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Abstract

In this paper, we investigate a brief survey on the three-sphere motion by using the quaternion interpolasyon SLERP. Firstly, we
consider the moving and fixed quaternion frames for three-sphere motion onto a unit quaternionic sphere. Then we calculate the

equations of the velocity and we investigate some properties of the canonical relative system. Finaly we give some examples for
these equations.
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1. INTRODUCTION

Quaternions are found by Sir William Rowan Hamilton in the midnineteenth century to generalize complex numbers in some way
that would be applicable to three-dimensional 3D space, (Hamilton,1853). The quaternion has a scalar component and three

imaginary components. If a quaternion given by ¢ =(q,,) obeys the constraint .0 =21, the locus of these points is the
hypersphere S3. The most important property of quaternions is that every unit quaternion represents a rotation in three dimensional

space. Since the rotation matrix is a very complex structure, the simple structure of the quaternions ensures that we can make the
three-dimensional rotation movement easier.

The spherical motion was previously studied by Garnier in (Garnier,1956) and obtained spherical Euler-Savary equation by H.
Mdiller in (Miiller,1963). He calculated the motion velocities and pole curves of these motions in Euclidean space. Thus, the
quaternions have been firstly investigated for the spherical kinematic by Blaschke in 1960, (Blaschke,1960). Some basic
preliminaries of theorical kinematics, three-spheres and quaternions can be found in [(Hacisalihoglu,1983), (Hacisalihoglu,1983),
(Hanson,2006)]. In the mechanical and robotic engineering, spherical motion is useful for every motion of the spherical mechanism.
We can see some papers related with applications of spherical motion for spherical mechanisms in [(Larochelle,2000), (Liu et al.,
2003), (Yang et al., 1964), (Alizade et al., 2005), (Kusak et al., 2011),(Shoemake , 1985)]. Although the quaternions have been
used in some scientific areas as physics, kinematics, mechanics, robotics and etc., nowadays the quaternions have been began to
use commonly in the computer graphics and computer game animation. The methods of quaternion interpolations were defined to
the graphics community originally by Shomake in the papers [(Shoemake , 1985), (Shoemake , 1987)]. By analogy to the acronym
“LERP” that might be used for ordinary linear interpolation, Shomake coined the term “SLERP” for “spherical linear
interpolation”, a terminology that remains in common usage. The SLERP can be transformed to provide close analogs of the
anchor-point and tangent-direction properties of the conventional families of Euclidean splines. It is reasonably straightforward to
develop uniform quaternion spline families in an elegant practical form, and he discussed quaternion splines thoroughly. The
fundamental concepts of quaternions, methods of quaternion visualization, applications of SLERP etc., in (Hanson , 2006). We
have seen that the motion of the quaternion spheres is not examined before with SLERP. In our study, quaternion sphere motion
was investigated with SLERPIer for the first time. In the preliminary section, some basic concepts about the three-sphere, the
quaternion algebra, the SLERP and the matrix representation of the rotation are given. In the main results, the orthonormal

quaternion frames {O,e,,e,,e,,6,} and {O,€',,e',,€',,e';}are taken to represent moving three-sphere S and fixed three sphere

S’ in the four dimensional space, respectively. Then another orthonormal quaternion frame {O, q,, 0, d,, 05} is taken, and this

quaternion frame is called relative orthonormal quaternion frame. Furthermore, we calculate the equations of the motion velocities
of one parameter three-spherical motions. Also, some relations about pole curves are obtained by using SLERP. At the end of the
study, we give some examples about the concept.

2.PRELIMINARIES
2.1.Three-sphere with The Quaternion Notation

Three-sphere which consists of the set of points equidistant from a fixed central point in four dimensional Euclidean space is a
higher-dimensional of a sphere. In coordinates, a three-sphere with center (C,,C,,C,,C;)and radius r is the set of all points

(Xys X, X5, X5) in real, four dimensional space R* such that

3
Z(Xi _Ci)2 =r’.
i=0
The three-sphere centered at the origin with r =1

S ={(%, X, % %) € R* 1 X7 +XC +%5 + %5 =1}

is defined the unit three sphere. The three-sphere is also represented by quaternion set H . Therefore the unit three-sphere is given
by using the quaternions as S°® ={q e H : ||q|| =1}, (Hanson,2006).

