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On the category of ultra-groups
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Abstract

This article has been prepared based on a new concept of an ultra-group
M which is depend on a group G and its subgroup H. Our aim is
to introduce the category of ultra-groups and investigate about some
properties of this category.
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1. Introduction

A pair (A, B) of subsets of a group G is called transversal if the equality ab = a'b’
implies a = @’ and b = b, where a,a’ € A, b,b' € B. This notion was introduced by
Kurosh in [6] which is the base of the concept of an ultra-group. The definition of the
transversal for a pair of subsets can be generalized for a pair of a subgroup and a subset
of a group. A pair (H, M) of subgroup H and subset M of a group G is right transversal,
if M N H = {ec} and M N Hg contains at most one element, for all g € G. In the other
words, the pair (H, M) is a right transversal if and only if a subset M of G obtained by
selecting one and only one member from each right coset of H. Moreover, a subset M
of a group G is called right unitary complementary set with respect to a subgroup H if
G = HM. Therefore for any elements m € M and h € H there exists unique elements
K € H and m" € M such that mh = h'm’. We denote h’ and m’ by ™h and m”,
respectively. For any elements mi,ma € M there exist unique elements [m1,m2] e M
and (™™2)p ¢ H such that mims = <m1’m2>h[m1, ms]. Furthermore for every element
a € M, there exists a™ € H and al™" € M such that o' = a"Yal"1. Now we are
ready to define right ultra-group.
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1.1. Definition. Let M be a right transversal set of a subgroup H over the group G.
The set M together with a binary operation o : Mx M — M and a family of unary
operations S, : M — M defined by a((m1,mz)) := [m1,ms] and Bn(m) := m" for all
h € H is called right ultra-group.

In the definition of the right transversal, if we replace the right cosets Hg with the

left cosets gH, then M is called left transversal, for all g € GG. Similarly we can define left
ultra-group by use of left transversal set. We use the notation yw M (Mg) to represent
the right (left) ultra-group M of subgroup H. In this text we concentrate on the right
ultra-group. If it is necessary, then we denote the ultra-group by the triple (g M, «, 84)
and note that [, is a monomorphism.
The aim of this paper is to introduce some of the basic notions in the ultra-groups cate-
gory. In the next section the category of ultra-groups is studied which is denoted by Ulg.
Some elementary facts such as initial and terminal objects in this category is obtained.
We define the Cartesian and free product of ultra-groups. The monomorphisms and epi-
morphisms of Ulg are one to one and onto homomorphisms, respectively. Especially we
show that each set-indexed family of objects in an ultra-groups category has (co)product
and each pair of parallel morphisms has (co)equalizer. Therefore Ulg is (co)complete.
The ultra-group category has pullback and pushout. Finally, we discuss about the free
object in the category of ultra-groups.

We may hope the category of ultra-groups to be used as a strong tool in proving the
theorems and unsolved problems for the other categories such as category of groups and
quasi-groups. Moreover, we expect one may consider the properties of the ultra groups
in justifying the associate theorems for the groups.

All the notations in this paper is standard, we may refer the reader to see [1, 5, 7] for
more details.

2. Preliminaries and notations

In this section we give some preliminaries about the ultra-groups of a subgroup over
a group.

2.1. Definition. Let g M be an ultra-group of a subgroup H over a group G. A subset
S C g M which contains the identity element of the group G, is called a subultra-group
of wM, if S is closed under the operations « and (3, in the Definition 1.1.

It is obvious that {e} is a trivial subultra-group for all the ultra-groups g M. Suppose
A, B are two subsets of the ultra-group yM. We use the notation [A, B] for the set of
all [a,b], where a € A and b € B. If B is a singleton {b}, then we denote [A, B] by [A4,b].
Moreover, if A is a subultra-group of the ultra-group gz M and b € g M, then the subset
[A, 0] is called a right coset of A in g M. In the following we recall some results which
are useful in sequel (see [7] for more details). The next lemma is a direct result of the
Definition 2.1.

