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Abstract

The studies about hybrid mappings are mainly focused on single-valued mappings. Now, we give definition of multivalued generalization of
generalized hybrid mappings which is defined in CAT (0) spaces and also studied on CAT (k) spaces. This new definition is general than
multivalued nonexpansive mappings, multivalued hybrid mappings and multivalued nonspreading mappings. Under suitable conditions, we
prove some existence and stability results. We also study some convergence of multivalued proximal version of Thianwan iteration scheme
for non-self multivalued generalized hybrid mappings in CAT (x)-spaces.
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1. Introduction and Preliminaries

The studies of fixed point theory on nonlinear structures is very important since most events in the real world have nonlinear structure and
the fixed point theory is very useful tool when the real life events reduced to mathematical modelings. Geodesic spaces are well defined
examples of these nonlinear structures. Because of as a geodesic space CAT (0) spaces and Hilbert spaces have similar structures, the
fixed point studies on the Hilbert and Banach spaces has been studied on these spaces in parallel. These works mainly done for single and
multivalued nonexpansive mappings. Although some of these studies moved on CAT (k) spaces for single valued mappings, there are just
few studies for multivalued mappings. In this study, we generalize generalized hybrid mappings which is defined in CAT (0) spaces to
multivalued case which is general than multivalued nonexpansive, hybrid and nonspreading mapping and under suitable conditions, we
prove some existence and convergence results in CAT (k)-spaces. As well as this new defined multivalued mapping class is general than the
most of multivalued mappings in literature, it is also multivalued generalization of many mapping classes of single valued hybrid mappings
whose multivalued generalizations do not exist in the literature. Therefore, this study is very comprehensive. Let H be a Hilbert space and
K CH, K+#0. Letus take T as a single valued mapping from K to H. If T satisfies

Tx =Tyl < be—yll,

2| Tx—Ty|[* < ||Tx—y|* +||Ty — x||*
and
3(|Tx—Ty|* < |lx—yl* + || Tx — y||* + || Ty — x|

for all x,y € K then it is called nonexpansive, nonspreading[1] and hybrid[2], respectively. None of these classes of mappings is included in
the other. In 2010, Aoyama et al.[3] defined A —hybrid as follows;

(L )T =TI = Al =Ty < (1= A)[lx = y| PP + A Tx =y

where x,y € K and A is fixed real number. A —hybrid mappings are general than nonexpansive mappings, nonspreading mappings and hybrid
mappings. In 2011, Aoyama and Kohsaka[4] introduced ot—nonexpansive mappings in Banach spaces as follows;

17x—=Ty|* < (1= 2a)|lx = y|* + ol [Tx—yI]* + el e — T ?
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where x,y € K and a < 1 is fixed. They showed that o —nonexpansive and A —hybrid are equivalent in Hilbert spaces for A < 2.
Many iterative processes to approximate a fixed point of multivalued mappings have been introduced in metric and Banach spaces. The
well known one is defined by Nadler as generalization of Picard as follows;

Xpt1 € Txp.
A multivalued version of Mann and Ishikawa fixed point procedures goes as follow;

Xnt1 € (1= 8)xn+ G Txy

and

Xn+1 S (1 — Cn)xn + CnTyna
yn € (1=G)xn+6Txy

where {{,} and {¢,} are sequences in [0, 1]. Also In 2008, Thianwan introduced two step iteration as follows;

Xp+l = (1_an))’n+anTyn7
Yn = (1 - ﬁn)xn + ﬁnTxn

where {o,} and {f,} are sequences in [0, 1]. Now, we give the definition of the multivalued proximal version of Thianwan iteration as
follows;

Xn+l = PK((I_an)yn@an”n)v
Yn = PK((l_ﬁn)xn@ﬁnVn) (1.1)

where {a, } and {f,} are sequences in [0, 1] and u, € Typ, v, € Txp.

