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Abstract

In this paper, we introduce some new operations on type-2 soft sets and
discuss related properties. The notions of primary empty type-2 soft
sets, underlying empty type-2 soft sets and complete type-2 soft sets are
introduced. In particular, we define four new operations (the extension,
the restriction, the extension-restriction, the restriction-extension) each
on union, intersection and difference. By using these new definitions
we prove certain De Morgan’s laws in type-2 soft set theory. Finally,
an example which shows the validity of De Morgan’s laws in real life
problems is presented.
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1. Introduction

Soft set theory [19], firstly initiated by Molodtsov, is a new mathematical tool for
dealing with uncertainties. Different from many traditional tools for dealing with uncer-
tainties, such as fuzzy set theory [26], rough set theory [20], intuitionistic fuzzy sets [8]
and hesitant fuzzy sets [24], the main advantage of soft set theory is that it is free from
the inadequacy of the parametrization tools of those theories. Indeed, Molodtsov [19],
shows applicability of soft sets to several fields and provides some fundamental results
subsequently augmented by works like Maji et al. [15], Pei and Miao [21] and Aktas
and Cagman [1]|, among others. The soft set theory is a new approach for research of
uncertain problems and decision problems. Then, it is applied in many different fields in-
cluding decision-makings, the smoothness of functions, game theory, operations research,
probability theory and theory of measurement. Chen et al. [11], proposed a new defini-
tion of soft set parameterization reduction and compared it with attributes reduction in
rough set theory.

Ali et al. [2], presented some new operations in soft set theory and based on the
analysis of several operations on soft sets Sezgin and Atagiin [22], studied the theoretical
aspect of operations in soft set theory. In recent decades, the theory of soft sets gone
through remarkably rapid strides with wide-ranging applications especially in soft deci-
sion making. Maji et al. [17] handled some decision making problems by using soft sets.
Cagman and Enginoglu [9], presented uni—int decision making method and discussed an
example which shows the applicability of method in various problems that contain uncer-
tainties. Recently, it has advanced a breadth of the development of information sciences
with intelligent systems, expert and decision support systems, self-adaptation and self-
organizational systems, information and knowledge, approximate reasoning, modeling
and computing with words.

Theory of soft sets and its hybrid models such as rough soft sets and soft rough sets
have been successfully applied in algebraic structures [3, 4, 12, 14, 23, 25]. Soft sets
have been extended in several directions starting with Maji et al. [16], who initiate
fuzzy soft sets. Since then, many authors [5, 7, 18], have studied the fuzzy soft sets in
decision makings and fuzzy soft operations as well. With the improvement of soft sets,
extended mathematical tools for dealing with incompleteness and uncertainty have been
proposed, such as fuzzy parameterized soft set, bipolar soft set, fuzzy soft rough sets and
so on, but these tools have the same limitation that there is a lack of freedom in choice
of parameters. If there exists a correspondence or an association between parameters,
then none of the existing tool can handle the problems entirely. For example, a set of
parameters {solid diet, soft diet, fluid diet, calorie rich diet, fibre rich diet, protein rich
diet} describes the characteristic of different food items. It shows that there exist some
associations between parameters such that calorie rich diet and protein rich diet consist
of some properties in solid diet, soft diet and fluid diet.

In order to deal with associations between parameters, Chatterjee et al. [10], propose
the concept of type-2 soft sets which is a generalization of the Molodtsov’s soft sets. It
involves parameterization over an already parameterized set and hence has more freedom
and efficiency compared to usual soft sets (we termed as type-1 soft sets) in handling
impreciseness. Type-2 soft sets is a new approach to handling uncertainty. Interestingly,
Chatterjee et al. [10], investigates some basic operations on type-2 soft sets and uses the
model of type-2 soft sets in decision making problems. Also, see [13].

The behavior and the selections of initial parameters and associated parameterized sets
corresponding to initial parameters make the study of type-2 soft sets very interesting.
Motivated by this, we consider the operations on type-2 soft sets and related properties.
In this paper, notions of primary empty type-2 soft sets, underlying empty type-2 soft



857

sets and complete type-2 soft sets are introduced. In particular, we introduced four
new operations (the extension, the restriction, the extension-restriction, the restriction-
extension) each on union, intersection, and difference. By using these new definitions
certain De Morgan’s laws are proved in type-2 soft set theory. Finally, an example is
presented which shows the validity of De Morgan’s laws in real life problems.