2.2.Quaternions Algebra

Consider the quaternion variable ¢ =0,.6, +0,.¢, +0,.€, + 0,.6, € H , where q,,0,,d, and 0, are real-valued scalars, and
here €,,€,,€,,€; are orthogonal unit vectors and imaginary units, such that eg =1 ef = e§ :e32 =-1, e, =—€,6 =¢,,
e.,e, =—€,6;, =€, 6,6, = —€e, =&,. Itisclear that I is an associative, but not commutative algebra. The quaternion can also

be denoted in terms of its scalar part Sq and vector part V_, such that = Sq +Vq .Ifq9=q,€, +0,€ +0,.€,+0,.e; and
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p=p,€ + P.-€+P,e,+ P;.€; are quaternions, the addition, subtraction and multiplication of the quaternions are defined
by

q+p=(S,+S,)+(V,+V,)

q.p:Squ—<Vq,Vp>+Squ+Squ+Vq><Vp. (1)
Also, the multiplication of quaternions in Eq (1) can be written in matrix form as
Polo — P10; — P, — P30s Po =B =P =P G
p.g= P + Poth + P2G; — P30, _ P Po —Ps P, 0,
P, + Pod, + P30, — P05 P, Ps Po =P || G2
pgqo + poq3 + plqz - pqu p3 - pz pl po qs

Here, specially if Sq =0 and Sp =0, the quaternion is called “pure quaternion”. The multiplication of pure quaternions are
calculated by

q.p=—<Vq,Vp>+Vq><Vp. )

The conjugate g of the quaternion qis 0 =0,.6,—0,.€, —0,.€, —0;.6; = Sq —Vq . The norm of the quaternion q is defined

by N, = Jag = \/qé + qf + q22 + q32 . If the norm is unit, i.e. N, =1, then the quaternion is defined “unit quaternion” . The

. . _ 0 .. 60 . . . .
unit quaternion q is denoted by the formula q = (COSE ,NsINn E) , too. This notation shows that a unit quaternion corresponds
to the standart rotation matrix

cos@+n>(1-cosd)  nn,(l-cosd)—n,sin@ nn,(1—cosd)+n,sine
R(@,N) =| n,n (1-cos@)+n,sin@d cos@+n’(l—cosd)  n,n,(l—cosd)—n siné |.
n,n,(1-cos@)—n,sin® n,n,(1—-cosd)+nsin@  cosd+n’(Ll—coso)

by an angle & about the direction fi =(n,,N,,N,). Furthermore, we can write the above rotation matrix with the quaternion
components as

qg + q12 - q; - qs? 20,0, — 20,0, 20,9, + 20,0,
R(@)=| 20,0,+20,0, 0o—C +0;—0; 20,0, — 20,0,
20,0, 20,0, 20,0, +20,0, 0o —0 —0; +q2

where (,,0;,0,,0; € R, [(Hamilton, 1853), (Blaschke,1960), (Hacisalihoglu,1983), (Hanson,2006)]. One of the interpolation
methods with using the quaternion is spherical linear interpolation (SLERP) defined by

sin((1—t)¢) N sin(tg)

t) = SLERP(0,, Gg 1) = ,
q(t) (9a:0s.) =04 sing % sin

@)
where (, and Qg are two quaternionic points on three-sphere.

0 .60
If specially the starting and ending quaternions are taken as 4, =(1,0,0,0) and g, = (COSE ,nsin E) , then the interpolation

is defined by

q(t) = SLERP(q,,d;,t) :(cos(%)nsin(%n, 4)

0
where COS¢ = COSE , (Hanson,2006).
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3.MAIN RESULTS
3.1.The Three-spherical Motions By Quaternions

