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ABSTRACT. In this paper, we introduce the notion of pseudo-slant lightlike
submanifolds of indefinite Kaehler manifolds giving characterization theorem
with some non-trivial examples of such submanifolds. Integrability conditions
of distributions D1, D2 and RadT' M on pseudo-slant lightlike submanifolds of
an indefinite Kaehler manifold have been obtained. We also obtain necessary
and sufficient conditions for foliations determined by above distributions to be
totally geodesic.

1. INTRODUCTION

In 1990, B.Y. Chen defined slant immersions in complex geometry as a nat-
ural generalization of both holomorphic immersions and totally real immersions
([4], [5]). Further, A. Carriazo defined and studied bi-slant submanifolds of al-
most Hermitian and almost contact metric manifolds and further gave the notion
of pseudo-slant submanifolds ([3]). The theory of lightlike submanifolds of a semi-
Riemannian manifold was introduced by Duggal and Bejancu ([7]). Various classes
of lightlike submanifolds of indefinite Kaehler manifolds are defined according to
the behaviour of distributions on these submanifolds with respect to the action of
(1,1) tensor field J in Kaehler structure of the ambient manifolds. Such submani-
folds have been studied by Duggal and Sahin in ([8]). The geometry of slant and
screen-slant lightlike submanifolds of indefinite Hermitian manifolds was studied by
Sahin in ([14], [15]). The theory of slant, Cauchy-Riemann lightlike submanifolds
of indefinite Kachler manifolds has been studied in ([7], [8]).

2020 Mathematics Subject Classification. 53C15, 53C40, 53C50.

Keywords and phrases. Lightlike submanifold, semi-invariant lightlike submanifold, CR-
lightlike submanifold, GCR-lightlike submanifold, slant lightlike submanifold, screen slant lightlike
submanifold, indefinite Kaehler manifold.

=) ssshukla  au@rediffmail.com; akhilesh mathau@rediffmail.com-Corresponding author

0000-0003-2759-6097; 0000-0003-3990-857X.

©2020 Ankara University
Communications Faculty of Sciences University of Ankara-Series A1 Mathematics and Statistics

1266



PSEUDO-SLANT LIGHTLIKE SUBMANIFOLDS 1267

The objective of this paper is to introduce the notion of pseudo-slant lightlike sub-
manifolds of indefinite Kaehler manifolds. This new class of lightlike submanifolds
of an indefinite Kaehler manifold includes slant, Cauchy-Riemann lightlike sub-
manifolds as its sub-cases. The paper is arranged as follows. There are some basic
results in section 2. In section 3, we study pseudo-slant lightlike submanifolds of an
indefinite Kaehler manifold, giving some examples. Section 4 is devoted to the study
of foliations determined by distributions on pseudo-slant lightlike submanifolds of
indefinite Kaehler manifolds.

2. PRELIMINARIES

A submanifold (M™,g) immersed in a semi-Riemannian manifold (Mm—m,g) is

called a lightlike submanifold ([7]) if the metric g induced from g is degenerate and
the radical distribution RadT'M is of rank r, where 1 < r < m. Let S(TM) be
a screen distribution which is a semi-Riemannian complementary distribution of
RadT M in TM, that is

TM = RadTM @ope, S(TM). (2.1)

Now consider a screen transversal vector bundle S(T'M~), which is a semi-Riemannian
complementary vector bundle of RadT'M in TM=. Since for any local basis {¢,}
of RadT M, there exists a local null frame {N;} of sections with values in the
orthogonal complement of S(TM*1) in [S(TM)]* such that g(&;, N;) = d;; and
g(Ni, Nj) = 0, it follows that there exists a lightlike transversal vector bundle
ltr(T M) locally spanned by {N;}. Let tr(T M) be complementary (but not orthog-
onal) vector bundle to TM in TM|y;. Then

tr(TM) = ltr(TM) @open, S(TM™*), (2.2)
TM|y =TM & tr(TM), (2.3)
TM|nr = S(TM) ®oren, [RadTM @ ltr(TM)] @open S(TM™). (2.4)

Following are four cases of a lightlike submanifold (M, g,S(TM), S(TML)):
Case.l  r-lightlike if < min (m,n),

Case.2  co-isotropic if r =n < m, S (TM*) = {0},

Case.3  isotropic if r =m < n, S (T'M) = {0},

Case.4  totally lightlike if » = m = n, S(TM) = S(TM*) = {0}.

