Theorem 5.6. Let (X, 11, 7) be a fuzzifying bitopological space, A, B € P(X) and
x € X. Then N

(1) selig(A)(x) = 1 — sNE (X ~ A);

) |= sclijy(0) = ¢;

) A C scli g (A);

) | scluy(A) = sdap(A)u A

) = & € sclij)(A) «— VB(B € sNS") — AN B # ¢);
) A= scl(A) — A € sFu5)(A);

) = sclig(A )Ccl(A)

) EAC B sclii ) (A) S scly(B);

) E B=scl; j)(A) — B € sk, ;.

(1) sclip(A)(z) = ;22 (L= sFij(B))

pant (1= 57 )

=1— sup s7(X ~B)=1-sNW(X ~ A).
2€X~BCX~A
(2) scliy(@)(x) = 1 — sNE (X ~ ¢) = 1 — sNI(X) = 0.
(3) Let A € P(X) and for any x € X. If v ¢ A, then [v € A] < [z € scl;;(A)]. If
x € A, then scl; jj(A)(z) =1 — sNE (X ~A)=1-0=1.
So [z € A] < [v € scl(j)(A)]. Therefore [A C scl(; ;(A)] = 1.

(4) From Lemma (5.2) and (3) above, for any x € X we have
[ € (sdi;y(A) U A)] = max (1 — sNS7 (X ~ A) U {z}), A(z)).
If z € A, then [z € (sd;;(A)UA)] = A(x) =1 =[x € scli;(A)]. If v ¢ A, then
[ € sdijy (A)UA] =1 —sNI (X ~ A) = [z € sl jy(A)].
Therefore [scl(; ;) (A)] = [sd ;) (A) U Al
(4.5) — _ (4,5)
(5) [VB(BesN - ANB+#¢)] Bé%fNA(l sN"(B))
=1—sNU)(X ~ A)
= [z € scl; ;) (A))].
(6) From Theorem (5.3) (3), Lemma (5.5), (4) above and since
[A C sdg j)(A)U Al = 1, we have

sFij)(A) = [sdj(A) C Al = [sd ;(A) U A C A
= [sd; j)(A) UA C Al A [A C sd j)(A) U A]
= [sdu)(A) UA=A] =[A=sclj)(A)]

s

(7) From Lemma (3.6) (2), we have

- — _ o < _F = cl.
selip(A)(a) = inf (1= sFlop(B) < int (1= F(B)) = cli(A).

(8) Let A C B, then X ~ B C X ~ A. From (1) above and Theorem (4.4) (2),
we have  scl(j)(A)(x) = 1—sNI (X ~ A) < 1—SN£Z’J)(X ~ B) = scl(; j(B)(x).
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(9) If [A C B] = 0, then [B=scl(; (A)] = 0. Now suppose that [A C B] = 1.
We have [B C scl(; ;(A)] =1— sup sNI (X ~ A) and

rEB~A
1 (1/7])
- C Bl = ( ~ A).
[scli ) (A) C B xel)r<l£BSN (X - A). Therefore .
[B=scli; j(A)] = max(0, inf sNI(X ~ A)— sup sNI (X ~ A)).
reX~B 2EB~A
Let [B=scl;;)(A)] > t. Then inf sNE(X ~ A) > t+ sup sNI (X ~ A).
zeX~B 2EB~A
For any x € X ~ B, we have sNggl’])(X ~ A) >t+ sup sNJEl’J)(X ~ A). There-
reEB~A
fore  sup s7;,)(C) > t+ sup sNE (X ~ A), ie., there exists C, such that
2eCCX~A 2EB~A B
reCy C X~ Aand sr;,;)(Cy) >t+ sup sNE (X ~ A). Now we want to prove
reEB~A

C, € X ~ B. If not, then there exists ¥ € C, and 2’ € B ~ A. Hence we obtain

sup sN;,Ei’j)(X ~A) > sNif’j)(X ~ A) > s7;;(Cy) > t+ sup sNa(f’j)(X ~ A),
r€EB~A rEB~A

a contradiction. Therefore sF; ;(B) = 57, (X ~ B) = i)r(lstNggi’j)(X ~ B) >
TEX~
inf s7;,)(Cy) > 576,;(Cy) >t 4+ sup sNE (X ~ A) > t. Since ¢ is arbitrary, it
r€X~B z€B~A

holds that [B=scl(; ;(A)] < [B € sF ).