Let us think of the spherical movement that the concentric moving K sphere and the constant K "' sphere has formulated according
to each other. Quaternion frame representations belonging to the moving K sphere and the constant K" sphere, both owning a

given O center point, would be {O,€,,€,,€,,6,} and {O,e';,e",,e",,e',} respectively. Properties of the quaternion bases for
the {O,€,,8,,€,,6,} system are e§ =1, ef = 822 :e§ =-1; ee, =¢€,, e,6, =€, €, =¢€,. Properties of the quaternion
bases for the {O,€'y,€',€",,€";}system are (€, )* =1, (')’ =(e',)*=(e',)>=-1and €', €', =¢';, €';e', =¢e'},

e';e’ =e',. Alternatively, we can utilize the quaternion multiplications to form the basis vectors. We can obtain the basis

. : : U 0 .. 0
quaternions by rotating the X,Yy,Z axes of coordinate via q=(qo,ql,qz,q3)=cosa+nsmz and

4d=(4,.4,.6,.6;) = cosg +h Sing quaternions. In the present case, the quaternion frames of the moving K sphere and

the constant K" sphere would be as;

e, =G(L0)§™" e’y =G(L0)§™"
e =G(0,x)§™ e}, =4(0,x)§™
e,=G(0,y)d" and e, =4(0,y)§"
e, =G(0,2)q" e’y =6(0,2)§".

Consecutively, the matrix that is formed by the [eo €e, eg] quaternionic bases belonging to the moving K sphere would be as;

G +0;f +0; +0 0 0 0
0 Go+0; —Go—0;  26,0,—-20,0, 24,0, +2G,0, 5)
0 26,0, +2G,0, Gi—a; +G; —0;  20,0,-2G,6, |
0 26,0, — 20,6, 20,0, + 26,4, q§ - qlz - q; + q;

The matrix that is formed by the [eg el’ e; eé] quaternionic bases belonging to the constant K" sphere would be calculated as;

Go + Gy +G; +Gs 0 0 0
0 o+ —8; —G;  26,G,-2G,G,  2G,G;+2G,0,
0 quqz + Zqoqs qg - qlz + qzz - q32 2@2@3 - 2qod1
0 26]16]3 B 2%@1 2%6{3 + 2%@1 qg B qlz - qu + C|§

Now let us approach the third {O, (0 Fe e P q3} quaternionic frame to examine the spherical motion. Here, we would get

the conditions |, =1 qf = q22 = q§ =-1, q,0, =05, 9;0, =0q,, 050, = g, from the quaternion properties. We can also
form this quaternion via;

9 =0@10)a", ¢ =00,x)q"
9,=40,y)G", ¢,=0(0,2)g ™"

Matrix of the third quaternion frame [d, 0, 0, d5] would be represented as;

Go +0 +0 +0; 0 0 0
0 qoz + q12 B q22 B qe,z ZQ1q2 B 2q0q3 quqs + zqoqz
0 20,0, +20,0;  Go —G +0; —0G; 20,0, — 20,
0 20,0, — 20,0, 20,0, +20,0, G —G; —0; +0;

Each three quaternion frame system would be in the same rotation direction,
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(1, O) = qileoq = qileoq = qileoq’ (0, X) = qilelq = qileld = qilelq
Oy)=0"e,d=0"e,4=0"e,0, (0,2)=0"ed=G"e,G=q eQ.

As seen from the above equations, it is possible to transfer from one system to another using the rotations around the O point. Thus,
we would obtain the following linear transformations:

3 3

g, =D a8 g, =>.a' e, j=0,123 ©)
k=0 k=0

Here, the ||, ||, ||&"; || matrices are idiosyncratic and orthogonal, they respectively represent a transfer from the frames of

axis that were established in K and K" to the attribution system. If the coefficients a1 a'jk are the proper functions of a t

real parameter, we would obtain a “one-parameter spherical motion” of K as opposed to K. Here, we realize that the coefficients
Qs a'jk are not only constant, but they are also differentiable to any desired order. In this regard, the described motion is named

briefly as the “one-parameter DI rotational motion” around O.

The changes of the i quaternions in the K and K" spherical motions are respectively represented in the following equations;

3 3
dg; :Zekdajk and  d'q =Ze'k da’ . "
k=0 k=0

Here the representations dajk, da'jk are full differentials based on one or two variables, and the quaternions e, and e, are

constant. In this case, the differentials dqj and d 'qj can again be represented via quaternions g, 0, 0,, ;. To do this, equation
(6) must be solved according to e, and ey, the obtained values must then be properly put into equation (7). On the other hand,
w= |(o| is the angular velocity where ® = (@, a)z,a)s) is the direction of angular velocity. The polar representation of the

ot .ot
quaternion is q(t) = (COS(?),msm(?)). Thus the differential equation of the polar representation can be shown by the

following equation;
1

dq(t) = EQ(O, o) .