2.2. Lemma. [7, Lemma 2.1] Let S be a subultra-group of the ultra-group uM over a
group G and a,b € gM. Then the following conditions are equivalent.

(i) a € [S,b],

(i) [S,a] =[S, 0],

(iii) [a® ) b1 € 8.

By Lemma 2.2 we deduce [S,a] = [S,b] or [S,a] N [S,b] = 0, which implies
oM = UaeHAl[Sv al.
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2.3. Lemma. [7, Lemma 2.4] Let S be a subultra-group of the ultra-group uM over
group G . Then

(i) [ab(il) Y] € S if and only if there exist s € S such that a = [s, b].

(ii) The relation @ on g M defined by aBb if and only if there exists s € S such that
a = [s,b], is an equivalence relation.

From now on we use the notation 0 for the equivalence relation which is satisfied in the
second part of Lemma 2.3.

2.4. Definition. [7, Definition 2.8] A subultra-group N of an ultra-group x M over a
group G is called normal if [a, [N, b]] = [N, [a,b]], for all a,b € g M.

For instance if we denote the equivalence class of e with respect to the equivalence
relation of 0 in the second part of Lemma 2.3 by [e]g, then [e]o = S is a normal subultra-
group of g M. If it is necessary, then we can switch S and 6 on some situations, in
sequel.

2.5. Lemma. |7, Lemma 2.5] Let N be a normal subultra-group of an ultra-group g M
over a group G . Then we have the following properties,

(i) [a, N] = [N,a], for alla € uM.

(i) [[N, a], [N, b]] = [N, [a,b]], for all a,b € uM.

(éii) If [N,b] = N, then b€ N.

(iv) [N, S] is a subultra-group of uwM, where S is a subultra-group of wM. Moreover,
[N, S] is a normal subultra-group of M if S is also normal subultra-group of wM.

2.6. Definition. Suppose g, M; is an ultra-group of a subgroup H; over the group
Gi, t = 1,2, and ¢ is a group homomorphism between two subgroups H; and Hs. A
function f : g, M1 — H,M> is called ultra-group homomorphism provided that for
all m,mi,ma € g, M1 and h € Hy:

() f([m1,ma]) = [f(ma), f(m2)],
(i) (f(m))?™ = f(m").

From the other point of view, an ultra-group homomorphism f is a function such that
the following two diagrams commute,

g My xg, My 3 g My g, My x Hy By 1, M
Lixf 1 f L xe 1 f
Hy Mo Xy My 33y, Mo Hy M2 X Ho = Hy Mo

where «; is the first binary operation of g, M;, 3; inspired by {8, | hi € H;}, i =1,2. If
f is a surjective and injective ultra-group homomorphism, then it is called isomorphism
and denoted by g, M1 = g, M>. In the sequel ¢ is a group homomorphism between two
subgroups of the group for which the ultra-groups are defined. If S is a subultra-group
of g, My and ¢ is onto, then f(S) is a subultra-group of g, M. Moreover, Ker(f) is a
normal subultra-group of g, M;.

2.7. Remark. By considering the same notations as in the Definition 2.6, we conclude
the following identities.

@) f(a[;_l]lz = (f(a))™Y, .
(i) f(a® )= (f(a)¥® " where a,b € m, M.
It is straightforward that for each ultra-group M, id,m : vM — uM is an

ultra-group homomorphism and the composite of two ultra-group homomorphisms is
an ultra-group homomorphism. Therefore we have the category Ulg, which the objects
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are ultra-groups (denoted by wM, xN,---) and morphisms are ultra-group homomor-
phisms. Indeed, the set of all ultra-group homomorphisms between two ultra-group g M,
kN is denoted by Hom(u M, xN).

2.8. Theorem. Let f : H/Ml — g M be a ultra-group morphism and let g : . M —
M be an injective ultra-group morphism. There is an ultra-group morphism h : . M
— M" such that f = goh if and only if f(p M)C (g M"Y and p(H') C (H"),
where o : H — H and v : H' — H are epimorphism and homomorphism in groups
respectively.