Let (X,d) be a metric space and K C X, K # 0 . In rest of this paper, we will use following notations; C(X) for all nonempty, closed
subsets of X, CC(X) for all nonempty closed and convex subsets of X, KC(X) for nonempty, compact and convex subsets of X and CB(X)
for all nonempty, closed and convex subsets of X. Let H; be Hausdorff metric on CB(X) defined by

H;(A,B) = max{supd(x,B),supd(x,A)}
X€EA xeB

where d(x,B) = inf{d(x,y) : y € B}. A point p is called fixed point of multivalued mapping T if p € T p and the set of all fixed points of 7'
is denoted by F(T).

Let (X,d) be bounded metric space and take x,y € X and K C X, K # 0 . A geodesic path (or shortly a geodesic) joining x and y is a map
¢:]0,/] CR — X such that ¢(0) =x, c(r) =y and d(c(r),c(s)) = |r—s| for all r,s € [0,¢]. In fact, ¢ is an isometry and d(c(0),c(r)) =t¢.
The image of ¢, ¢([0,7]) is called geodesic segment from x to y and it is not necessarily be unique. If it is unique then it is denoted by [x,y].
z € [x,y] if and only if there exists 7 € [0, 1] such that d(z,x) = (1 —#)d(x,y) and d(z,y) = td(x,y). The point z is denoted by z = (1 —t)x Bty
For fixed r > 0, the space (X,d) is called r-geodesic space if any two point x,y € X with d(x,y) < r there is a geodesic joining x to y. if for
every x,y € X, there is a geodesic path then (X,d) called geodesic space and uniquely geodesic space if that geodesic path is unique for any
pair x,y. We call a subset K C X as a convex subset if it contains all geodesic segment joining any pair of points in it.

Definition 1.1. (see:[5]) Let k € R.

i) if Kk = 0, then M}, is Euclidean space E",
ii) if Kk > 0, then My, is obtained from the sphere S™ by multiplying distance function by \%,

iii) if k <0, then M}, is obtained from hyperbolic space H" by multiplying distance function by

MITK'

In a geodesic metric space (X,d), a geodesic triangle A(x,y,z) consist of three point x,y, z as vertices and three geodesic segments of any
pair of these points, that is, ¢ € A(x,y,z) means that g € [x,y] U [x,z] U[y,z]. The triangle A(%,¥,7) in M2 is called comparison triangle for the
triangle A(x,y,z) such that d(x,y) = d(*,¥), d(x,z) = d(x,Z) and d(y,z) = d(¥,%) and such a comparison triangle always exists provided that
the perimeter d(x,y) +d(y,z) +d(z,x) < 2Dy (D = % if & > 0 and oo otherwise) in MZ (Lemma 2.14 in [5]). A point point Z € [%,7] called
comparison point for z € [x,y] if d(x,z) = d(X,Z). A geodesic triangle A(x,y,z) in X with perimeter less than 2D (and given a comparison
triangle A(%,,7) for A(x,y,z) in M2) satisfies CAT () inequality if d(p,q) < d(p,g) for all p,q € A(x,y,z) where B,g € A(%,7,Z) are the
comparison points of p, g respectively. The D-geodesic metric space (X,d) is called CAT (k) space if every geodesic triangle in X with
perimeter less than 2D satisfies the CAT (k) inequality.

If for every x,y,z € X, there is an R € (0,2] satisfying CN* inequality

P, (1= My ®A2) < (1= )2 (x,y) + Ad2(x,2) — gl(l — ) (y,2)

then (X,d) is called R—convex space [6]. Hence, (X,d) is a CAT (0) space if and only if it is a 2—convex space.

Lemma 1.1. (see:[7]) Let k > 0 and (X,d) be a CAT (x) space with diam(X) < % for some € € (0,%). Then (X,d) is a R—convex
space for R = (1 — 2¢)tan(g).