The following equations by using the differential of equation Q" = (1,0) are obtained
1 1

dg=q(q-dg) = a(0,©)

_ TR - ~ 1 _
do™ =(dg"a)a™ =~(q"da)g~ =—> (0.0)q",
Here, we can see that the calculation will be made using the equations given above;

o = 2(q,dq —qdg, —qxdq),

see in (Hanson,2006). If we are to use the differential equation (5) of the quaternion mentioned above to get the differential of the
column elements of the matrix, we would obtain the following;

de, =dq(0,x)q* +q(0,x)dq*
= Bq(o,m)}(o,x)q‘1 +q(0,x)[—%(0,w)q‘l}
- %q[(O,co)(O,x) ~(0,%)(0,®)]q”

=q(0, @ xx)q".

Similarly, calculations for other bases give the following differentials;
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de, =q(0,0x0)q ™, de, =q(0,®xx)q"
de, =q(0,0xy)q™", de, =q(0,@xz)q .

The differentiation matrix of the bases (; , (1=0,1,2,3) of the g unit quaternion in the K sphere, and the corresponding
matrix is calculated by the following;

dq, 0 -0 -0 -ol]q
do, 1lew, O w, -, q
== . ®)
da, 2lw, —o, O @ || Q,
_d% W, @, -~ 0 Qs
By a similar method, the following differential equation is used to obtain the changes of the bases inthe K" sphere;
[d g, 0 -0 -0, -4
d'ag | _1lef 0 @ -af|q
1 =7 ’ / ! (9)
d'q, 2|0, —w; O @ || Q,
_d 'qs C‘)?’, a)é _a)1' 0 Qs

The model of the three-spherical motion by using quaternions created above is structured according to the informations in
[(Blaschke,1960), (Hanson,2006)].

3.2.Velocities in the Motion:
Let us assume any quaternionic point, whose coordinates are X;, X;, X,, X; according to the attribution system, is X . The X point
denoted by X(t) = Xy + X,0; + X,q, + X;0; is a quaternionic point on the three sphere. If the X point is specifically on the

. . . 2 . . .
unit sphere, then it would have the relation ||X|| = XS + Xf + X§ + X32 =1. Unlike the K sphere, we will regard the velocity of

dx
the X point as relative velocity and it is obtained by v, = E So, the relative velocity vector K sphere is calculated by

_ l{(xﬂ)l + X, 0, + Xq; + A%, )y + (%@, — X, @5 + Xs, +dX )Gy (10)

dx = .
2| H(=X@, + X0, — X0, + X, ), + (=X, — X,@, + X, +dX;)0,

If v, =0 or dx =0, both are the same thing nonetheless; the constancy condition of the X pointinthe K sphere is represented
by the following equations;

dX, = —X,@, — X0, — X;®

z !

dx, = X0, — %0, + X0,

11)
dX, = X0, =X @, + X0, ,  0X; = X0, + X0, — X0, .
Similarly, the change in the X point according to the K’ sphere is
dfx_l{(xiaﬁ,"'xzwé + X005 + A%, )Gy + (=X — X, @3 + X, + A%, )G } 12)
2 +(_X0a)£ + Xiw?: - X3a)1' + dxz)qz + (_Xoa)?: - Xia); + szl, + dx3)q3

What we have calculated here is the “absolute velocity vector”, which is the velocity of the X point in the K’ sphere and is

12

dx . ' L , _ .
represented by vV, = E Giventhat V, = 0 or dx=0, the X pointinthe K’ sphere is constant. The constancy condition
of the X pointinthe K’ sphere can be shown by the following equations;

dX, = —X@ = X0, =X, UX = X0 — X, + X,

d — ! ! ! d _ [ i ’ (13)
X, = XK@, = X0 + X0, UX; = X005 + X0, — X, 0, .
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If the X point is constant in the K sphere, its velocity according to K is named as the “dragging velocity” and given that

d.x
d,x=dX—dx, we will use V; = ﬁ . The dragging velocity vector is calculated by

d,x=dx—dx=

1{()(1‘”1 + X0, + XW5) 0 + (=X, — X5 + X,) Gy } (14)

2| +(=XgW, + Xy = Xa1 )0, + (—XoW3 — X, = Xp¥1) 0
where the vector ¥, = @/ — @, is called the Pfaf vector.

