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Abstract

In this paper, we obtain the trace functions of Mantaci-Reutenauer algebra MR(Wn), where (Wn,Sn) is a Coxeter system of type Bn. We
also show for every λ ∈DP(n) that each characteristic class function eλ of the group Wn is a trace function of Mantaci-Reutenauer algebra,
where DP(n) stands for the set of all double partitions of n. Since the dimension of the trace function space on the Mantaci-Reutenauer
algebra is |DP(n)|, it exactly coincides with the algebra QIrrWn generated by the irreducible characters of the group Wn. Although the
multiplication of basis elements dA and dA′ is not commutative in Mantaci-Reutenauer algebra, the images of dAdA′ and dA′dA under eλ are
equal to each other.
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1. Introduction

Mantaci-Reutenauer algebra MR(Wn) introduced by Mantaci and Reutenauer [6], is a subalgebra of the group algebra QWn and is also
a generalization of Solomon’s descent algebra for Coxeter group of type Bn. Bonnafé and Hohlweg [2] elegantly reconstructed Mantaci-
Reutenauer algebra by using the group structure of Wn. Bonnafé [3] determined the ring multiplication rule and studied the representation
theory of this algebra, more explicitly. In [1], we found all characteristic class function of the group Wn and gave a formula to calculate the
size of each conjugacy class Cλ of Wn, λ ∈DP(n). In this article, at first we show for every double partition λ of n that every characteristic
class function eλ of Coxeter group Wn of type Bn is a trace function on Mantaci-Reutenauer algebra MR(Wn) and then give an explicit
construction of the commutator subspace of Mantaci-Reutenauer algebra MR(Wn). The following theorem is the main result of this paper:

Theorem 1.1. The space of trace functions on MR(Wn) is QIrrWn, where QIrrWn denotes the algebra generated by all irreducible
characters of the group Wn.

The trace functions on Iwahori-Hecke algebra obtained by Geck [4]. Iwahori-Hecke algebra is defined as a deformation of the group algebra
of the corresponding Coxeter group W . There are some different properties between Iwahori-Hecke algebra of Coxeter group Wn and
Mantaci-Reutenauer algebra. For instance, though all the basis elements of Iwahori-Hecke algebra of Coxeter group Wn are invertible, this is
not the case in the Mantaci-Reutenauer algebra.

2. Preliminaries

Let (Wn,Sn) denote a Coxeter system of type Bn and write its generating set as Sn = {t,s1, · · · ,sn−1}. Any w element of Wn acts by the
permutation on the set In = {−n, · · · ,−1,1, · · · ,n} such that for every i ∈ In, w(−i) =−w(i). The Dynkin diagram for (Wn,Sn) is as follows:

Bn :
t◦⇐ s1◦−s2◦− ·· ·−

sn−1◦.

For J ⊂ Sn, if WJ is generated by J, then it is called a standard parabolic subgroup of Wn. A parabolic subgroup P of Wn is a subgroup
conjugate to WJ for some J ⊂ Sn. Put t1 := t and ti+1 := sitisi for each i, 1 ≤ i ≤ n− 1. Thus all elements ti conjugate to t1. Setting
Tn := {t1, t2, · · · , tn}, then the defining relations between the elements of Sn and Tn are stated as follows:

1. t2
i = 1,s2

j = 1 for all i, j, 1≤ i≤ n, 1≤ j ≤ n−1;
2. (s1t1)4 = 1;
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3. (sisi+1)
3 = 1 for all i, 1≤ i≤ n−2;

4. (sit1)2 = 1, for all i, 2≤ i≤ n−1;
5. (sis j)

2 = 1 for all i, j, |i− j| ≥ 2;
6. (tit j)

2 = 1 for all i, j, 1≤ i, j ≤ n.

Let l : Wn → N is the length function on (Wn,Sn) and let Tn be the reflection subgroup of Wn generated by the reflection set Tn. It is
well-known that Tn is a normal subgroup of Wn. Now let S−n = {s1, · · · ,sn−1}. The reflection subgroup of Wn generated by S−n is
denoted by W−n and isomorphic to the symmetric group Ξn of degree n. Thus Wn is a split group extension of Tn by W−n. In other words,
Wn =W−n nTn. Therefore, the order of Wn is 2n.n!. For further information about Coxeter groups of type Bn, one may apply [5].
Let K be any commutative ring and let H be an associative free K-algebra with finite generators. If a K-linear map τ : H→ K satisfies the
relation