2. Preliminaries

We adopt the usual description and terminology for soft sets: U denotes a universe of
objects, E denotes a universal set of parameters and A is a subset of E.

2.1. Definition ([15]). A pair (F, A) is called a soft set over U, where F' is a mapping
given by F: A — P(U).

We refer to Molodtsov’s soft sets as type-1 soft sets (briefly 715S). Note that the
set of all 1SS over U will be denoted by o (U).

2.2. Definition ([6]). Let (F, A) be a T1SS over U.

(¢) (F,A) is called null T1SS if F(a) = 0 for all a € A, denoted by Ny, 4).

(41) A unique T'1SS ®y over U with an empty set of parameters, called the empty
T1SS over U.

(74t) (F, A) is called whole T1SS if F(a) = U, for all a € A, denoted by Wy, 4).

2.3. Definition ([2]). Let(F, A) and (G, B
(7) The extended union of (F, A) and (G
where C' = AU B, is defined Va € C, as
F(a), ifaec A-B
K(a) = G(a), ifaeB-A
Fla)UG(a), ifa€e ANB
(i) The restricted union of (F, A) and (G, B), denoted by (F, A) U, (G, B) = (K, C),
where C = AN B, is defined Va € C, as F(a) UG(a) = K(a).
(iii) The extended intersection of (F, A) and (G, B), denoted by (F, A)N. (G, B) =
(K,C), where C = AU B, is defined Va € C, as
F(a), ifaec A-B
K(a) = G(a), ifaeB-A
Fla)NnG(a), ifa€e ANB
(iv) The restricted intersection of (F, A) and (G, B), denoted by (F, A)N, (G, B) =
(K, C), where C = AN B, is defined Vo € C, as F(a) N G(a) = K(a).

) be two T'1SS over U. Then
, B), denoted by (F, A)U. (G,B) = (K, 0),

2.4. Definition ([2]). The complement of a T1SS (F, A) is denoted by (F, A)! and is
defined by (F, A)Z = (FZ,A) where F' : A — P(U) is a mapping given by F () =
U — F(a) for all a € A.

2.5. Definition. Let(F, A) and (G, B) be two T1SS over U. The extended difference of
(F,A) and (G, B), denoted by (F, A) —. (G,B) = (K,C), where C = AU B, is defined
Vo € C, as
F(a), ifacA-B
K(a) = G(a), ifaeB-A
F(a) - G(a), fa€e ANB
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2.6. Definition (|2]). Let(F, A) and (G, B) be two T'15S over U. The restricted differ-
ence of (F, A) and (G, B), denoted by (F,A) — (G,B) = (K,C), where C = AN B, is
defined Va € C, as F(a) — G(a) = K(a).

2.7. Definition ([10]). Let (U, E) be a soft universe and o(U) be the collection of all
T1SS over (U,E). Then a mapping F : A — o(U), A C E is called a type-2 soft
set(breifly 725S) over (U, E) and it is denoted by [F*, A].

In this case, corresponding to each parameter a« € A, F*(«a) is a T'1SS. Thus,
for each a € A, there exists a T1SS, (Fa,Las) such that F*(«) = (Fa,La) where
Fy : Lo — P(U) and L, C E. In this case, we refer to the parameter set A as the
“primary set of parameters”, while the set of parameters UL, is known as the “underlying
set of parameters”.

In order to make this idea clear an example is given in the following.

2.8. Example. Let the universe U under consideration be the set of some food items
where

U— rice, pudding, macaroni, pasta, ice cream, chicken soup,
o sherbet, chicken sandwich ’
Let E be the set of parameters defined as,
o solid diet, soft diet, fluid diet, calorie rich diet, fibre
o rich diet, protein rich diet,carbohydrate rich diet

Suppose,
A= { calorie rich diet, fibre rich diet, carbohydrate rich diet } .
Then, A C E.