Now, if the quaternionic point X is taken with a SLERP in Eq.(3) , Eq.(10) and Eq.(11), then the constancy condition of the X
point in the K sphere is obtained by

dX, = —(Xp@; + X, 0, + XAaa)S)—Sin(S(;I.n—;)¢) —(Xg101 + Xg, 0, + Xg,; ) Sl?r(]tz) ,
A%, = (Xpo@, — Xp, @, + XA3a)3)—Sin(s(;Ln_¢:)¢) +(Xgo®, — Xg 0 + Xg3, ) Sis?rgtz) ,
dX, = (Xao@, — X5 + xASwl)—Sin(sfiln_;)@ +(Xgo@, — Xg1 @3 + Xga, ) Sl?r(]tz) ,
A%, = (X, + Xy, — xAzwl)—Sin(SFiln_;)¢) +(Xgo@; + X0, — sza)l)%,

where (, = XpoUo + X0 + Xa00, + X530 and Qg = Xg,0, + Xg,0; + X5,0, + Xg30; are starting and ending quaternionic

points on three-sphere. Similarly, the constancy condition of the X pointin the K’ sphere is

X, = — (X ] + X0, + xA3a)§)W — (g1 + Xg 0% + Xy, ) Slrilr(]t;ﬁ) :
A%, = (X @] = Xpp 05 + Xy} )W # (Xan = Xoa} + Xos ) Sl?r(ltz) |
dX, = (Xao@s — Xy @5 + Xp3] )W +(Xa0@) — Xgy05 + Xg39)) stri]r(ltz) '
dX, = (X} + X — XAgw{)W (a0 + Xg10; = g, ) Sisri]r(ltzj) '

0 . 0
If the starting and ending points of the SLERP are sellected with ¢, =(1,0,0,0) and 0 :(COSE,nsm E) where

0 . ) to . (10 )
COS¢ = COSE , then the point X on three-sphere is formed by X (t) =| c0S E ,nsin ? from Eq.(4). Hence using the

Eg. (10), the relative velocity vector is found by

. 1o . 10 . 1o to . 10 .10
0o N, SIN— @, +N,Sin—®, + N, Sin— @, +dX, |+0,| —COS— @, —N, Sin— @, + N, Sin — @, + dx,
e 2 2 2 2 2 2

to . 1o . to to . to . to
+0,| —COS— @, + N, Sin— @, — N, Sin— @, + dX, |+0,| —COS— @; — N, Sin— @, + N, Sin— @, + dX,
2 2 2 2 2 2
and from Eq.(11), the constancy condition of the X pointinthe K sphere is obtained by
. 10 to . to
dx, =—sin ?(nla)l +n,m, +Nyw,),  dx = cos ", +5in ?(nza)3 N, ),

to . 16 to . 16
dx, =008, +sm?(n3a)l—nla)3), dx, =00 @, +s,|n?(nla)2 -n,,),
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Furthermore, from Eq.(12) the relative velocity vector in K’ sphere is

. te . te N (A to , . to . te
o | N SIN— ] + N, Sin— @, + N, Sin— @} + dX, |+¢;| —COS— @ —nN, Sin— @} + n, Sin— @)} + dx,
e 2 2 2 2 2 2
o , .t , . to to , . t0 10,
+0, —cos?cuz+nls|n7co3—n35|n?a)1+dx2 +0, —cos?a%—nlsln?a)2+n23|n?a)l+dx3

Thus, using Eq.(13) the constancy condition of the X point in the K’ sphere is calculated by
. 10 , , to , . to
dx, =—sin ?(nlcol + N, + Ny} ), dx, = CoS - @] +sin ?(nza); —N,,),
to . 10 to . 10 ,
dx, = cos?a)z' +sin ?(nsa)l’— na), dx,= cos?a)s' +sin ?(nla)z —-n,ay).