6 (i,j)-semi Interior, (i,j)-semi Exterior and (i,j)-
semi Boundary Operators in Fuzzifying Bitopo-
logical Spaces

Definition 6.1. Let (X, 7y, 72) be a fuzzifying bitopological space and A € P(X),
the (i, 7)—semi interior of A is defined as follows:

sint(; ;) (A)(x) = st’j)(A)

Theorem 6.2. Let (X, 1, 7) be a fuzzifying bitopological space, A, B € P(X) and
x € X.Then

(1) | sint( ) (X) = X;

2) |= sint(i ;) (A) € A;

3) Eint;(A) C sint(; j)(A);

4) = B € s1; N B CA— B C sint j)(A);

5) E A = sint; j)(A) «—— A € s74);

7) = sintj(A) = X ~ sclj(X ~ A);

8) = sint(j(A) = AN (X ~ sdj (X ~ A));

9) = B=sint(; ;(A) — B € s7(;5).

Proof. (1) sintq j)(X)(z) = sNEH) (X) = 1. Therefore sint(; j(X) = X.

(2) Let A € P(X) and v € X. If v ¢ A, then sint(;(A)(z) = SNS’]')(A) =0.
Therefore sint(; ;(A) C A.

(3) From Theorem (4.2) (2), we have int;(A)(x) = N(A) < sNa(f’j)(A) = sint(; j)(A)(x).
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(4) If BZ A, then [(B € s7;;) A (B C A)]=0. If BC A, then

[B C sint(; ;(A)] = inf sint(; j)(A)(x)

reB
= inf sN()(A)
zeB
> inf sN{™)(B) = s75)(B) = [(B € s7:5)) A (B € A)].
TE
(5) [ A= sint;;)(A) ] = min ( ;Ielfl sint; ;) (A)(x) , Iei)r(lf;A(l — sint(; j)(A)(z)) )
o (s (i.9) - )
min (mf sN"(A) xel)r(lEA(l SN (A)))
= inf sNI")(A) = s7;5(A) = [A € s75)].

T€EA

(6) From Definition (6.1) and Theorem (4.4) (2), the proof is straightforward.

(7) From Theorem (5.6) (1), we have N
(X ~ sclij(X ~ A))(x) =1 — (1 = sNI(A)) = sNET (A) = sint i ) (A) ().

(8) From Lemma (5.2), we have

[AN (X ~ sdi (X ~ A))] = min(A(x), sNi (AU {a}))

If 2 ¢ A, then [AN (X ~ sd (X ~ A))] = 0= sNS(A) = sint ;) (A)(x).
If z € A, then [AN (X ~ sdjy(X ~ A))] = sNS7(A) = sint jy(A)(2).

(9) From Theorem (5.6) (9) and (7) above, we have
[BESZRt@ﬁ(A)] = [X ~ BESCZ(,L’])(X ~ A)] < [X ~ B e SF@'J)] = [B € ST(,L"]‘)].

Definition 6.3. Let (X, 7, 7) be a fuzzifying bitopological space and A C X. The
(1, 7)—semi exterior of A is defined as follows:

x € sext(; ;) (A) == x € sint;;(X ~ A),

ie., sext; j)(A)(x) = sint;j)(X ~ A)(x) .

Theorem 6.4. For any A

(1) = sext j(¢) = X;

(2) | seat(ij(A) € X ~ A;

(3) = ext;y(A) C sext(jy(A);

(4) E A€ sFjj) « sext;;(A) = X ~ A;

(5) EBesF;jyNACB— X ~ B C sext(;;(A);

(6) = B CA— sext(;(B) C sext(; )(A);

(7) | seatiiy(A) = (X ~ A) N (X ~ sdi ) (A));

(8) = seat(iy(A) = X ~ scliz)(A);

(9) =z € sext;;(A) «— IB(x € B st; ) N\BNA=¢).

Proof. From Theorem (6.2), we obtain (1),(2),(3),(4),(5),(6),(7) and (8).

(9) BB(z€BestuyABNA=¢)] = sup s7,(B)= sNI(X ~ A)
r€BCX~A

Definition 6.5. Let (X, 71, 7) be a fuzzifying bitopological space and A C X. The
(i,j)—semi boundary of A is defined as follows:
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x € sbj)(A) = (x & sintj(A)) A (z & sint (X ~ A)),

i.e., sb ;) (A)(z) = min (1 — sint( ;(A)(z),1 — sint;(X ~ A)(z)).