Proof. Sufficiently put h =g~ ' o f. ]

For each subgroup H of a group G, the trivial subultra-group {e} is initial and terminal
object. Since | Hom({e}, uM) | = | Hom(ua M, {e}) | = 1 for each ultra-group z M.

2.9. Definition. Let (w, M;, oy, 8;) be ultra-groups over the groups G;, i = 1,2. Con-
sider the set H1M1 X H2M2 = {(m1,m2) T my; € HiMi, P = 1,2}, such that Oé,ﬁh
are defined by a((m1,ms), (mi,m5)) = (ai(mi1,m}), az(me, ms)), and Bn(mi,ma) =
(B1(m1), B2(m2)), where h = (h1,h2) € H1 X H2. By an easy computation we can de-
duce that g, M1 X m,M> is an ultra-group of subgroup H; x Hs over group G1 X G2. We
call g, My X g, M> the Cartesian product of two ultra-groups g, M and g, Mo.

If N; are subultra-groups of ultra-groups g, M;, then N1 X N is a subultra-group of
M1 X gy Ma, i =1,2. The proof of the following lemma is clear so we omit it.

2.10. Lemma. If (g, M;, ai,8:) are ultra-groups over the groups G;, then the surjec-
tive map 7 : My X g,Ms — g, M; such that mi(mi,m2) = m; is a ultra-group
homomorphism, for m; € g, M;, i =1,2.

We can extend the Cartesian product of two ultra-groups to the family of ultra-groups
{u,M; : i € I} easily. The following theorem show that this Cartesian is product in the
category Ulg.

2.11. Theorem. Let {g, M; : i € I} be a family of ultra-groups and {f; : aM — g, M;
;1 €1} a family of ultra-group homomorphisms, where g M is an arbitrary ultra-group.

Then there is a unique homomorphism f: gM — [[ u, M; such that w;f = fi, for all
i € I. In other words, [| m,M; is a product in the category of ultra-groups.

Proof. We define f : M — [ u,M; by f(m) = {fi(m)}icr € ][y, M: which is a
unique function satisfies m; f = f; for all ¢ € I. It is easy to prove that f is an ultra-group
homomorphism. Hence the assertion follows. O

Suppose {(M;,ai,B:),: ¢ € I} is a family of ultra-groups such that M; N M; = 0, for
all distinct 4,5 € I. Similar to the reduced word for free product of groups we can define
reduced word here (see [6] for more details). The set of all the reduced words is denoted
by [T" M;. Assume G = [[* G, and H = [[" H; are known free products in the category
of groups, ¢ € I. Define the binary operation o by

a:H*MiXH*Mi — H*Mz
(a,b) —  ab=aiaz---apbibz by,
and unary S as follows
Bn:II"M; — [T M;
« o T,
where a = a1as -+ an, b =biba-- by, a; € M; and h € H. Hence, the triple ([]* M;, o, Br)
is an ultra-group of the group G with respect to the subgroup H. Note that, if a,, b1 € M;
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then a,b1 means «;(an,b1). We call [* M; the free product of the family of ultra-groups
{M; :i € I}. We can define an injective ultra-group homomorphism 7; : M; — [];c; M;
such that 7;(m) = {m;}icr, where m; = e for ¢ # j and m; = m.

2.12. Notation. Although we have associativity property for the groups, but this prop-
erty is not valid for the binary operation a of the ultra-groups. Therefore, we convent
a(a, b, c) = a(a(a,b),c), where a, b, c are the elements of the ultra-group M and « is its
first binary operation over it.

2.13. Theorem. Let {g,M; : i € I} be a family of ultra-groups and {fi : u,M; — M :
1 € I} a family of ultra-group homomorphisms. Then there is a unique homomorphism
f [T u,Mi — M such that fr, = f;, for all i € 1. In other words, [["u,M; is a
coproduct in the category of ultra-groups.