The Gauss and Weingarten formulae are given as

VY = VxY + h(X,Y), (2.5)

VxV =—-Ay X + V4LV, (2.6)

for all XY € T(TM) and V € T'(¢tr(TM)), where VxY, Ay X belong to T'(TM)
and h(X,Y), V%V belong to T'(tr(T'M)). V and V' are linear connections on M
and on the vector bundle ¢r(T'M), respectively. The second fundamental form h
is a symmetric F(M)-bilinear form on I'(T'M) with values in T'(¢r(TM)) and the
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shape operator Ay is a linear endomorphism of I'(T'M). From (2.5) and (2.6), for
any X,Y € I(TM), N € T(ltr(TM)) and W € T'(S(TM™)), we have

VxY =VxY + A (X,Y)+h*(X,Y), (2.7)
VxN = —-AxX + VYN + D* (X, N), (2.8)
VxW = —AwX + VW + D' (X, W), (2.9)

where hl(X’Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), DZ(X? W) = L(VE(W),
D*(X,N) = S(V%N). L and S are the projection morphisms of ¢r(T'M) on
Itr(TM) and S(T M) respectively. V! and V* are linear connections on Itr(TM)
and S(T M) called the lightlike connection and screen transversal connection on
M respectively.

Now by using (2.5), (2.7)-(2.9) and metric connection V, we obtain

g(r*(X,Y), W) +g(Y, D' (X, W)) = g(Aw X, Y), (2.10)
g(D*(X,N), W) =g(N, Aw X). (2.11)
Denote the projection of TM on S(TM) by P. Then from the decomposition of

the tangent bundle of a lightlike submanifold, for any X,V € T'(TM) and ¢ €
I'(RadT M), we have

VxPY = VL PY + h*(X,PY), (2.12)
Vx&=—-A:X + V¥, (2.13)
By using above equations, we obtain
g(h (X, PY),&) = g(A{ X, PY), (2.14)
g(h*(X,PY),N) = g(Ay X, PY), (2.15)
g(h'(X,£),§) =0, Az =0. (2.16)

It is important to note that in general V is not a metric connection. Since V is
metric connection, by using (2.7), we get

(ng)(Y7 Z) = g(hl(X’ Y)’ Z) +§(hl(Xv Z)’ Y) (217)

An indefinite almost Hermitian manifold (M, g, /) is a 2m-dimensional semi-Riemannian
manifold M with semi-Riemannian metric g of constant index ¢, 0 < ¢ < 2m and
a (1, 1) tensor field J on M such that following conditions are satisfied:
T7'X = -X, (2.18)

G(7X,TY) = g(X,Y), (2.19)
for all X,Y € T(TM).
An indefinite almost Hermitian manifold (M,g,J) is called an indefinite Kaehler
manifold if J is parallel with respect to V, i.e.,

(VxJ)Y =0, (2.20)
for all X,Y € I'(T'M), where V is Levi-Civita connection with respect to g.
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3. PSEUDO-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we introduce the notion of pseudo-slant lightlike submanifolds of
indefinite Kaehler manifolds. At first, we state the following Lemmas for later use:

Lemma 3.1. Let M be a r-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Suppose that JRadT M is a distribution on M such that RadT M N
JRadTM = {0}. Then Jltr(TM) is a subbundle of the screen distribution S(T M)
and JRadT M N Jltr(TM) = {0}.

Lemma 3.2. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Suppose JRadT M is a distribution on M such that RadTM N
JRadT M = {0}. Then any complementary distribution to JRadT M & Jltr(T M)
in S(TM) is Riemannian.

The proofs of Lemma 3.1 and Lemma 3.2 follow as in Lemma 3.1 and Lemma 3.2
of [15], respectively, so we omit them.

Definition 3.1. Let M be a ¢-lightlike submanifold of an indefinite Kaehler man-
ifold M of index 2¢ such that ¢ < dim(M). Then we say that M is a pseudo-slant
lightlike submanifold of M if following conditions are satisfied:

(i) JRadT M is a distribution on M such that RadTM N JRadTM = {0},

(ii) there exists non-degenerate orthogonal distributions D; and Dy on M such that
S(TM) = (JRadT M & Jitr(TM)) @orth D1 Sortn D2,

(iii) the distribution D; is anti-invariant, i.e. JD; C S(TM*),

(iv) the distribution Dy is slant with angle 6(# 7/2), i.e. for each € M and each
non-zero vector X € (Ds),, the angle 6 between JX and the vector subspace (D3),
is a constant(# 7/2), which is independent of the choice of z € M and X € (Ds),.
This constant angle 8 is called slant angle of distribution Dsy. A screen pseudo-slant
lightlike submanifold is said to be proper if Dy # {0}, D2 # {0} and 6 # 0.