Let [F*, A] be a T2SS over U, which denotes the characteristics of the above men-
tioned food items in terms of food value. We defined as

F*(calorie rich diet) = solid diet soft diet

catore Tich diet) = {macaroni, rice, pasta}’ {pudding, chicken soup}
s o . . solid diet soft diet

F*(fibre rich diet) = { {chicken sandwich, pasta}’ {ice cream, sherbet} }

F*(carbohydrate rich diet) = { solid diet } .

{rice. macaroni}

2.9. Definition ([10]). Let [F'*, A] and [G*, B] be two T2SS over U. The union of
[F*, A] and [G™, B], denoted by [F™, AU [G*, B] = [H*, C], where C = AU B, is defined
Va € C, as
F*(a), ifaecA-B
H" (o) = G* (), ifaoe B-—A
F*(a)UG*(a), ifa€c ANB

where F*(a) UG™(a) for all @ € AN B, refers to the usual type-1 soft union between the
respective T'15S corresponding to F*(«) and G*(«) respectively.

2.10. Definition ([10]). Let [F'*, A] and [G*, B] be two T25S over U. The intersection
of [F*, A] and [G", B], denoted by [F*, A]N [G*,B] = [H*,C], where C = AN B, is
defined Vo € C, as H*(a) = F*(a)NG* (a), where F* (a)NG* () for all « € AN B, refers
to the usual type-1 soft intersection between the respective T'15S corresponding to F'* («)
and G*(a) respectively.
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2.11. Definition[10]. Let [F*, A] and [G*, B] be two T2SS over common universe U.
Then [F*, A] is called a type-2 soft subset of [G*, B] if and only if A C B, and F*(«a) C
G"(a) Va € A, where F*(a) C G*(«), refers to the containment of T15S corresponding
to F*(«) in T1SS corresponding to G*(«). It is denoted as [F*, A] C [G*, B].

2.12. Definition|[10]. The complement of a T25S [F*, A] is denoted as [F*, A]' and is
defined by [F*, A]' = [(F*)!, A] where (F*)!(a) = (Fa, La)', Yo € A such that F}(8) =
U — Fa(B) VB € La.

3. Some new operations on type-2 soft sets

In Definition 2.2, defined that the empty 7'1SS and the null T1SS are two different
concepts. In T2SS theory, the empty 7255 and the null T72SS are also two different
concepts, but there are two empty 7255 appearing one with respect to an empty set of
primary parameters and other with respect to empty set of the underlying parameters.
We differentiate these two empty 7255 as follows:

3.1. Definition. Let U be an initial universe set, E be the universe set of parameters
and A C F.

(4) [F*, A] is called an null 7255 if and only if for each parameter o € A, the T1S5S
corresponding to F* (a) is a null T1SS. A null 725 is denoted by N7.

(i) We shall denote 0], by the unique 725 over (U, E) with an empty set of primary
parameters which is called the primary empty 725S over U.

(#i3) [F*, A] is called an underlying empty 7255 if and only if for each o € A, the
T1S5S corresponding to F* («) is an empty T1SS. An underlying empty 7255 is denoted
by @%.

(iv) [F*, A] over U is called an absolute 7255 if and only if for each « € A, the T15S
corresponding to F* («) is an absolute T1SS. An absolute T25S is denoted by Wj.

3.2. Remarks. By the definition of T2S5S, F*(a) = (Fa, La) where L, C E for each
a€ Aand Q =UL,. Then

(i) We may say that  a universal set of underlying parameters and L, is an underlying
set of parameters under 7'15S corresponding to F*(«) for each « € A.

(i1) We denote F*(a) = (Fa, La), Va € A as F*(a) = {#m |~ € La}.

3.3. Definition. A T2S5S [F*, A] over U is called parallel if and only if for each a € A,
the underlying set of parameters of T1SS corresponding to F* (a) is equal to A, i.e
A C Q. A parallel T2SS is denoted by x%.

3.4. Definition. Let [F'*, A] be a T2S5S over U and 2 be a set of all underlying parame-
ters. Then [F*, A] is called an underlying absolute 7255 if for each o € A, the underlying
set of parameters of 7155 corresponding to F* («) is equal to 2. An underlying absolute
T2SS of A is denoted by 7.