Proposition 1.1. (see:[5]) Let X be CAT (k) space. Then any ball of radius smaller than ﬁ is convex.
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Proposition 1.2. (See: Exercise 2.3(1) in [5]) Let k > 0 and (X ,d) be a CAT (k) space with diam(X) < % = ﬁ Then, for any x,y,z € X
andt € [0,1], we have
d((1-t)x®1y,z) < (1—1)d(x,2) +1d(y,2).
Let {x,} be a bounded sequence in a CAT (k) space X, x € X and
r(x,{x,}) = limsupd(x,x,).

n—oo

The asymptotic radius of {x,} is defined by
r({xn}) = inf{r(x,{x,}) : x € X},
the asymptotic radius of {x,} with respect to K C X is defined by
rx({xn}) = inf{r(x, {x,}) : x € K},
and the asymptotic center of {x,} is defined by
A({xa}) = {xe X :r(x, {xn}) = r({x})}
and let @y, (x,) := UA({x, }) where union is taken on all subsequences of {x,}.

Definition 1.2. (see:[8]) A sequence {x,} C X is said to be A— convergent to x € X if x is the unique asymptotic center of all subsequence
{un} of {x,}. In this case we write A — lim,x, = x and read as x is the A—limit of {x,}.

Proposition 1.3. (see:[8]) Let X be a complete CAT (k) space, K C X nonempty, closed and convex, {x,} be a sequence in X. If rg ({xn})
< 2—% then Ag({x,}) consists of exactly one point.

Lemma 1.2. (see:[11])

i) Every bounded sequence in X has a A-convergent subsequence,
ii) If K is a closed and convex subset of X and if {x,} is a bounded sequence in K, then the asymptotic center of {x, } is in K.

Lemma 1.3. (see:[11]) If {xn} is a bounded sequence in X with A({x,}) = {x} and {u,} is a subsequence of {xn} with A({u}) = u and
the sequence {d(xn,u)} converges, then x = u.

Lemma 1.4. (see:[8]) Let x > 0 and X be a complete CAT (k) space with diam(X) < %for some € € (0,7/2). Let K be a nonempty,
closed and convex subset of X. Then

i) the metric projection Px(x) of x onto K is a singleton,
ii) ifx ¢ K and y € K with y # Pk (x), then Zp, (y)(x,y) > 7,
iii) foreachy € K, d(Px(x),Px(y)) <d(x,y).

Definition 1.3. T is called generalized multivalued hybrid mapping from X to CB(X) if
H2(Tx, Ty) < al(x)dz(xvy)+a2(x)d2(Tx7y)+a3(x)d2(x> Ty)
ki (x)d (Tx,x) + ko (x)d* (Ty,y)
is satisfied for all x,y € X where ay az,a3,ky,ky : X — [0,1] with a; (x) +ax(x) +a3(x) < 1, 2k; (x) < 1 —az(x) and 2k, (x) < 1 —a3(x) for
allx € X.
2. Existence and Stability of Fixed Point Sets

Proposition 2.1. Let k > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < % Sfor some
€€ (0,m/2) and T : K — C(K) be a generalized multivalued hybrid mapping with F(T) # 0, then F(T) is closed.

Proof. Let {x,} be a sequence in F(T) and x, — x € X.

d*(Tx,x,) < H*(Tx,Tx,)
< ay(x)d? (x,xn) + az (X)d? (Tx, %) + a3 (x)d> (x, Txy)
+ky (x)d* (T x,x) + ko (x)d> (Txp, %)
< ay(X)d? (x,x,) + a2 (x)d? (Tx,x,) + a3 (x)d* (x, %)

ki (x)d? (Tx, x) + ko (x)d* (X, %)
implies that

ky(x
d*(Tx,x,) < d*(x,x,) + #(z)de(Tx,x)
then taking limit on » we have
k
(1=K e <o,

1—ax(x)
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Theorem 2.1. Let k > 0 and K be a nonempty, compact and convex subset of complete CAT (k) space X with diam(X) < ” for some

€€ (0,m/2) and T : K — C(X) be a generalized multivalued hybrid mapping with k (x) = 0 for all x € K. Then, there is a sequence {xn} in
K such that limy,_,eo d(x,,, Tx,) = 0 if and only if F(T) # 0.