From the above definition, we have the following decomposition

TM = RadT M @®orin (JRadT M & Jltr(TM)) Sorer, D1 Sortn, Da. (3.1)

In particular, we have
(i) if D1 =0, then M is a slant lightlike submanifold,
(ii) if Dy # 0 and 6 = 0, then M is a CR-lightlike submanifold.
Thus above new class of lightlike submanifolds of an indefinite Kaehler manifold
includes slant, Cauchy-Riemann lightlike submanifolds as its sub-cases which have
been studied in ([7],[8]).
Let (R%Zn,g, J) denote the manifold R%;” with its usual Kaehler structure given by
g=i(=Y dr' @da' +dy' @ dy' + Y7L dat @ da’ + dy' © dy'),
J(Oom (Xidz; +Yidy:)) = 312, (Yidz; — X,;0ys),
where (z¢,y') are the Cartesian coordinates on R%ZT. Now, we construct some
examples of pseudo-slant lightlike submanifolds of an indefinite Kaehler manifold.
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Example 1. Let (Ri%,7,.J) be an indefinite Kachler manifold, where g is of
signature (—,+,+,+,+,+,—,+,+,+,+,+) with respect to the canonical basis
{021,022, 023, 014, Ox5, O, 33/17 0y2, 0ys, 0y, Oys, Oye } -
Suppose M is a submanifold of R}? given by a! = y? = uy, 2% = ug, y' = us,
23 =yt = uy, 2t = 3> = us, ° = ug cosuy, y° = ugsinuy, 1% = cosug, y° = sin ug,
where u; are real parameters and ug # 0.
The local frame of TM is given by {Z1, Zs, Z3, Z4, Z5, Zs, Z7}, where

Zy = 2(0x1 4+ 0y2), Zo =20x2, Z3 =20y,

Zy = 2(0x3 4 0ys), Zs = 2(0xs + Oys3),

Zg = 2(cos u70x5 + sin uydys — sin ugdzg + cos ugdys ),

Z7 = 2(—ug sinur0zs + ug cosuz0ys).
Hence RadT M = Span {Z1} and S(TM) = Span {ZQ, Zg, Z47 Z5, Z@, Z7}
Now ltr(T M) is spanned by Ny = —0x1 + dyz and S(T M) is spanned by

W1 = 2(8%5 — 8y4), W2 = 2(6$4 — 8y5),

W5 = 2(cos uz0xy + sin uzQys + sin ugdrs — cos uglys),

Wy = 2(ug cos ugO0ze + ug sin ugdyg).
It follows that JZ; = Zs — Z3, which implies that JRadT M is a distribution on
M. On the other hand, we can see that Dy = span{Z4, Zs} such that JZ, =
Wa, JZs = Wi, which implies that D; is anti-invariant with respect to J and
Dy = span{Zs, Z7} is a slant distribution with slant angle 7/4. Hence M is a
pseudo-slant 2-lightlike submanifold of R12.
Example 2. Let (Ri%,g,J) be an indefinite Kaehler manifold, where g is of
signature (—,+,+,+,+,+, —,+,+,+,+,+) with respect to the canonical basis
{021, 0x2, 0x3, 014, Ox5, O, ayl, Y2, 0y3, 0ya, 0ys, 0ys } -
Suppose M is a submanifold of R3? given by —x! = y? = uy, 2% = ug, y' = u3, 23 =
ugcos B, y°> = ugsin B, 2* = ussinB, y* = uscosB, % = ugcosh, y° = uycosb,
28 = ursinf, y® = ug sin @, where u; are real parameters.
The local frame of TM is given by {Z1, Zs, Z3, Z4, Z5, Zs, Z7}, where