3.5. Lemma. If [F*, A] is a underlying absolute T2SS of A, then [F*, A] is a parallel
T2S5S.
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3.6. Definition. Let [F'*, A] = 74 be an underlying absolute T2SS over U. Then 7 is
called a complete 7255 if and only if for each « € A, the T'1SS corresponding to F* («)
is an absolute T15S. A complete T25S of A is denoted by wj = [U™, A].

In Definition 2.9 and Definition 2.10, union and intersection of 72SS are defined
respectively. As seen in [10]. We may write the Definition 2.9 and the Definition 2.10, as
in the following form,

3.7. Definition. Let [F'*, A] and [G™, B] be two T25S over a common universe U. The
extended union of [F*, A] and [G*, B], denoted by [F*, A|U. [G*, B] = [I*,C], where
C = AU B, is defined Va € C, as

F* (), ifacA—B
I"(a) = G* (o), ifaeB-A
F*(@)U:.G*(a), ifa€c ANB

It may be mentioned here that

, if v € La
Fo(7) !
F*(a)Ue G*(a) = G:(w)’ if v € Mo
i if ¥ € Lo N Ma

Fo(v)UGa(y)’

for all @ € C, where L, and M, are underlying set of parameters of T15S (F., Lo) and
(Ga, My) corresponding to F*(a) and G*(«) respectively.

In other words F*(a)U.G*(a) for all o € C, refers to the extended type-1 soft union
between the respective T15S corresponding to F'*(«) and G () respectively.

3.8. Definition. Let [F*, A] and [G™, B] be two T2S5S over a common universe U. The
restricted intersection of [F'*, A] and [G*, B], denoted by [F*, AN, [G*, B] = [I*,C],
where C = AN B # 0, is defined Vo € C, as F*(a)N,.G*(a) = I*(a). It may be
mentioned here that

{ ¥
Fo(v) NGaly)

where L, and M, are underlying set of parameters of T1SS (Fu,Ls) and (Ga, Ma)
corresponding to F*(a) and G*(a) respectively.

In other words F*(a)N.G*(a) for all a € C, refers to the restricted type-1 soft inter-
section between the respective T1SS corresponding to F*(«) and G™(a) respectively.

F*(a)N.G*(a) = if y€LaNM,,

In addition, we define following definitions of union and intersection.

3.9. Definition. Let [F'*, A] and [G™, B] be two T25S over a common universe U. The
restricted union of [F*, A] and [G*, B], denoted by [F*, A] U, [G*, B] = [K™, C], where
C = AN B # 0, is defined Va € C, as F*(a) U, G*(a) = K*(«), where F*(a) U, G*(a)
for all « € AN B, refers to the restricted type-1 soft union between the respective T'15S
corresponding to F*(a) and G*(a) respectively.
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3.10. Definition. Let [F*, A] and [G*, B] be two T2S5S over over a common universe
U. The extended intersection of [F*, A] and [G”, B], denoted by [F*, A] M. [G*,B] =
[H*,C], where C = AU B, is defined Va € C as
F*(a), ifocA—B
H* (o) = G* (), ifae B-A
F*(a)N: G*(a), ifa€ ANB
where F*(a) N G*(a) for all o € AN B, refers to the extended type-1 soft intersection
between the respective T'15S corresponding to F*(a) and G™(«a) respectively.

3.11. Lemma. Let [F*, A] and [G*, B] be two T2SS over over a common universe U.
Then extended intersection, restricted intersection, extended union and re-

stricted union of [F*, A] and [G", B] is also a T255.

Proof. Straightforward. O

Let us illustrate above definitions in the following example
3.12. Example. Let U = {h1, ha, hs, ha, hs, he, h7} be a set of houses under considera-
tions,

in good location, expensive, beautiful, cheep, wooden, best school
E= o . . ) )
district, with good security, near to market, with pool, furnished

be a set of parameters.
Let, A= { in good location, cheep, best school district }

and B = { furnished, cheep, best school district } Then A, B C E. Let [F*, A] and
[G*, B] be two T2SS over (U, E), defined by

near to market beautiful
{h2,hs,hr} " {1, hs, ha, he}

F*(in good location) = {

F*(cheep) = { wooden beautiful with good security }
{ha,h3,h7}’ {h1, hs, h7}’ {h1, ha}
near to market  wooden beauti ful
{h2,hs,h7} " {h2,ha,h5}’ {h1,hs, ha,he} }
wooden  beautiful
{h1,h2,h7}’ {hs,he} }
wooden beauti ful near to market
{ha,hs,h7}’ {h1,h3, hs, he}’ {h2, he} }
near to market with pool  beautiful
{h3,ha,h7} " {h2,hs, he}’ {h17h27h6}}