Proof. Assume that {x,} is a sequence in K with limy,_ye d(x,,Tx,) =0 Then since K is compact, there is convergent subsequence
{xn,} of {x,}, say x,, — z € K. Then, by Lemma 1.4, we can find a sequence {y,} such that d(x,,y,) = d(x,, Tx,) for all n € N. Then
since d(xy,, Tz) < d(xpn;,yn;) +d(¥n;, T2) and d(yn;, Tz) < d(xXn;,Yn;) +d(xn;, Tz) we have that limsup;_, ., d(xy,, Tz) = limsup;_, ., d(yn;, T2).
Then using properties of 7', we have

d*(Tz,yn) < H*(Tz,Txy,)
< @ @P () + P (T2%) + a3 (@)d @ T
+ho(z )dz(Txn, Xn;)
< ay(2)d*(z,xn,) + a2 (2)d* (T2, xy,)
(

+a3(2)[d(z,xn,) +d (xn,, Txn,-)}z + kZ(Z)dz(Txn,- +Xn;)
so we get that

lim sup d(T'z,x,,) < lim sup d(xp,,z) =0

i—o0 i—roo
then
d(z,Tz) < d(z,xn,) +d(xn;,T2)
implies that

d(z,Tz) <limsup d(z,x,,) +lim sup d(x,,,Tz) =0

i—oo i—oo
Hence we get that z € T'z. O

Theorem 2.2. Let kK > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < = for some
€€ (0,m/2) and T : K — C(K) be a generalized multivalued hybrid mapping satisfying either

3

i) a(x) =0, l2k2(()) <Randk=/su 1( >;rlgc§x <1
ii) a3(x) =0, 0 < & and k= fsup UL < 1

forall x € K, where R = (1 — 2€)tan(g). Then F(T) # 0.
Proof. Let xg € K and x;,11 € Tx, such that d(x,,1,x,) = d(Tx,,x,) for all n € N. Assume that a(x) = 0. Then

dz(x,H_l Xn) = dz(Txn,xn) < Hz(Txn7 Txu—1)

< ay (xn)d? (%n,Xn—1) + a3 (x)d? (Txp—1,%n)
+ky (x0)d? (T, %) + ka (x2)d* (Txp— 1, Xp—1)
ay (x0)d* (xXp, Xn—1) +ky (x)d* (T X0, x)
ko (n)d* (T 1, %0 1)

IA

implies that

aj (xn) +k2(xn

dz(xn+17xn) < )dz(xmxnfl)

1 — ki (xn)
hence we have
d(Xnt1,%) < %ﬁ&@d(%xﬁl)
< kd(xp,x4-1)
< K'd(x1,xp)-
Let n < m,then
d(xm,xy) < Z;znm_]d(xi+17x,')
< Zznmflkid(xl,xo)
< d(xl,xo)zzznflki.

Since k < 1 then the sequence (x;,) is Cauchy sequence and since space is complete then x, — z € X and since K is closed then z € K
d*(x0,Tz) < H*(Txy-1,T2)
< a1 (Qd (n-1,2) +az(2)d* (xp-1,T2)
+k1 (2)d* (Txn—1,%1) + ko (2)d* (T2, 2).
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On the other hand, for any u € Tz

1 1 1 1
dz(xna Sud 7Z) < Edz(xnau) + Edz(-xi’hz) -

R »
2 2 =d (2714)

8
which implies that

2 4 5

d (Z,M)Sﬁd (xm )+ d (xm )

and by taking infimum on u, we have

4 4
d*(2,T2) < ©d* (i, T2) + (. 2).
R R
We get that

P T2) < a1 (2)d(xu-1.2) +a3(2)d? (xu_1, T2)
z)dz(Txn,l Xn—1)+ kz(z)dz(Tz., 2)
d?(xp_1,2) +a3(2)d* (xp—1,T2) + k1 (2)d* (TxXp_1,%0—1)