Similarly, the dragging velocity vectors should be obtained by the Eq.(14). In a one-parameter D, rotation motion, at the

moment of T ; an infinite-small rotating motion occurs for each X point of the moving system. The Pfaf vector  in this rotating

motion plays the role of the darboux rotation vector. If p?=1, then W =p.«/l//12 +1,V22 +l//32 and
w==*|yl= «/1/112 + 1/122 +(//§ . The P point shown on the unit sphere via OP = p is the instantenous rotation pole. So, P

as the instantenous rotation pole is characterized with the drift velocity being zero. Both the P rotation pole and its P
counterpoint are constant at the moment of t  (t,,t,) . So, the quaternion interpolation of the pole curves and its representation

during the spherical motion can be thought to be formulated via the following big circles of the sphere that intersects with the P
and P points

SLERP(p,p,t) =psin (1__t)¢ +p si_n 9
sin ¢ sin ¢

3.3.For The Canonical Attribution System:

Let us assume as a specific choice that (0,p) = (0,q;) and P is perpendicular to g, and q, during the spherical motion. Then
the following conditions must be enabled;

vq, =y, =0, vq,=y,=0.
W, =®, w, =w, asowing to ¥, = —@,, 1=1,2,3. With this specific choice, the infinite-small rotation angle of the
instantenous rotation is simplified as ¥ =/, . So, the instantenous rotation vector is Y = q,./; = q;(®, — ®,) under the

condition that y/, # O . To identify the attribution system with a different method, we will spin the q, and , elements of the

quaternionic frame around |, inasmuch as ¢ . By benefitting from the easy use of quaternions, we will show this rotation process

p p

with the quaternion ( = COSE +d, sin E . Then, we can represent the elements of the quaternionic frame using the following
relations;

0 =(0,0) =0.(0,90).a ", g =(0,9,)=0.(0.q,).q"

o, =(0,9;)=0.(0,0,).97 05 =(0,03)=q.(0.0,).q"

Here, the rotated quaternion frame is represented via {q; =1, q;, q;, q;} As aresult, when @, = 0 in the matrix equations (8)

and (9), the system of the differential equations belonging to the attribution system are represented according to K with the
following equation;

221



International Journal of Research and Development, Vol.10, No.2, June 2018

[dq, 0 0 - -l q
da, _ 1 0 0 @,  —0, || G
dg, | 2|w, -aw, O 0 |a,|

_d% W, W, 0 0 g,

and according to K ', with the following equation;

d'q, 0 0 - -]l
d'g, | 140 O @, -, g
d'g,| 2|@ w5 0 0 |q,

_d "0 o, @ 0 0 ||a,

A (P) curve that is known as a moving pole curve is drawn with the one-parameter D,,, motion on the moving K sphere in the

canonical attribution system. The P rotation pole is in motion and its possessed velocity vectors are the same at every moment
whenthe (P) and (P’) pole curves are drawn in a respective manner. The spherical (P) moving pole curve of K rolls without

slipping on the (P’) constant pole curve of K" during a one-parameter spherical D, motion.

3.4. A Numeric Example

First, we obtain the basis system of two intertwined sphere motions, after calculating the spherical bases of the K and K’ spheres
that were established with the help of quaternion rotations of the x,y,z coordinate axes that we already know. To rotate the x, y, z

axes for the K sphere around the axis i = (1,0,0) inasmuch as the angle % the angle ] :% is used; thereby we find the

quaternion that will form the {O, e,,€,,€,,€,} basis system as;

q=cosg+ﬁsing=cosz+(1,0,0)sinz
2 2 6 6

N 1[1
2

+(1,0,0).2 =3

If so, then by calculating the quaternion multiplications of the {e,,€,,€,,€,} bases with the help of the Mathematica program’s
“Quaternion package”, we find the bases as;

V3 1 31

,0,0)