F*(best school district) = {

G*(furnished) = {

G* (cheep) = {

G™ (best school district) = {

Then,
Extended Union [F*, A]lU. [G*,B] = [I",C], where C = AU B. For all a € C,
[I*,C] is as the following,

I* (in good location) — {near to market beauti ful }

{h2,h3,hr} " {h1,h3, ha,he}

wooden beautiful with good security
{h2, hs, hs,h7}’ {h1,hs, hs, he, h7}’ {h1,h3} ’
near to market

{ha, he}

I*(cheep) =



near to market beauti ful with pool
I* (best school district) = {ha, hs, ha, hr} {hl;ﬁi)’cii; ha,he}’ {h2, hs, he}
{h2, ha, hs}

I*(furnished) = { wooden _ beautiful } .

{h1,ha,hr}’ {hs, he}
Restricted Intersection [F*, A|N, [G*,B] = [J*,C], where C = AN B. For all
a € C, [J*,C] is as the following,
wooden beautiful
{h2,hz}" {1, hs} }
near to market beautiful
{ha,ha} 7 {ha, he} }
Restricted Union [F*, A]U, [G*,B] = [K*,C], where C = AN B. For all a € C,
[K™,C] is as the following,
wooden beauti ful
{ha, hs,hs, hr}’ {h17h37h57h6,h7}}

J* (cheep) = {

J* (best school district) = {

K*(cheep) = {

K™ (best school district) = {near to market beautiful } .

{h2, hs,ha,h7} ’ {h1, ha, h3, ha, he}

Extended Intersection [F*, AN, [G*,B] = [H*,C], where C = AU B. For all
a € C, [H*,C] is as the following,

H*(in good location) — {near to market  beautiful }

{h2,ha,hr} 7 {h1,h3, ha, he}

wooden beautiful with good security near to market

{ha2,h7}" {hi,hs}’ {h1,hs3} ’ {h2, he} }

near to market with pool wooden  beautiful
{hs, hr} "{ha, ks, he} {ha,ha,hs}’ {h1,he} }

wooden  beautiful

{h1,ha, b7}’ {hs, he} }

H* (cheep) = {

H* (best school district) = {

H*(furnished) = {

In the above definitions, a restriction is contemplated over a restriction and an ex-
tension is contemplated over an extension. We dealt with the primary parameters and
corresponding sets of underlying parameters in the same manner. Interestingly, some-
times primary parameters behaves differently from the corresponding sets of underlying
parameters in a type-2 soft set. In this regard, we now investigate some additional
situations such that restriction-extension and extension-restriction. We introduce the
following new notions of union and intersection.

3.13. Definition. Let [F*, A] and [G*, B] be two T'25S over a common universe U. The
extended-restricted union of [F*, A] and [G”, B], denoted by [F*, A]lU._, [G*,B] =
[I*,C], where C = AU B, is defined Va € C, as
F* (), ifacA-B
I"(a) = G* (o), ifaeB—A
F*(@)0,G*(a), ifa€ ANB

where F*(a)U,G*(a) for all @ € AN B, refers to the restricted type-1 soft union between
the respective T'1S5S corresponding to F*(a) and G*(«) respectively.
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3.14. Definition. Let [F*, A] and [G™, B] be two 725 over a universe U. The extended-
restricted intersection of [F*, A] and [G", B], denoted by [F*,A] M._, [G*,B] =
[H*,C], where C = AU B, is defined Vo € Cas

F* (), ifacA—B
H(a) = G*(a), ifaeB—A
F*(@)N, G*(a), ifa€ ANB

where F*(a) N, G*(a) for all @ € AN B, refers to the restricted type-1 soft intersection
between the respective T1SS corresponding to F*(«) and G*(«) respectively.