Zy = 2(=0xy + 0y2), Zy=20x2, Zz= 20y,

Zy = 2(cos f0x3 + sin 80y3), Zs = 2(sin fOz4 + cos fOy,),

Zs = 2(cos 00x5 + sin 00yg), Z7 = 2(sin 00xe + cos 00ys).
Hence RadTM = Span{Z1} and S(TM) = Span{Zs, Zs, Z4, Z5, Zg, Zr }.
Now ltr(T M) is spanned by N; = dz1 + dys and S(T'M™) is spanned by

W1 = 2(sin f0x3 — cos Bys3), Wa = 2(cos BOx4 — sin S0y,),

W3 = 2(sin 00zx5 — cos 00ys), Wy = 2(cos 00zg — sin 00ys).
It follows that JZ; = Z, + Zs, which implies that JRadT M is a distribution on
M. On the other hand, we can see that Dy = span {Z4, Z5} such that JZ, = Wy,
JZs = Wy, which implies that D; is anti-invariant with respect to J and Dy =
span {Zg, Z7} is a slant distribution with slant angle 26. Hence M is a pseudo-slant
2-lightlike submanifold of R32.
Now, for any vector field X tangent to M, we put JX = PX + FX, where PX
and FX are tangential and transversal parts of JX respectively. We denote the
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projections on RadT M, JRadT M, Jltr(TM), Dy and Dy in TM by Py, P, Ps, Py,
and Pj respectively. Similarly, we denote the projections of tr(T'M) on ltr(TM),
J(D1) and D’ by Q1, Q2 and Q3 respectively, where D’ is non-degenerate orthog-
onal complementary subbundle of J(D;) in S(TM=). Then, for any X € ['(TM),
we get

X = PLX + PyX + P3X + PyX + P X. (3.2)
Now applying J to (3.2), we have
JX =JPX +JP,X +JP3X + JPyX + JPs X, (3.3)
which gives
TX = TP, X + TP,X + JPsX + JP,X + fPsX + FP;X, (3.4)

where fP;X (resp. FPs;X) denotes the tangential (resp. transversal) compo-
nent of JPsX. Thus we get JP1X € I'(JRadT M), JP2X € I'(RadT M), JP3X €
D(itr(TM)), TP,X € D(JDy) C T(S(TMY)), fPsX € T(Ds) and FPsX € T(D').
Also, for any W e I'(¢tr(TM)), we have

W =Q1W 4+ QW 4+ QsW. (3.5)
Applying J to (3.5), we obtain
JW = JQW + JQ2W + JQ3W, (3.6)
which gives
JW = JQW + JQ2W + BQsW + CQsW, (3.7)

where BQsW (resp. CQ3sW) denotes the tangential (resp. transversal) component
of JQ3W. Thus we get JQ1W € T'(Jltr(TM)), JQ2W € T'(Dy), BQsW € T'(Dy)
and CQsW € I'(D").

Now, by using (2.20), (3.4), (3.7) and (2.7)-(2.9) and identifying the components
on RadTM, JRadT M, Jltr(TM), Dy, Da, ltr(TM), J(D1) and D’, we obtain

P(VxJPY)+ P(VxJPY) — Pi(AgpyX) + Pi(Vx fPY)

= Pi(Appy X) + Pi(Agpy X) + TRV XY, o
Py(VxJPY) + Po(Vx JPY) - Pi(A7P4YX) + PV fPY) (3.9)
= Py(Arpy X) + Po(Agp,y X) + JPIVXY,
P3(VxJPY) + P3(VxJPY) — Pi(A7P4YX) + Ps(Vx [ P5Y) (3.10)
= P3(App,y X) + P3(A7p,y X) + Jh'(X,Y),
RdvxjaY)+PMVX7%Y?—P%AqmyX)+FMfoBﬂ7 (3.11)
= Py(App,y X) 4 Pa(Azp,y X) + JQ2h° (X, Y),
Po(VxTRY) + B(VxTPY) = Po(Agpy X) 4 B(VXSBY) o

= P5(AFp5yX) + P5(A7P3YX) + fP5VXY + BQghS(X, Y),
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(X, TP YY)+ h(X,TPY) + D' (X, TP,Y) 4+ h (X, fPsY)

_ TP, VxY - VTP — DI(X, FP,Y), (3.13)
Qb (X, JPY) + Qoh*(X, JBY) + @V JEAY + Qoh*(X, fF5Y) (3.14)
= Q2VXFPY — Q2D%(X, JP3Y) + JP,V Y,
Qsh* (X, TPY) + Qsh®(X, TPY) + Qs Vi JPyY + Qsh*(X, fPs5Y) (3.15)

= CQ3h*(X,Y) — QsV4 FPY — QsD*(X, JPY) + FPsVx Y.