G, T2+ % (50.2)

IN
K
—~
™

which implies that
4 .0
(1—ka(2) 5 = a3(2) Jim d*(x,,T2) <0

50 1imy, e d® (x4, Tz) = 0. Hence d?(z,Tz) < d*(xy,z) +d*(xn, Tz) — O implies that z € Tz. O

Theorem 2.3. Let k > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < Z 7 £ for some
€€ (0,m/2) and Ty, T : K — C(K) be two generalized multivalued hybrid mappings satisfying either

i) a(x) =0, 12]2(()) <Randk=/su 1( >;rlgc§x <lor
ii) az(x) =0, 12k‘()(c)) B and k= \/sup f >lj§‘§x <1

for all x € K, where R = (1 — 2€)tan(g). Then

H(F(T),F(D)) < ik sup H(Tix, T>x).

xeK

Proof. Assume that ap(x) = 0. Let xg € F(T}) and x,,11 € Thx,, such that d(x,41,%,) = d(Taxn,x,) for all n > 0. Then the (x,) is convergent
to z € T>z and also

d(xo,2) < Y7 d(xixivn)
< Y Kd(xo,x1)
= d(Xval)ZT:oki
< d(xom)ﬂ

and since d(xg,x1) = d(xo, Toxo) < H(T1x0, Taxo) < sup,cx H(Tix,Trx), d(xp,2) < supxeKH(Tlx,sz)llfk. So for all xg € F(T) we can
find z € F(T3) and similarly for all xé) € F(T») we can find 7 € F(T;). Hence

1
sup H (T x, Trx)

HUF(0),F(12)) < 1 sup

holds. O

Lemma 2.1. Let k > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < 7‘ £ for some
€€ (0,m/2) and {T, : K — C(K)} be a sequence of generalized multivalued hybrid mappings with same coefficient functwm satisfying

either
i) a(x) =0, 121(25)8() <%andk=/su } ):lgigx) <lor
ii) az(x) =0, Iz_k('li'z))c) B andk = ,/sup%’é‘()x) <1

for all x € K, where R = (1 —2¢)tan(€). If {T,} is uniformly convergent to a multivalued map T : K — C(K), then T is generalized
multivalued hybrid mapping.
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Proof. Since for all n > 0,

a1 (x)d*(x,y) +az (x)d* (Tpx,y) + as (x)d* (x, T,y)
+hi (x)d* (Tyx,x) + ka (x)d* Ty, )

H?(Tx, Tyy)

IA

is satisfied, taking limit on n we get that
HA(Tx,Ty) < a1(x)d*(x,y) +a2(x)d*(Tx,y) +a3(x)d* (x, Ty)
ki (x)d* (Tx,x) + ko (x)d* (Ty, ).
O

Theorem 2.4. Let k > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < % for some

€€ (0,m/2) and {T,, : K — C(K)} be a sequence of generalized multivalued hybrid mappings with same coefficient functions satisfying
either

i) a(x) =0, lzféixi) <Randk= \/sup%ﬁ@ <lor
ii) az(x) =0, 127’25'8() <Bandk= ,/sup%j)‘c;m <1

for all x € K, where R = (m —2¢)tan(€). If {T,,} is uniformly convergent to a multivalued map T : K — C(K), then F (T,) converges to
F(T).