Lemma 6.6. Let (X, 7, 72) be a fuzzifying'bitopological space, A € P(X) and x €
X. Then |= z € sby jy(A) «—— VB(B € sN* — (BNA# ¢)A(BN(X ~ A) # ¢)).

Proof. [WB(B € sN") — (BN A#¢) A (BN (X ~ A) # )]
= min( inf (1 —sN)(B)), Lt (1- sN{")(B)))

—mm(l—sN(”)(A),l N(i’j)(XNA))

=min(1 — sint(;j(A)(x), 1 — sint ;) (X ~ A)(z)) = [z € sbu ) (A4)].
Theorem 6.7. Let (X, 7, 7) be a fuzzifying bitopological space and A € P(X).
Then
(1) = sbgj)(A) = scl)(A) Nscl (X ~ A);
2) = s (A) = sbag (X ~A);
) ): X ~ Sb(i,j) (A) = smt(i,j) (A) U S'L?’Lt@j) (X ~ A),
) = sclig)(A) = AU sbi ;) (A);
) [F by (A) A= A€ sFuy;
) = sb(4) € bi(A);
) ): X ~ Sb(i,j) (A) = smt(i,j) (A) U S@l’t(i,j) (A)
Proof. (1) From Theorem (6.2) (7), we obtain
(scliig)(A) Nscl (X ~ A))(x) = min (scl ) (A)(z), sclg)(X ~ A)(z))

= min (1 — sint(; j)(X ~ A)(m), 1 — sint(; ;) (A)(z))
= sb(i.j) (A)(2).
(2) Straightforward.
(3) From (1) above and Theorem (6.2) (7), we obtain
X ~ Sb(i’j) (A) = X ~ (SCl(Z’J‘) (A) N SCl(i’j) (X ~ A))
= (X ~ sl (A) U (X ~ scl (X ~ A))

(4) If x € A, then scl(; ;(A)(x) =1 = (AU sbg ;(A))(x).
If # ¢ A, then

(AU sbiij)(A))(x) = sb s (A) ()

= min(1 — sint(; ;) (A)(x), 1 — sint( ;) (X ~ A)(z))
=1 — sinl(i ;) (X ~ A)(x) = scl ;) (A)(x).
(5) From Theorem (5.3) (3), Theorem (5.6) (4), Lemma (5.5) and (4) above, we
obtain
—— AUsd;j(A) C A
— scl(i,j)(A) CA
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(6) From Theorem (6.2) (7) and (4) above, we obtain

sint(; j)(A) = X ~ sclijy(X ~ A)
= AN (X ~ sbij(X ~A)) = AN (X ~ sbij(A)).

(7) From Theorem (6.2) (5) and (6) above, we obtain

sbu(A)NA=¢—— (X ~sb;)(A)U(X ~A) =X
= AC X~ sbij(A4)
— AN (X ~sbij(A) = A
— sint; ;) (A) = A —— A € s74).

(8) From Theorem (6.2) (3), we have

sb(ij)(A)(z) = min (1 — sint(; 5 (A)(z),1 — sint( (X ~ A)(z))
< min (1 — int;(A)(z),1 — int;(X ~ A)(z)) = b;(A)(z).

(9) From (3) above, we have
X ~ Sb(i’j) (A) = Sl.nt(ivj) (A) U sz’nt(m) (X ~ A) = smt(i’j) (A) U S@I’t(z"j) (A)

7 (i,j)-semi Convergence of Nets in Fuzzifying Bitopo-
logical Spaces

Definition 7.1. :Let (X, 7y, 72) be a fuzzifying bitopological space. The class of all
nets in X is denoted by N(X) = {S|S: D — X, where (D,>) is a directed set}.

Definition 7.2. Let (X, 71, 7) be a fuzzifying bitopological space.The binary fuzzy
predicates >{; y, o, /€ S(N(X) x X), are defined as follows:

S>3 v i=VA(A € sN™ — S €A,

Soct, v i=YAA € NI — S5 A), S e N(X),

where SD i) & S o(; 5y v stand for 7 S'is (i, j)—semi converges to x
accumulatlon point of S”. Also, S and S are the binary crisp predicates "almost
in” and "often in”, respectively.