3.15. Definition. Let [F'*, A] and [G*, B] be two 725 S over a universe U. The restricted-
extended union of [F*, A] and [G*, B], denoted by [F*, A]U,_. [G*, B] = [J*, C], where
C = AN B # (), is defined Va € C, as F*(a)U.G*(a) = J*(a), where F*(a)U.G*(a)
for all a € AN B, refers to the extended type-1 soft union between the respective T15S
corresponding to F*(«) and G* () respectively.

3.16. Definition. Let [F*, A] and [G™, B] be two T25S over a universe U. The restricted-
extended intersection of [F*, A] and [G™, B], denoted by [F*, A]N,_. [G*, B] = [K*, C],
where C' = ANB, is defined Va € C, as F*(a)N.G*(a) = K*(a), where F*(a)NG* (a)for
all « € AN B, refers to the extended type-1 soft intersection between the respective T'15S
corresponding to F*(«) and G*(a) respectively.

3.17. Lemma. Let [F*, A] and [G*, B] be two T2SS over over a common universe
U. Then the restricted-extended intersection, extended-restricted intersection,
restricted-extended union and extended-restricted union of [F*, A] and [G*, B]
is also a T'2SS.

Proof. Straightforward. O

Let us illustrate above definitions in the following example

3.18. Example. Counsider two 7255 [F*, A] and [G*, B] defined in the Example 3.12.
Then,

Extended-Restricted Union [F*, A]U._, [G", B] = [I*,C], where C = AU B. For
all « € C, [I*,(C] is as the following,

. . near to market beauti ful
I'*(in good location) = ,
(in g ) { {ha, h3, h7} {h1,h3,h4,h6}}
wooden beauti ful

I*(cheep) = {{hQ,ha,h57h7}’ [Tor s, o T, o)

I*(best school district) {near to market beauti ful }

{ha, h3, ha,h7} " {hi, ho, h3, ha, he}
wooden  beautiful
{h1,h2,h7}’ {hs, he} } '
Extended-Restricted Intersection [F*, A]N._, [G*, B] = [H*,C], where C = AU
B.For all a € C, [H*, (] is as the following,
near to market beauti ful
{h2,hs,hr} {h17h37h47h6}}
wooden beautiful
{ha,hr}’ {ha, hs} }

I*(furnished) = {

H*(in good location) = {

i (eheep) = {
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H* (best school district) — {near to market beautzful}

{hs,hz} 7 {h1,he}
wooden  beautiful }
{h1,ha,ha}” {hs, he}

Restricted-Extended Union [F*, A]U,_. [G*, B] = [K", C], where C = AN B. For
all a € C, [K*,C] is as the following,

H*(furnished) = {

wooden beautiful with good security
{h2,h3, hs, h7}’ {h1, h3, hs, he, hr}’ {h1,hs} ’
near to market
{h2, he}
near to market with pool wooden
{h2, hs, ha,h7} " {h2,hs, he} {ha, ha, hs}’
beauti ful
{h17 hQa h37 h47 hﬁ}

K™ (cheep) =

K*(best school district) =

Restricted-Extended Intersection [F*, A] M,_. [G*,B] = [J*,C], where C =
ANB. For all a € C, [J*,C] is as the following,

J* (cheep) = {

wooden beautiful with good security mnear to market}
{ha,hr}’ {hahs} {h1,hs} " {he,he}

J*(best school district) = {near to market with pool wooden beautzful}

{ha,h7} ' {ha, hs, he} {ha,ha,hs}t’ {h1,he}

3.19. Proposition. Let [F*, A], [G*, B] and [I™, C] be three T2SS defined over a com-
mon universe U. Then, for £ € {r,e,r — e, — r} the following relations hold:
(@) [F", Al Ue [F", A = [F7, A]

(id) [F*, AN [F*, A] = [F*, A]

(iii) [F*, A] U, [G*, B] = [G", B] ¢ [F*, A]

(iv) [F*, A] Me [G*, B] = [G*, B] N¢ [F*, A]

(v) ([F", AJUe [G7, B]) Ue [I7, O] = [F7, A] U ([G7, Bl U [17,C)