Proof. Suppose mimsz ---m, is a reduced word in qu M;, with my € M;, . It is enough
to define f(mimz---mn) = a(fi, (m1), fi,(m2),- -, fi,,(mn)) € M. O

2.14. Lemma. Let f be a homomorphism between two ultra groups m, M1 and mg, Mo
with K = Ker(f) = {m € My | f(m) = em,}. Then f(m1) = f(m2) if and only if
m1 = [k, mza] for some k € K.

. (=1) _ m(*l)
Proof. Suppose f(m1) = f(ms2), so we have [(f(m1))Y "D (f(ma)) 1] = f([m]"
(_

1
mb ) = e. This means that [m}"> ,ml "] € K, thus m; = [k, ms] for some k € K.
Conversely f(m1) = f([k,ma]) = [f(k), f(m2)] = f(ms). o

2.15. Corollary. Suppose u;, M; are ultra-groups of H; over the groups G;, i = 1,2.
An ultra-group homomorphism f : g, M1 — m, Mo is injective if and only if Ker(f) =

{ear }.

Proof. Assume Ker(f) = {en, } and g, h are ultra-group homomorphisms between ultra-
groups g M and g, My such that fg(m) = fh(m) for all m €y M. Therefore, by well-
definedness of the unary operation f;, the fact that f is a homomorphism and identities
of Remark 2.7, we deduce the following equivalent equalities.

(Flglm)) DT — (f(h(m))) S
= [(f(gm)) Y P G (h(m))) ] = [(f(Am)) I P f(R(m))) ]
— flg(m) ™ h(m) ] = e,

Now, the hypothesis Ker(f) = {en, } implies that the [(g(m))””“”))(_1> Sh(m) ] = eary,
but also we know [(h(m))h(m)(il),h(m)[*l]] = en,. By uniqueness of left inverse for
every element of right ultra-group and since f is a monomorphism, we conclude that

g(m) = h(m) for all m € Mpy. Conversely, suppose that m € Ker(f). Put g(m) = m
and h(m) = e. Therefore fg(m) = fh(m) and g = h. O

2.16. Theorem. Suppose g, M; are ultra-groups of H; over the groups G;, i = 1,2. An
ultra-group homomorphism f : g, M — H, M2 is monomorphism if and only if it is an
injective ultra-group homomorphism.

Proof. Let f be a monomorphism. Define the homomorphisms g(m) = m and h(m) =
[K,m] for all m € g, M, where K = {m € My | f(m) = em,}. Therefore fg(m) =
Fm) = leary, F(m)] = LF(K), f(m)] = F(UK,m]) = fh(m) for all m € u, M. Since
f is a monomorphism, thus m = [K,m] and with the right cancelation for the right
ultra-groups conclude that K = {ens, } . The converse clear. O
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2.17. Theorem. Suppose g, M; are ultra-groups of H; over the groups G;, i = 1,2 and
© is an onto group homomorphism between Hy and Ho. An ultra-group homomorphism
f o My — m,M> is an epimorphism if and only if f is a surjective ultra-group
homomorphism.

Proof. Suppose that f : g, M1 — g, M> is an ultra-group epimorphism and L = Imf.
Clearly L is a subultra-group of g, M>. If f is not a surjective ultra-group homomorphism,
then there exists an a € g, M2 — L. Put X = {[L,m] | m € g,M2}U{a}, where [L, m]
the right coset of ultra-group (see [7] for more details). Define the permutation o on the

set X by
a, r=1L
a(m)—{ L, rT=a

[L7m]7 :r:[L,m}, m € My — L.
Consider two ultra-group homomorphisms g, h : g, M2 — S(X) by the rules as follows,

[[L,m'],m], if s=[L,m'] forsome m'€e m,M

g(m)(s) = { a, if s=a,

and h(m) = o0 o g(m) oo™, where S(X) is the permutation group on X, o denotes the
usual composition and o~ is the inverse permutation of o. Therefore, gf = hf and
by hypothesis g = h. But a € ( g, M2 — L) and g(a) = h(a) which is a contradiction,
because easily one can see if a ¢ L, then g(a) # h(a). Thus, we conclude that such an
element a in g, M> — L does not exist and the assertion is clear. O

A category is balanced if every monic epic morphism is an isomorphism. Monic
epics are sometimes called bimorphisms. In the category Ulg the monomorphisms and
epimorphisms are the homomorphisms which are one to one and onto respectively. Thus
we have the following corollary.