Proof. By above Theorem 2.3 and Lemma 2.1, we have

1
H(F(T,),F(T)) < —— supH(Tyx,Tx)
1—k xek
for all n € N and taking limit on n, we conclude that lim,,—,.. H(F (T;,),F(T)) = 0. O

Example 2.1. Let X = [3,9] with usual metric and 7 : X — C(X) be multivalued mapping defined by

. {{3}, xe3.5),

3
3,45, xe (5,9

We will show that T is generalized multivalued hybrid mapping with a; (x) = ki (x) = ko (x) = 0, az(x) = 35, a3(x) = X% forall x € X.
Case 1: if x,y € [3,5], it is obvious.
Case 2: if x € [3,5], y € (5,9], then we have that H2(Tx,Ty) < 1, 4 < d*(Tx,y), 0 < d?(x,Ty) and therefore

X 2
HX(Tx,Ty) < ——4+ " (T
(Tx,Ty) < 2 +x+2d (x,Ty)

L) 2 5
< ——d(T —d Ty).
< ( x7y)+x+2 (x,Ty)

Case 3: if x,y € (5,9], then we have that H>(Tx,Ty) < 1, 1 < d*(Tx,y), 1 < d?(x,Ty) and therefore

X n 2
x+2  x+2

) 2 5
< ——d (T —d Ty).
< ( x7y)+x+2 (x,Ty)

H*(Tx,Ty) <

Thus, 7 is a generalized multivalued hybrid mapping with fixed point 3, 7(3) = {3}. However, it is not nonexpansive. Since 7'(5) = 3 and
T(5.1) = [3,3.978..] satisfies H(T(5),T(5.1)) = 0.978... > d(5,5.1) = 0.1.

3. Convergence Results

Theorem 3.1. Letr k > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < % Sfor some
2k1 (X)

€€ (0,m/2) and T : K — KC(X) be a generalized multivalued hybrid mapping with o < %for all x € K where R = (1 — 2¢€)tan(€).
If {x,} is a sequence in K with A — limy,_yeo X, = z and limy—yeod (X, Txp) =0 then z € K and z € T(z).

Proof. By Lemma 1.2, z € K. We can find a sequence {y, } such that y, € Tx,, d(x,,yn) = d(xn, Txy), s0 we have limy,_yeo d (xp,y,) =0
and since Tz is compact we can find a sequence {z,,} in 7'z such that d(y,,z,) = d(yn, Tz). Then there is a convergent subsequence {z,, } of
{zn}, say limj ye02p, =u € Tz.

d(xn,u) < d (X, ) +dVnzn) +d(2n0)
< d(n,yn) +dn, T2) +d(2n, 1)
< d(xn,yn) +H(Txn;, T2) +d(2n,, 1)
< d(xn;,yn;) +H(Tx,;, T2) + d(2n;, 1)



32 Konuralp Journal of Mathematics

implies that limsup;_,., d (xp,,u) <limsup;_,., H(Txy,,Tz) and A —lim;_ ;. x,, = z. Because of T is generalized multivalued hybrid mapping,

H?*(Tz,Txy,)

N
Q
=
2l
]
5]
=
=
3
~
&
_|_
S
)
PN
2N
&
Y
(3]
—
Pﬂ
N
=
3
N
_|_
S
w
=N
2N
&
Y
(3]
—
Pﬂ
&
~
K

IN
Q
—~
3

which implies that

k
limsupH?(Tx,,,Tz) < limsupd®(x,,,z)+ 1) d*(z,Tz)
i—so0 j—o0 1 _az(x)
; ki(x)
< limsupd?(x ,2)+ d“(z,u
i*)wp ( n; ) 1 _az(x) ( )
By CN* inequality we have
1 1 1 1 R
2 2 2 2
2@ -u) < = . = u)—=
d (x,,,,zz@zu) < 2d (x,,,,z)—i—zd (%, 10) Sd (z,u)

and combining all of these we get

1 1
limsupd? (x,,, ~z® ~u)