& =q(1,0)q-1_(— >:0.0)2,0,0,0(=>,~,0,0) = (1,0,0,0)

e, =@ x)q " =( ‘/§ 1 5:0,0(0.L0, ox? —;,0,0):(0,1,0,0)
. ~ J§ 1 V31 o 143

e, =4LY)q"=(=",5.0,0(0,0.10(-~2,0,0)=(0,0,2,77)
e A3 31 ~ 3 1,

e3—Q(1,Z)q —(7 E 0,0)(0,0, 01)(— —2,0,0)_(0,0,—7 E

Here, we can see that the quaternionic bases provide the equations ef = e22 = 93 =-1;ee,=¢,, 6, =6€,, 6,6 =€,. Now,

off to calculate the second {O,e';,e";,e",,e"';} quaternionic frame; to rotate the x,y,z axes for the K’ sphere around the axis
N =(1,0,0) inasmuch as the angle % the angle O=r is used; thereby we find the quaternion that will form the

{O,e',,e",,e",,e';} quaternionic basis system as;
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qg :cosg+ﬁsing:cos£+(1,0,0)sinz
2 2 2 2
=0+(10,0).1=(0,1,0,0)

Then, by calculating the quaternion multiplications of the {e,,e,,€,,€,} bases with the help of the Mathematica program’s

“Quaternion package”, we find said bases as;
e, =4(10)§"=(0,10,0)(10,0,0)(0,~1,0,0) = (1,0,0,0)

e’ =4, x)§"=(0,1,0,0)(0,1,0,0)(0,-1,0,0) = (0,1,0,0)

e, =q(Ly)§"'=(0,1,0,0)(0,0,1,0)(0,-1,0,0) = (0,0,-1,0)

e; =4(1,z)§*=(0,1,0,0)(0,0,0,1)(0,-1,0,0) = (0,0,0,-1)

Here, we can see that the quaternionic bases provide the conditions e =e'> =e'=-1 and e’ e', =¢€';, e';e', =¢e",
e';e’, =e',. Now, we will form the third {O, q,,0,,d,,0d,} quaternionic root, in order to examine the spherical motion. To

rotate the X, y, z axes around the axis N = (1,0,0) inasmuch as the angle O, the angle 0=0is used; thereby we find the
quaternion

A A

qg =cos§+ﬁsing =co0s0+(L,0,0)sin0
=1+(1,0,0).0=(1,0,0,0)

that will form the {O, q,, d,,0,,0,} quaternionic basis system as;

d, =q(10)d "= (10,0,0)(10,0,0)(0,0,0) = (1,0,0,0)

g, =9 x)q ' =(1,0,0,0)(0,1,0,0)(1,0,0,0) = (0,1,0,0)

d, =4 y)q "= (0,0,0)(0,0,1,0)(1,0,0,0) = (0,0,1,0)

d, =q(L 2)q "= (10,0,0)(0,0,0,1)(1,0,0,0) = (0,0,0,1)

Here, we can see that the conditions ¢, =1, qf = qz2 = q§ =-1, 9,0, =0;, 0,0, =0q;, 0,0, =, are enabled using the
properties of quaternion. Then, the matrices of the tribasic system for the sphere motion are as follows;

10 0 0 ] 100 0 100 0
M%%M=Ol ° ° [€€€€k01 ° [qqqq}:0100
R 00 12 B r2=17g 0 -1 0 M0 010
0 0 «3/2 12 00 0 -1 0 00 1

Now, let us specifically choose an X point on the unit sphere;
X (t) =SLERP(q,,qg,t) = (cos%+nsin %) :

t .t
Here, if the direction vector and angle are chosen as N =(1,0,0) and @ = % then X (t) :(cos§+nsm Eﬂj The

angular velocity vector of the spherical motion is found by

m=2.(q0dq—qdq0—qxdq)z(%,O,O). Then, the relative velocity vector of the motion at each t moment is
dx:{qo(%sin%t+dxoj+ql[—cos%t+dxlj+qz(dx2)+q3(dx3)}.
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Constancy conditions of the X point chosen for v, =0 are

T . i ¥4
dxoz—gsmg, dxlzcosg, dx, =0, dx,=0.

Other velocity vectors formed during spherical motion can be calculated in a similar manner.
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