2.18. Corollary. The category Ulg is a balanced category.
We continue with the following useful lemma.

2.19. Lemma. Let f,g g, M1 —>u, M> be a pair of morphisms in the category Ulg.
Then N ={m €g, My | f(m) = g(m)} is a subultra-group of g, M.

Proof. Obviously e € N, and f([m1,mz2]) = [f(my1), f(m2)] = [g(m1), g(mz2)] = g([m1, mz])
for all mq,ma2 € N. Moreover, we have f(m") = f(m)?" = g(m)*" = g(m") for all
m € g, M1 and h € H where ¢ is a group homomorphism between two subgroups H;
and Ho. O

The equalizer of two arbitrary ultra-group morphisms f,g : g M —> H/M/ is the
subultra-group K = {m € g M : f(m) = g(m)} together with the inclusion ultra-group
morphism ¢ : K — g M. Since by Lemma 2.19 the subset K of M is a subultra-group
of M, and fi = gi. Moreover, for any other ultra-group K/, let 7 : K — yM be
an ultra-group morphism such that fj = gj. Thus j(K/) is a subultra-group of K by
argument |7, Proposition 2.10]. We can define an ultra-group morphism 5 : K — K
by h(kl) = j(k/). Hence j satisfies the equality j = ¢h and the uniqueness of i follows by
in [1, Proposition 2.4.3].

In particular, the equalizers of the pair (f, f) always exists and is just the identity
on g M. One can construct an example of equalizer in Ulg. For instance, every normal
subultra-group is an equalizer. Let N be a normal subultra-group of ultra-group g M.
The equivalence relation 8 on gy M which is defined by
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a8bes[a" b eN,

is a congruence over ultra-group g M. Then N can be considered as the equalizer of two
ultra-group homomorphisms f1, fo : M — g M /6 which is defined by fi(m) = [e]e
and fa(m) = [m]e for all m € g M.

In abstract algebra a complete category is a category in which all small limits exists.
It follows from the existence theorem for limits that a category is complete if and only
if it has pullbacks and products. In the following we are ready to prove one of our main
results.

2.20. Theorem. The category of Ulg is complete.

Proof. By the above argument it is enough to present products and pullbacks for Ulg.
Clearly by Theorem 2.11, Ulg has product. Consider the following diagram,

Hy M2

o My —— g, M3

for the arbitrary ultra-groups m, M1, m, M2, m; Ms and the ultra-group homomorphisms
f and g. Consider Q = {(m1,m2) € g, M1 X g,Mz : f(mi) = g(m2)}. Similar to
the proof of Lemma 2.19, @ is a subultra-group of g, M1 X m,Ms>. Now assume m;
: Q@ — g My and w2 : Q — g, M> such that m;(mq1,m2) = m; for ¢ = 1,2. We
show that the triple (@, (71, 72)) is a pullback of f and g. At first we have fm1 = gm
by the above construction. Let v; : gM — g, M; be ultra-group homorphisms such
that fin = grve for an arbitrary ultra-group w M, i = 1,2. Define p: gM — Q by
p(m) = (vi(m),v2(m)). Obviously m;p = v; for ¢ = 1,2. For uniqueness of p, let & :x M
— @ be another ultra-group morphism with the properties &p = v; for ¢ = 1,2. By
the definition of £, and the equality m;p = v;, we have the result. Therefore we have the
following diagram

aM

U2

2

Hy Mo

oMy —— g, M3

O

Although being cocomplete is equivalent to completeness of the category, because
of some interesting preliminaries which occur in the proving process, we are going to
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demonstrate that the category of Ulg is cocomplete. In the sequel we obtain the smallest
congruence relation generated by a set.