τ(hh′) = τ(h′h)

for every h,h′ ∈ H, then τ is called a trace function on H and the set of all trace functions defined on H is a K-module [4].
For any finite Coxeter group W , Solomon introduced a remarkable subalgebra ∑W of the group algebra QW , called the Solomon’s descent
algebra [7]. In [2], Bonnafé and Hohlweg reconstructed Mantaci-Reutenauer algebra MR(Wn) by using the methods which depend more
on the group structure of Wn.
Now, we mention the structure of Mantaci-Reutenauer algebra due to [2]:
For a positive integer n, a signed composition of n is an expression of n as a finite sequence A = (a1, · · · ,ak) whose each part consists
of non-zero integers such that the summation of the absolute value of all parts equals n. It is denoted by S C (n) the set of all signed
compositions of n. Note here that the size of S C (n) is 2.3n−1. Now let DP(n) be the set of double partitions of n. A double partition
λ = (λ+;λ−) of n consists of a pair of partitions λ+ and λ− such that |λ |= |λ+|+ |λ−|= n. If the length of λ+ (resp. the length of λ−)
is equal to zero, then we write /0 instead of λ+ (resp. λ−). For a λ = (λ+;λ−) double partition of n, λ̂ denotes the signed composition of n
obtained by concatenating λ+ and −λ−, that is, λ̂ = λ+t−λ− is a signed composition obtained by appending the sequence of components
of λ+ to that of −λ−. Let S

′
n be the set {s1 · · ·sn−1, t1, t2, · · · , tn}.

In [2], Bonnafé and Hohlweg introduced some reflection subgroup of Wn for any signed composition of n as follows: For A = (a1, · · · ,ak) ∈
S C (n), the set SA is defined as

SA ={sp ∈ S−n : |a1|+ · · ·+ |ai−1|+1≤ p≤ |a1|+ · · ·+ |ai|−1}

∪{t|a1|+···+|a j−1|+1 ∈ Tn | a j > 0} ⊂ S
′
n.

The reflection subgroup WA of Wn is generated by SA and (WA,SA) is a Coxeter system [2]. For any A ∈S C (n), the set of all distinguished
coset representatives of WA in Wn is defined in the following way:

DA = {x ∈Wn : ∀ s ∈ SA, l(xs)> l(x)}.

For A,B ∈S C (n), the set DAB = D−1
A ∩DB stands for the collection of elements with minimal length in (WA,WB)-double cosets. For

A ∈S C (n), set
dA = ∑

w∈DA

w ∈QWn.

Then by [2], Mantaci-Reutenauer algebra is described explicitly as follows:

MR(Wn) =
⊕

A∈S C (n)

QdA.

Moreover, dimQMR(Wn) = |2.3n−1|. Let the map Φn : MR(Wn)→QIrrWn be the unique Q-linear map such that Φn(dA) = IndWn
WA

1A
for every A ∈S C (n), where 1A stands for the trivial character of WA. This map is a surjective algebra morphism as well. Furthermore, it is
well-known from [2] that the radical of MR(Wn) is KerΦn = ∑A≡nA′Q(dA−dA′), where A≡n A′ means that WA is Wn-conjugate to WA′ .
The multiplication structure in MR(Wn) is given in the following proposition due to [3]:

Proposition 2.1. ( [3, Proposition C]) Let A and B be any two signed composition of n.

(a) Then, there is a map fAB : DAB→S C (n) satisfying the following conditions:

• For every x ∈ DAB, fAB(x)⊂ B and fAB(x)≡B
x−1

A∩B.
• dAdB−∑x∈DAB

d fAB(x) ∈MR(λ A(Wn)∩MR≺B(Wn)∩KerΦn.

(b) If A parabolic or B semi-positive, then fAB(d) = d−1
A∩B and dAdB = ∑d∈DAB

dd−1 A∩B for every d ∈ DAB.

In the Proposition 2.1, the inclusion fAB(x)⊂ B means that W fAB(x) is a subgroup of WB. By [3], the symbols ⊂λ and ≺ are a pre-order and
an ordering defined on S C (n), respectively.

3. Trace functions on Mantaci–Reutenauer algebra

Let φλ = IndWn
W

λ̂

1
λ̂

for each λ ∈DP(n). For a double partition µ of n, let denote by coxµ a Coxeter element of Wµ̂ in terms of generating
set Sµ̂ . Since the matrix (φλ (coxµ ))λ ,µ is upper diagonal and has positive diagonal entries, then (φλ (coxµ ))λ ,µ is invertible in Q. Thus the
inverse of (φλ (coxµ ))λ ,µ will be denoted by (uλ µ )λ ,µ . We have obtained in [1] that for each λ ∈DP(n), orthogonal primitive idempotent
of QIrrWn

eλ = ∑
µ∈DP(n)

uλ µ φµ
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is also the characteristic class function on Wn corresponding to the conjugate class Cλ . More explicitly, we have eλ (coxµ ) = δλ ,µ for any
λ ,µ ∈DP(n). For every λ ∈DP(n) and A ∈S C (n), if eλ is extended by linearity to group algebra QWn, then we have

eλ (dA) = ∑
x∈DA

eλ (x) = |Cλ ∩DA|.

Lemma 3.1. For every λ ∈DP(n), the orthogonal primitive idempotent eλ is not an irreducible character of QIrrWn.

Proof. We first note that for every λ ∈DP(n), the cardinalities of Cλ and Wn are different. By definition of the inner product of characters,
we have

〈eλ ,eγ 〉=
1
|Wn| ∑

w∈Wn

eλ (w)eγ (w−1)

=
|Cλ |
|Wn|

δλ ,γ 6= 1.