Theorem 3.3. Let M be a q-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Then M is a pseudo-slant lightlike submanifold of M if and only if

(i) JRadT M is a distribution on M such that RadTM N JRadT M = {0},

(ii) the distribution D is an anti-invariant, i.e. JDy C S(TM™),

(iii) there exists a constant X € (0,1] such that P?X = —)\X.
Moreover, there also exists a constant p € [0,1) such that BFX = —uX, for all
X € T'(Ds), where Dy and Dy are non-degenerate orthogonal distributions on M
such that S(TM) = (JRadTM @ Jitr(TM)) ©ortn, D1 Sortn Do and X\ = cos? 6, 0
is slant angle of Ds.

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then distribution D; is anti-invariant with respect to J and .J RadT M
is a distribution on M such that RadTM N JRadT M = {0}.

Now for any X € I'(D3), we have |[PX| = [JX|cos 6, which implies

cosf = =—. (3.16)

29 _ [PX? _ g(PX.PX) _ g(X.PX)

In view of (3.16), we get cos TXPE T gUXTX)  gx X)) which gives

9(X, P2X) = cos? 0 g(X, T°X). (3.17)
Since M is pseudo-slant lightlike submanifold, cos® @ = A(constant) € (0,1] there-
fore from (3.17), we get g(X, P2X) = Ag(X, T-X) = g(X, \J X), which implies

g(X, (P2 = XTHX) =0. (3.18)
Since X is non-null vector, we have (P? — )\72)X = 0, which implies
P2X = \T°X = —\X. (3.19)
Now, for any vector field X € T'(Ds) , we have
JX = PX + FX, (3.20)

where PX and F'X are tangential and transversal parts of JX respectively.
Applying J to (3.20) and taking tangential component, we get

~ X = P?X + BFX. (3.21)



PSEUDO-SLANT LIGHTLIKE SUBMANIFOLDS 1273

From (3.19) and (3.21), we get
BFX = —sin?0 X, VX eT(D,), (3.22)

where sin® § = 1 — A = p(constant) € [0,1).

This proves (iii).

Conversely suppose that conditions (i), (ii) and (iii) are satisfied. From (3.21), for
any X € I'(Dy), we get

— X = P?X — uX, (3.23)
which implies
P2X = —cos? 0 X, (3.24)
where cos? 0 = 1 — u = A(constant) € (0,1].
_ 9(UX.PX) _ _g(X.JPX) _ _g(X,P?X) _ _g(X.J°X) _ yg(UX,JX)
Now cosf = T5eiipx] = ~oxipx| — TXIPX] — NIxIPx] — NUx|px|
From above equation, we get
|JX|
50 = A\——. 3.25
cos PX| (3.25)

Therefore (3.16) and (3.25) give cos? § = \(constant).
Hence M is a pseudo-slant lightlike submanifold.

Corollary 3.1. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M with slant angle 0, then for any X,Y € T'(D3), we have

(i) g(PX,PY) = cos? 0 g(X,Y),

(i) g(FX,FY) =sin?0 g(X,Y).

The proof of above Corollary follows by using similar steps as in proof of Corollary
3.1 of [15].

Theorem 3.4. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then RadT M is integrable if and only if

(Z) Pl(VX7P1Y) = Pl(VYjP1X) and P5(VX7P1Y) = P5(VYjP1X),

(i) Qoh* (Y, JP1X) = Q2h*(X, JPY) and h'(Y,JP, X) = h' (X, JPY),

(iii) Q3h* (Y, JP1X) = Q3h*(X, JP\Y), for all X,Y € T'(RadTM).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. Let X,Y € I'(RadTM). From (3.8), we have P, (VxJPY) = JP,VxY,
which gives Pi(VxJPY) — Pi(VyJPX) = JP[X,Y]. From (3.12), we get
Ps(VxJPY) = fPsVxY+Bh*(X,Y), which gives Ps(Vx JPY)—P5(Vy JP X) =
fP5[X,Y]. In view of (3.13), we obtain h!(X,JP,Y) = JP;VxY, which implies
WYX, TPY) — h{(Y,TP.X) = TP3[X,Y]. From (3.14), we have Qoh*(X,JPY) =
JP,VxY, which gives Q2h%(X, JPY) — Q2h*(Y, JP1X) = JP,[X,Y]. Also from
(3.15), we get Q3h* (X, TPY) = Ch*(X,Y)+FP;VxY, which implies Q3h*(X, TP, Y)—
Q3h*(Y,JP;X) = FPs[X,Y]. This concludes the theorem.
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Theorem 3.5. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Dy is integrable if and only if