2.21. Lemma. Let f; : uM —> H/Ml be two arbitrary ultra-group morphisms, i = 1,2
and S = {(fi(m), fa(m)) | m € gM}. Then S* = |J;2, Si is the smallest congruence
relation contain S, where

So=SU{(m ,m)|m € fi(uM) or m € fo(uM)}US

S1 = S0 080 = {(fi(m), f2(m)) | fr(m') = fa(m),m,m" €x M},
Sn = (Sp—10Sn—1)U{(,n)} Vn > 2

where

(19, M) = ([[ o [[fl(ml)vfl(mQ)]v fl(mS)]7 T ']7f1(mn)}7 [[ o [[fQ(ml), f2(m2)],f2(m3)},
-] fe(mn)]), mi€g M for i=1,2,---,n.

Proof. 1t is not hard to deduce that S* is the equivalence relation of M x " M
containing S. By construction of S* and some basic properties of subultra-group, S*
satisfies the congruence property and it is a congruence. Moreover, let L be another
congruence contains S. It is not difficult to obtain that S* C L. Therefore S* is the
smallest congruence contains S. ]

2.22. Theorem. The category Ulg is cocomplete.

Proof. Since in Theorem 2.13 we present the coproduct in the category Ulg, it is enough
to prove that Ulg has coequalizers.

Suppose f,g: gM — H/M/ are two ultra-group homomorphisms. Definition 2.3 implies
that N = {[(f(m))<g<m))(7l) ,g(m)=Y) | m € g MY} is a subultra-group of - M'. Consider
S which is defined by (f(m),g(m)) € S if and only if [f(m)?™ " g(m)=Y] € N.
Moreover, note that [f(m)"(m)_l,g(m)[*l]] € N is equivalent to [f(m), N] = [g(m), N]
by Lemma 2.2. Further, let S* be the smallest equivalence relation on g M such that
S C S* (see Lemma 2.21). Also suppose M//S* is the factor ultra-group together with
the natural projection ultra-group morphism h : ./ M — HrM//S*, which is known

to be surjective. We just verify that the coequalizer (f,g) is ( . M//S*,h). Due to
the definition of S, (hf)(m) = [f(m), N] = [g(m), N] = (hg)(m) for every m € gM.

"

Let i : H/M/ — y# M  be another ultra-group morphism such that if = ig. Since
if(m) = ig(m) we deduce Kerh = N C Keri. Now according to Theorem 2.8, there
exists j : H/M//N — H//M” such that 1 = jh. O

However, we know the dual of pullbacks is pushouts, in order to emphasis on the
importance of this notion, we intend to discuss about it in the end briefly. Suppose the
following diagram.

g
Hy M3 ———— g, My

f

Hy Mo
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By Theorem 2.13 we know the coproduct of x, M: and g, M> is the free product g M
=m, M1 * gy,Ms. Now, it is enough to construct the coequalizer of (g M, (119, 72f)).
Theorem 2.22 implies that the coequlizer is M /S, where S* was introduced in Theorem
2.22. Hence we can complete the above diagram as the following.