Thus, the proof is completed.

Morever, in [1], we obtained that for any λ ∈DP(n) the size of the conjugacy class Cλ is equal to |Wn| ·∑µ∈DP(n) uλ ,µ .
For any λ ∈DP(n), by [2] the algebra homomorphism πλ : MR(Wn)→Q, x 7→Φn(x)(coxλ ) is an irreducible character of MR(Wn),
where coxλ denotes a Coxeter element of W

λ̂
.

If H is a K-algebra, the commutator of any two elements h,h′ of H is defined as [h,h′] = hh′−h′h and commutator subspace [H,H] of H
is a K-subspace generated by all commutators [4]. The commutator subspace [H,H] lies in the kernel of every trace function on H and
conversely, if τ : H → K is any K-linear map which is identically zero on the subspace [H,H], then τ is a trace function on H [4]. Thus,
from [4], there is one to one corresponding between the space of all trace functions on H and HomK(H/[H,H],K) dual space of quotient
module H/[H,H]. Therefore, we can now give the following proposition without proof.

Proposition 3.1. As the set of all irreducible characters of MR(Wn) is {πλ : λ ∈DP(n)}, the dimension of the space of trace functions
on MR(Wn)

dimQMR(Wn)/[MR(Wn),MR(Wn)] = |DP(n)|.

Since all elements of Ker(Φn) are nilpotent and eλ is a characteristic class function of Wn, then eλ vanishes on the Ker(Φn).

Lemma 3.2. For any two signed compositions A and A′ of n, we have eλ (dAdA′) = eλ (dA′dA).

Proof. Taking into consideration Proposition 2.1, since the expression dAdA′−∑x∈DAA′
d fAA′ (x) belongs to Ker(Φn) and fAA′(x)≡A′

x−1
A∩A′,

then we get
eλ (dAdA′) = ∑

x∈DAA′

eλ (d fAA′ (x)).

Because of fAA′(x)≡n fA′A(x−1) for every x ∈ DAA′ , we obtain that eλ (d fAA′ (x)) = eλ (d fA′A(x−1)). Hence it is immediately seen the equality
eλ (dAdA′) = eλ (dA′dA).

Lemma 3.3. The commutator subspace of Mantaci-Reutenauer algebra MR(Wn) is [MR(Wn),MR(Wn)] = KerΦn.

Proof. Since every x ∈MR(Wn) can be uniquely written as an expression of basis elements dA,A ∈S C (n), for every x,y ∈MR(Wn) we
immediately obtain from the proof of Lemma 3.2 that

xy− yx ∈ KerΦn.

Therefore, we get the inclusion [MR(Wn),MR(Wn)]⊂ KerΦn. If we take into account the fact that MR(Wn)/KerΦn ∼=QIrrWn (since
Φn is a surjective algebra morphism) and Proposition 3.1, then we obtain

[MR(Wn),MR(Wn)] = KerΦn.

It is clear that the quotient space MR(Wn)/[MR(Wn),MR(Wn)] = MR(Wn)/KerΦn is also a free Q-module.

Theorem 3.1. (Main Theorem) The space of trace functions on MR(Wn) is QIrrWn.

Proof. For each λ ∈ DP(n), the characteristic class function eλ is also a trace function on MR(Wn) from Lemma 3.2. Moreover, by
Proposition 3.1 the space of trace functions on MR(Wn) and QIrrWn have the same dimension, that is |DP(n)|. So we have obtained that
the trace function space of MR(Wn) exactly coincides with the algebra QIrrWn.

As Φn is an algebra morphism, the πλ corresponding to λ ∈DP(n) is another trace function on MR(Wn).
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Example 3.1. We consider the Coxeter group W2. For all λ ,µ ∈DP(2) = {(2; /0), (1,1; /0), (1;1), ( /0;2), ( /0;1,1)}, the values ϕλ (coxµ )
are given in the following way:

(ϕλ (coxµ ))λ ,µ =


1 1 1 1 1
0 2 2 0 2
0 0 2 0 4
0 0 0 2 4
0 0 0 0 8

 , (uλ µ )λ ,µ =


1 −1

2 0 −1
2

1
4

0 1
2

−1
2 0 1

8
0 0 1

2 0 −1
4

0 0 0 1
2

−1
4

0 0 0 0 1
8


Thus, a basis of the space of trace functions on MR(Wn) is stated as follows:

e(2; /0) = φ(2; /0)−
1
2

φ(1,1; /0)−
1
2

φ( /0;2)+
1
4

φ( /0;1,1)

e(1,1; /0) =
1
2

φ(1,1; /0)−
1
2

φ(1;1)+
1
8

φ( /0;1,1)

e(1;1) =
1
2

φ(1;1)−
1
4

φ( /0;1,1)

e( /0;2) =
1
2

φ( /0;2)−
1
4

φ( /0;1,1)

e( /0;1,1) =
1
8

φ( /0;1,1).
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