(i) Pl(AjgyX) = Pl(AjpiXY) and P2(A7PgX) = PQ(AjPiXY)7

(ii) DY(Y,JP;X) = DY(X,JPyY) and Q3V3 JPyX = Q3V%JP,Y,

(ZZZ) P5(A7P4YX) = P5(A7P4XY)7 fO?” all X, Ye F(Dl)

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. Let X,Y € T'(D:). From (3.8), we have Pi(A5pX) 4+ JRVXY =
0, which gives Pi(Ap (Y) — Pi(A7p,yX) = JP[X,Y]. From (3.9), we get
Py(Asp v X)+JPVxY =0, which gives Py(A3p, Y )—Po(Agp, X) = JPI[X,Y].
In view of (3.12), we obtain P5(A5p, v X)+fPsVxY +BQ3h*(X,Y) = 0, which im-
plies P5(A5p, xY)—Ps(Azp,y X) = fB5[X,Y]. From (3.13), we have DYX,JPY) =
JP3VxY, which gives D'(X, JP,Y)— DY, JP,X) = JP3[X,Y]. Also from (3.15),
we obtain Q3V5%JPY = CQ3h*(X,Y) + FPsVxY, which implies Q3V5%JP,Y —
Q3V35JPyX = FPs[X,Y]. Thus, we obtain the required results.

Theorem 3.6. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Ds is integrable if and only if

(i) Pi(Vx fPsY —Vy [PsX) = Pi(Arp,y X — App,xY),

(ii)) Po(Vx fPsY —Vy fPsX) = Po(Arp,y X — Arp,xY),

(iii) h(X, JPY) — W(Y, [P X) = D\(Y, FP;X) — D\(X, FRY),

(iv) Q2(VX FPY — V3 FPsX) = Qo(h*(X, fBY) — h*(Y, fPs X)),
for all XY € T'(Dy).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. Let X,Y € I'(D3). From (3.8), we have P, (Vx fPsY) — Pi(App,y X) =
jPQVXY, which gives Pl(vaP5Y — vaP5X) — Pl(AFpst — AFP;,XY) =
7P2[X, Y] From (39), we get PQ(VXfP5Y) — PQ(AFpst) = jpleY, which
giVGS PQ(VXfP5Y — vapg,X) —PQ(AFp5yX — AFP5XY) = jPl[X, Y] In view of
(3.13), we obtain k! (X, fPsY)+D!(X, FP;Y) = JP;VxY, which implies ! (X, fP5Y)—
RYY, fPsX) + DY X,FPsY) — D(Y,FPsX) = JP|X,Y]. From (3.14), we have
Q2h* (X, fPY)—QoV% FPsY = JP,VxY, which gives Q2(V5 FPs X —V5% FPsY )+
Q2(h* (X, fP5Y) — Q2h*(Y, fPs X)) = JP4[X,Y]. This proves the theorem.

4. FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we obtain necessary and sufficient conditions for foliations deter-
mined by distributions on a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold to be totally geodesic.

Definition 4.1. A pseudo-slant lightlike submanifold M of an indefinite Kaehler
manifold M is said to be mixed geodesic if its second fundamental form h satisfies
hX,Y)=0,forall X € I'(D;) and Y € I'(D3). Thus M is mixed geodesic pseudo-
slant lightlike submanifold if h/(X,Y) = 0 and h*(X,Y) = 0, for all X € T'(D,)
and Y € I'(Ds).
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Theorem 4.1. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then RadT M defines a totally geodesic foliation if and only
if G(VxJPZ + Nx fPZ,JY) = g(A7p, ;X + Agp,, X + Arp,z X, JY), for all
X, Y e (RadT' M) and Z € T(S(TM)).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. It is easy to see that RadT M defines a totally geodesic foliation if and only
if VxY € T'(RadT M), for all X,Y € I'(RadTM). Since V is metric connection, us-
ing (2.7), (2.19), (2.20) and (3.4), for any X,Y € I'(RadT' M) and Z € T'(S(T'M)),
we get G(VxY,Z) = —g(Vx(JPZ + JPsZ + JP,Z + fPsZ + FPsZ),JY), which
gives ?(VX}/, Z) = g(AjP;;ZX + AFp5zX + A7P4ZX - VX7PQZ — fopg,Z,jY)
This completes the proof.