1 . 2 1 . 2 R 2
< Zlimsupd~(xy,z) + = limsupd~(x,,,u) — —d“(z,u
msu 52®5  limsu (%n;,2) 5 limsu (n;, ) — g d”(z, )
1. ) 1. R ,
< Zlimsupd”(xy;,z) + = limsup H(Txp,, Tz) — <=d(z,u).
2 n—sco 2 n—soo 8
l . 2 l . 2
< = limsupd”(xy,,z) + = limsupd” (xp,,2)
2 i—boo 2 i—boo
ki(x) R »
——d ——=d
. ki (x) R 5
= limsupd®(x D)+ (=~ —=)d“(z,u
i%mp ( n; ) (2(1 —ag(x)) 8) ( )
which implies that
R kl(x) 2 . 2 . 2 1 1
———)d <1 d“(x.,z) —1 d*(xp,=z2® -u) <0
(8 2(1 7a2(x))) (Z7M) = liisotlp (xn,7Z) IZILS:;IP (xn,, 2Z@ ZM) <
and by assumptions, we have z =u € Tz. O

Corollary 3.1. Let K be a nonempty, closed and convex subset of complete CAT (0) space X and T : K — KC(X) be a generalized
multivalued hybrid mapping. If {x,} be a bounded sequence in K with A —1im,_ex, = z and limy,_,ee d(x,,, Tx,) = 0 then z € K and
z€T(2).

Lemma 3.1. Let k > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < ;‘—:ﬁi Sfor some

€€ (0,m/2) and T : K — KC(X) be a generalized multivalued hybrid mapping with lz_kt'li)&) < R for all x € K where R = (m — 2¢)tan(€).
Let {xn} be a sequence in K with limy_ed(xn, Txy) = 0 and {d(x,,p)} converges for all p € F(T). Then @, (x,) C F(T) and @y, (x,)

include exactly one point.

Proof. Let take u € m,,(x,) then there exist subsequence {u, } of {x,} with A({u,}) = {u}. Then, by Lemma 1.2 there exist subsequence
{vn} of {u,} with A—lim,_,.v, = v € K and by Theorem 3.1 we have v € F(T') and by Lemma 1.3 we conclude that u = v, hence we get
@, (x,) C F(T). Let take subsequence {u, } of {x,} with A({u,}) = {u} and A({x,}) = {x}. Because of v € 0, (x,) C F(T), {d(xy,u)}
converges, so by Lemma 1.3 we have x = u, this means that @, (x,) include exactly one point. O

Theorem 3.2. Let k¥ > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < % for some € €

Zlo) R for all x € K where R= (n—2¢)tane), F(T) #0

1—a(x)
and Tp={p}forall p € F(T). If {x,} is a sequence in K defined by iteration scheme 1.1 with liminf,_. B,[(1 — ﬁn)§ — 12—/23()(2)

limy,—yeo d (X, Txy) = 0 and {d(xn, p)} converges for all p € F(T).

(0,m/2) and T : K — CC(X) be a generalized multivalued hybrid mapping with

] > 0 then

Proof. Let p € F(T) then for any x € K, we have that

ka(p)

2
as (p)d (Tx,x)

H*(Tx,Tp) < d*(x,p) +
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since metric projection Pk is nonexpansive by Lemma 1.4, and Px(p) = {x € K : d(p,x) = d(p,K)} = {p} we have

dz(PK((l = Bu)Xn © Buvn), Pk (p))
dz((l — Bn)xn © Buvas p)
(1 7Bn)d2(xnap) Jrﬁndz(vn,p)

S (1= BB )

(1= Bu)d? (xn. p) + Bud® (v, Tp)
(1= B (i T

(1= Ba)d? (xn,p) + BuH? (T, T)
(0 BB (5, )

(1B )+ Bl

_kalp)_p X, X - 2 (0, Tx
]_a3(p)d (Txn,%n)) — (1 Bn) Bnd” (xn, Txn)
ka(p)

2
d”(xn, p) + Bn( 1—as(p)

d*(yn. p)

INIA

IN

IN

+

IN

R
- 5(1 *ﬁn))dz(Txmxn)