Definition 7.3. The fuzzy sets,
limf, yT'(x) = [T >, 5 ;
adh{; yT'(x) = [T o, ;) ],

where T' € N(X), are called (i, j)—semi limit and (¢, j)—semi adherence of T', re-

spectively.

” N

xis (7,7)—semi

Theorem 7.4. Let (X, 7, 72) be a fuzzifying bitopological space, x € X, A € P(X)
and S € N(X).Then

(1) |=3S((S C A~ {}) A (S5, o) — = € sdop(A);

(2) E3S(SCA NS>, ) — x € scly(A);

(3) EA€Esk; —VS(SCA—limj,;SCA);

4) EF3ITAT <S)N(T>j ) — S o<( EZ

where S C A and T' < S stand for 7S is all in A”, 7T is a subnet of S”, respectively.
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Proof. (1) We know that, [S > y ] = inf (1 — sNE)(A)).Also,
’ S¢A

3S(SCA~{ah) A (St 2)] = sup inf (1—sNIP(B)).
’ SCA~{z}S % B
First, for any S € N(X) such that S C A ~ {z}, we have S ¢ (X ~ A) U {x}.

Therefore, inf (1 —sNS(B)) <1 —sNIP (X ~ A) U {a}) = [& € sdgij(A)].
S% B

(2) If x € A, then from Theorem (5.6) (1) we can prove this similar (1) above.
If x ¢ A, then A~ {z} = A from Theorem (5.6) (1) and (1) above we have,

[FS((S € A) A (Siiy @) =[ES((S € A~ {z}) A (S >{, 2))]
< 1= sNI(X ~ A) = selipy(A) (@) = [z € sclg(A)).

ims. . = i i — i — g NI)
(3) [VS(S € A — lim{; ;S C A) | Slrclg £§1< 1 Slr%lfB< 1—sN{(B)) )
= inf inf sup sN()(B).
SCA JZ¢A5 2B

In the other hand, from Theorem (5.6) (6) and (2) above, we have

[A € SF(M)] = [A = SCl(”)< )] [scl(” ( ) - A] A [A C SCl(m)(A)]

= xel)r(liA(l - Scl (i.) (A)( ))
< inf (1 -— inf (1— N” B
<L g o)

= inf 1nf sup sN)(B) = [VS(S C A — limg; ;S C A)].
xz¢ASCA SYB ’

(4) [S o5, ;) o] = inf (1—sNI(A)),
’ SZA

3T((T < 8) AT 5, @))] = sup inf (1 —sNS(A)).
’ T<ST % A

Set As = {A|S Z A}, By = {A|T ¢ A}. Then for any T' < S, we have Ag C Br. In
fact, suppose T'= S o K. If S Z A, then there exists og € Dg such that S(o) ¢ A
when o > 0y. Now, we will show that T" ¢ A. If not, then there exists pg € Dr such
that T'(u) € A, when p > po. Moreover, there exists py; € Dy such that K(uy) > og
because T' < S, and there exists puy € Dr such that us > g, up because Dr is
directed. In this way, K(u2) > o9, S(K(u2)) ¢ A and S(K(u2)) = T(u2) € A, a
contradiction. Therefore,

FT((T < S) AT > )] = sup inf (1 - SN (A))

T<S§ AEBT
< — (lj = s
Alenfs(l s (A)) =[S o(; ;) =]

Theorem 7.5. Let (X, 7, 7) be a fuzzifying bitopological space. If T" is a universal
net, then [= lim{; )T = adh{; )T

(4,9)

Proof. For any net T'€ N(X) and any A C X one can obtain that if "¢ A, then
T % A. Suppose T is a universal net in X and "¢ A. Then, T SX ~ A. SoT Z A
(Indeed, T" SX ~ A if and only if there exists m € D such that for every n € D,
n>m, T(n) € X ~ A if and only if there exists m € D such that for every n € D,



Journal of New Theory 13 (2016) 59-75 73

n >m, T(n) ¢ Aif and only if T"Z A.). Hence for any universal net 7" in X, we
have

lim$,  T(x) = infy g o(1 = sN{Y(A) = inf g (1= sN{Y(A)) = adhy, , T(x).
Lemma 7.6. Let (X, 71, 72) be a fuzzifying bitopological space.