Theorem 4.2. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Dy defines a totally geodesic foliation if and only if
(i) GV FZ,TY) = —g(h* (X, £ 2), TY), B
(ii) h*(X, JN) and D*(X,JW) have no components in J(D1),
for all X,Y € T(Dy), Z € T'(Ds), N € T(litr(TM)), W € T(Jltr(TM)).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. The distribution D; defines a totally geodesic foliation if and only if
VxY € I'(Dy), for all X,Y € T'(D;). Since V is metric connection, using (2.7),
(2.19) and (2.20), for any X,Y € I'(D;) and Z € I'(D3), we obtain g(VxY,Z) =
~9(VxJZ,JY), which implies §(VxY, Z) = g(VXFZ + h*(X, fZ),JY). In view
of (2.7), (2.19) and (2.20), for any X,Y € I'(Dy) and N € I'(ltr(T'M)), we have
3(VxY,N) = —g(JY,VxJN), which gives g(VxY,N) = —g(JY,h*(X,JN)).
Now, from (2.7), (2.19) and (2.20), for any X,Y € I'(Dy) and W € T'(JItr(TM)), we
get g(VxY, W) = —g(JY,Vx JW), which implies g(Vx Y, W) = g(JY, D*(X, JW)).
This concludes the theorem.

Theorem 4.3. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Dy defines a totally geodesic foliation if and only if
(i) (A, X, fY) = gV IZ.FY),
(ii) G(fY, VX TN) = ~g(FY, h*(X,TN)),
forall XY € I'(D2), Z € T'(D;1), N € (ltr(TM)), W € T'(Jltr(TM)).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. The distribution D, defines a totally geodesic foliation if and only if
VxY € I'(Dy), for all X,Y € I'(D3). Since V is metric connection, using (2.7),
(2.19) and (2.20), for any X,Y € I'(D3) and Z € I'(Dy), we get g(VxY,Z) =
—g(VxJZ,JY), which gives g(VxY, Z) = (A5, X, fY) —g(V%JZ,FY). In view
of (2.7), (2.19) and (2.20), for any X,Y € T'(D3) and N € T'(ltr(TM)), we have
9(VxY,N) = —g(JY,VxJN), which implies g(VxY,N) = —g(fY,VxJN) —
g(FY,h*(X,JN)). Now, from (2.7), (2.19) and (2.20), for any X,Y € I'(Ds)
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and W € T'(Jltr(TM)), we have g(VxY,W) = —g(JY,VxJW), which gives
g(VxY,W) = g(fY, A5, X) — g(FY, D*(X, JW)). Thus, we obtain the required
results.

Theorem 4.4. Let M be a mixed geodesic pseudo-slant lightlike submanifold of an
indefinite Kaehler manifold M. Then D, defines a totally geodesic foliation if and
only if VY FZ, h*(X,JN) and D*(X,JW) have no components in J(D1), for all
X eTl(Dy), Z €T(Dy), N € T(ltr(TM)) and W € T'(Jltr(TM)).

Proof. Let M be a mixed geodesic pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then h(X,Y) = 0, for all X € I'(D;) and for all Y € I'(Dy).
The distribution D; defines a totally geodesic foliation if and only if VxY € T'(Dy),
for all X,Y € I'(D;). Since V is metric connection, using (2.7), (2.19) and (2.20),
for any X,Y € T'(D;) and Z € T(Dy), we get g(VxY,Z) = —g(VxJZ,JY),
which gives §(VxY,Z2) = —g(V%FZ + h*(X, fZ),JY). In view of (2.7), (2.19)
and (2.20), for any X,Y € I'(Dy) and N € T'(ltr(T'M)), we obtain g(VxY,N) =
—g(JY,VxJN), which implies g(VxY,N) = —g(JY,h*(X,JN)). Now, from
(2.7), (2.19) and (2.20), for any X,Y € I'(D;) and W € I'(Jitr(TM)), we have
FVXY,W) = —g(JY,VxIW), which gives g(VxY, W) = G(JY, D*(X, TW)).
This proves the theorem.
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