IA
U
=~
g
S

and

dz(xn+17p) = dZ(PK((l _an)yn®anun)7PK(P))
d*((1 = Q) yn © Quitn), p)
(1- Oc,,)dz(yn,p) + Oc,,dz(u,,,p)

IN A

R
_E(l_an)andz()’n,un)
< (lfan)dz(Ym )‘|‘and2(umTp)
R
2(1—06,,)(Xnd (ymT}’n

)
(1 — 0)d* (yn, p) + CuH* (Tyn, Tp)
)

<
) (1 - an)and n, Tyn
< (1- O‘n)dz(anp) + an(d (Yn,P)
ka(p) R 2
2 (T — (- T
+17a3(p)d (TYnsyn)) 2( ) Cnd” (Y, Tyn)
< (1= Otn)dz()’mp) + Otn(dz(ymp))
ka(p) R 2
+aﬂ( 1 _a3(p) 2 (1 (x}’l))d (Tynvyn))
< (1- an)dz(anp) + an(dz()’mp))
ka(p) R 2
+aﬂ(l_a3(p) 2(1 an))d (TYm)’n)
ka(p) R 2
< (- T
= (yn717)+0€n(17a3(p) 2( an))d (TYn,yn)
< d&(up)
S dz(xl’lap)'
Here we have d? (x,.41,p) <d (xn,p) implies that lim,,—c d (x,,, p) exists and since d (x,,41, p) < d(yn, p) < d(xn, p) s0 we have limy,_yo0[d (xp, p) —
d(yn,p)] = 0. Since B, (5 fz — B(1 = Bu))d*(Txn,xn)) < d*(xn, p) — d*(yn, p), by assumption we have that limy,—e. d?(Tx,,x,) = 0,
thus limy—yeo d(T X, xn) = O. O

Theorem 3.3. Let k > 0 and K be a nonempty, closed and convex subset of complete CAT (k) space X with diam(X) < Z=£ f()r some € €

2K

(0,m/2) and T : K — KC(X) be a generalized multivalued hybrid mapping with 127125& < %for allx € K where R= (m—2¢)tang), F(T) #0
2k (x)

and Tp = {p} forall p € F(T). If {x,} is a sequence in K defined by iteration scheme 1.1 with liminf, . B,[(1 — ﬁn)g B e ey
{xn} have a A—limit which in F (T).

] > 0 then

Proof. Since limy—ye0od (X, Tx,) = 0 and {d(x,, p)} converges for all p € F(T) from Theorem 3.2, then desired result follows from Lemma
3.1. O



34 Konuralp Journal of Mathematics

Theorem 3.4. Let k > 0 and K be a nonempty, compact and convex subset of complete CAT (k) space X with diam(X) < % for some
€€ (0,m/2) and T : K — CC(X) be a continuous generalized multivalued hybrid mapping with T (p) = {p} forall p € F(T). If {x,} is a

E _ 2k2 (.X)
2

sequence in K defined by iteration scheme 1.1 with liminf, . ,[(1 — B,) —ay ()

] > O then {x,} strongly converges to a point of F(T).

Proof. By Theorem 3.2, we have that limy,_,eo d(7Tx,,x,) = 0 and lim;,_se d(xy,, p) exists for all p € F(T). Since K is compact there is a
convergent subsequence {xp, } of {x,}, say lim; . x,, = z. Then we have

d(z,Tz) < d(z,xn;) +d(xn;, Txn,) + H(Tx,,Tz)

and taking limit on i, continuity of 7 implies that z € T'z. O

4. Conclusion

In this paper we defined multivalued version of generalized hybrid mappings in CAT (k) spaces. This definition is contains definition of
various multivalued mappings in CAT (k) spaces, CAT (0) spaces and Hilbert spaces. We have showed that this new class have fixed point
under different conditions. We also defined multivalued proximal version of Thianwan iteration procedure and proved that this iteration
produce A—convergent and strongly convergent sequence to fixed point of multivalued generalized hybrid mappings in non-self case with
end point condition.
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