F (T >, 2) «— VA(x € A€ st — T SA).

Proof. f BC Aand T ¢ A, then T ¢ B

Trf, x)] = inf (1—sN&(A
[ (4,9) CL’)] TH?%A( SN, ( ))

=1— sup sup s7,;)(B)

T ¢ Ar€EBCA
>1— sup s7;,;)(B)
T % B,xeB
= inf (1 —s75;(B)) =[VA(x € A€ st;; — T SA).
T ¢ BzeB
Conversely, since
VA(x € A€ sty — T SA) = inf (1 —s7455(A))
T% AxeA
= inf (1 — inf sup sN*)(B
T%A,a:eA( xeABga * ( ))
>1— sup sN)(B)
T % B,xeB
= inf (1-sN")(B))=[T D> j) Z)-
T ¢ B,z€B ’

8 (i,j)-semi Convergence of Filters in Fuzzifying
Bitopological Spaces

Definition 8.1. Let (X, 7y, ™) be a fuzzifying bitopological space and F'(X) be the
set of all filters on X. The binary fuzzy predicates I>(; ;, o, ;€ S(F(X) x X) are
defined as follows: N

K, o= VYAA € sN{Y — A€ K),

K o,y ©:=VA(A € K — x € scl;;(A)), where K € FI(X).

Definition 8.2. The fuzzy sets,
limf, ) K(x) = [K >{, , zl;
adh{; y K(z) = [K o(; ;) @],
are called (i, 7)—semi limit and (7, j)—semi adherence sets K, respectively.

Theorem 8.3. Let (X, 71, 73) be a fuzzifying bitopological space.

(1) If T e N(X) and K7 is the filter corresponding to 7', i.e., KT = {A|T' SA}, then
S T _ Jj0S .

(a) = lzm(m)KT = lim{; )T

(b) E adh{; ) K = adh{; )T

(2) If K € F(X) and T* is the net corresponding to K, i.e., TX : D — X,

(x,A) — x,(z,A) € D, where D = {(z,A)|lr € A € K}, (z,A) > (y,B) if A C B,

then
T S K _ J;.08 .

(a) = l@m(i7j)TK— lim{; K

(b) [ adh{; )T = adh{; ) K.

(4,5)
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Proof. (1) For any x € X, we have

(a) limg, ) K" (x) = ot (1= sNET(A)) = Tingu — sNE(A)) = limy, , T(x).

(b) adh -)KT(:B) = inf sclj(A)(z) = inf (1 —sNF(X ~ A))

(4,5

AeKT T GA
= inf (1—sNU)(X~A)= adh{; yT(z).
TY X~A ’

(2) (a) First we prove that T% SA if and only if A € K. If A € K, then A # ¢ and
there exists at least an element z € A. So for (z, A) € D and (y, B) € D such that
(y,B) > (x,A) , then BC A and so T¥(y,B) =y € B C A. Thus T¥ CA.

Conversely, suppose T™ S A, then there exists (y, B) € D, for all (z,C) € D, such
that (z,C) > (y, B) and we have T*(z,C) € A. So for every z € B, (z, B) > (y, B)
and T%(2,B) = 2 € A implies B C A. Then A € K. Thus T® ¢ A if and only if
A ¢ K. Now,

limfivj)TK(x) = [T¥ >0 ) T = Tfifnng(l — sN(A))
= /{g((l — sNggZ’])(A)) = lszi’j)K(x).

(b) First we prove that X ~ A € K if and only if TX Z A. Suppose T ¢ A, then
there exists (z, B) € D such that for every (y, C) € D with (y,C) > (2, B), T%(y,C) ¢
A. Now for every z € B, (z,B) > (2,B) and TX(z,B) =x ¢ A, ie, BN A= ¢so
BC X ~ Aandthen X ~ A€ K.

Conversely, suppose X ~ A € K, then X ~ A # ¢ and thus it contains at least
an element x. Now, for any (z,C) € D such that (z,C) > (2, X ~ A), one can have
that T5(2,C) = 2 ¢ A. Hence, TX Z A. Now,

s TK — [TE x5 = _ (4.5)
adh(m)T (QJ) [T OC(Z,]) .T} TII{H%fA(l SN:E (A))

= XNir}lfeK scli (X ~ A) = El;rg( scl ) (B) = adh‘(sm)K(:U).
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