g
Hy M3 ——— g, M
f T
T
H2M2 24> HM
§T1
1P §

HM/S*

3. Free ultra-group

Let F be a free group on the non-empty set X (see [3] for more details). The Nielsen-
Schreier theorem states that every subgroup of a free group is itself a free group. Choose
H one of the subgroups of F. Constructing all the ultra-groups of a subgroup over a
group has been vastly discussed in [7]. Suppose (W (X),«, 1) is the ultra-group of the
subgroup H over the free group F', where a and [}, are binary and unary operations, for all
h € H. Let wy, w2 € W(X). Since W(X) C F elements of W (X) are all reduced words.
The binary operation on the free group F' is just juxtaposition of two reduced words.
Therefore, since wiwz € F and F = HW (X) we deduce wywz = “1*2) hlw;, ws], where
(wiw2)p e H and [wi,w2] € W(X). It is not hard to see that a(wi,w2) = [w1,ws]
by an ultra-group definition. Furthermore, since W(X)H C F = HW(X) we have
wh = “hw". Thus Bn(w) = w", for w € W(X) and all h € H. We call W(X) the
free ultra-group on the non-empty set Y C X, where Y is the set of all one letter word
such that the words of W(X) is obtained. In the rest of the article without making
causing any problems with the overall content, we consider the free ultra-group W on
the non-empty set X.

3.1. Theorem. The ultra-group W which is described in the above argument is a free
object in Ulg.

Proof. It is enough to show that ultra-group W satisfies the universal property. Let
i : X — W be the inclusion map, x M be any ultra-group of a subgroup K over the
group G and g : X — g M a function. We claim that there exists a unique ultra-group
homomorphism ¢ : W — g M such that the following diagram commutes.
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kM

Since F is a free group on the set X, for the group G and the functions ¢’ : X — G and
i+ X — F such that ¢’ |, = g and i’ |, = 1, there exists a unique group homomorphism
¢ : F — @G such that ¢ o i’ = g’. Note that, since F = HW we have p(w) =
o(hiha ... hpwiws ... wm) = @(hihe ... hp)p(wiws ... wy) for w € F, h; € H, 1 <
it <nand w; € W, 1 <j < m. Moreover, p(hihs...h,) € ¢(H) < G. Hence it is
enough to define the ultra-group homomorphism Y (wiws ... wm) = @(wWiws ... W)
p(w1)p(wz) ... p(wm).

Finally, the free ultra-group on X is unique. In other words, if two free ultra-groups
on X are given, then there exists an ultra-groups isomorphism between them. Suppose
W1 and W» are free ultra-groups on X and i; : X — Wj, j = 1,2 are inclusion maps. If
we consider W, as a free ultra-group on X and W> as an arbitrary ultra-group, then by
Theorem 3.1 which demonstrate the universal property of free object we deduce that the
ultra-group homomorphism ¢, : Wi — W3 such that ¢, 041 = i2. By changing the role
of Wi and Wb, there exists a unique ultra-group homomorphism ¢s : Wo — Wi such
that pg0is = 1. Now by substituting i from the first equation we obtain p20pi 041 = 7.
Thus the following diagram commutes.

ol

i1

X Wy

201

Wi

Since Wi is a free ultra-group on X, the universal property implies that ultra-group
homomorphism ¢2 o ¢1 is unique, so w2 0 1 = idw,. Similarly, 1 0 2 = idw,. Thus
W1 and Ws are isomorphic. Hence we have the following result.

3.2. Corollary. The free ultra-group on a set is unique up to isomorphism.

Now, we are ready to describe the free functor for the ultra-groups, and subsequently
conclude adjoint being of free and forgetful functor. Recall that the forgetful functor
U is a functor from Ulg to the category Set which maps each ultra-group g M to its
underlying set and each ultra-group homomorphism to the corresponding set function.

3.3. Remark. The free functor from the category of sets to Ulg is denoted by F, which
maps each set X to the free ultra-group W that was discussed previously. Moreover,
it maps every function to an ultra-group homomorphism. Suppose f : X7 — X is
a function in the category of sets, and consider the inclusion maps i1 : X1 — Wh,
i2 : Xo —» Wa. Clearly, iz o f : X1 — Wa. By the universal property of a free object Wi,
there exists a unique ultra-group homomorphism ¢ : W7 — W5 such that poi; =iz0 f.
Hence F(f) = ¢.

We complete this paper by the following corollary which is a direct result of the above
remark.
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3.4. Corollary. The (free) functor F : Set — Ulg given by F(X) = W is a left adjoint
to the forgetful functor U : Ulg — Set.
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