(vi) ([(F7, Al e [G7, B)) Me [17, O] = [F7, A} Me (G, B] Me [17, C)

(vid) [F™, A Ue (IG, B Ne (17, C) = ([F™, A We [G7, B]) Me ([F7, AU [17,C)
(viid) [F*, Al M, ([G*, B] U [I*,C)) = ([F*, A] Ne [G*, B]) U ([F*, A] e [I*,C))

Proof. Proofs are straight-forward. O

3.20. Proposition. Let [F*, A] be a T2SS defined over a common universe U. Then,
for ¢ € {r,e,r —e,e — r} the following relations hold:

(@) [F7, Al e [P, Al = W3
(i6) [F*, A] e [F*, Al = N}

Proof. 1t is obvious, therefore omitted. O
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3.21. Proposition. Let [F*, A] and [G*, A] be two T2S5S defined over a common uni-
verse U. Then, the following relations hold:

(i) [F*, Al U, [G*, B] C [F*, A] U, [G*, B] C [F*, A] L. [G*, B]

(id) [F*, AU, [G*, B C [F*, Al U,_. [G*, B] C [F*, A] U [G*, B]
(éid) [F*, Al M, [G*, B C [F*, A] N, [G™, B] C [F", A] N [G™, B]

(iv) [F*, A| M, [G*, B] C [F*, A|M,_. [G*, B] C [F*, A] M. [G*, B]

(v) ([F", Al Ur—c [G™, B]) U ([F", Al Ue—r [G™, B]) = [F", A] U [G™, B]
(vi) ([F", A]Ur—c [G", B]) Uy ([F", A] Ue— [G™, B]) = [F", A] U, [G™, B]
(vi )([F* AN [G7, B]) Me ([F7, A] Me—r [G™, B]) = [F", A] T [G”, B]
(viid) ([F*, Al Me—e [G*, B]) N, ([F*, Al Ne_, [G*, B]) = [F*, A N, [G*, B]

Proof. Proofs are straight-forward. O

Next, we apply concept of extension and restriction in difference of two 72S5S.

3.22. Definition. Let [F*, A] and [G*, B] be two T25S over a universe U such that AN
B # (. The restricted difference of [F*, A] and [G*, B] is denoted by [F*, A]O,[G*, B]
and is defined as [F*, A]O,[G*,B] = [K*,C] where C = AN B and for all ¢ € C,
K*(c) = F*(¢) ©r G*(c), where K*(c) = F*(c) ©r G*(c) refers to restricted difference
between the respective T15S corresponding to F*(c) and G*(c) respectively.

3.23. Definition. Let [F*, A] and [G*, B] be two T2SS over a universe U such that
AN B # (. The restricted-extended difference of [F'*, A] and [G*, B] is denoted by
[F*, A]O,_.[G*, B] and is defined as [F*, A]O,_.[G*, B] = [K*,C] where C = AN B and
for all ce C, K*(c) = F*(c) ©c G*(c¢), where K*(c) = F*(c) ©- G*(c) refers to extended
difference between the respective T'15S corresponding to F*(c) and G™(c) respectively.

3.24. Definition. Let [F*, A] and [G™, B] be two T2S5S over a universe U. The ex-
tended difference of [F*, A] and [G*, B] is denoted by [F*, A]O.[G*, B] and is defined
as [F*, A]O.[G*, B] = [K*,C] where C = AU B and for all ¢ € C,

F*(c), ifceA-B
H(c) = G*(c), ifceB-—A
F*(c) 9. G*(¢), ifce ANB

where F*(c) ©. G* (c) refers to extended difference between the respective T1SS corre-
sponding to F*(c) and G*(c) respectively.

3.25. Definition. Let [F*, A] and [G*, B] be two 7255 over a universe U. The extended-
restricted difference of [F*, A] and [G*, B] is denoted by [F*, A] ©._, [G*, B] and is
defined as [F*, A] ©c—» [G*,B] = [K*,C] where C = AU B and for all c € C,
F*(e), ifce A-B
H*(c) = G*(¢), ifce B—A
F*(c)o,G"(¢), ifce ANB

where F*(c) ©r G*(c) refers to restricted difference between the respective T'1SS corre-
sponding to F*(c) and G*(c) respectively.
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3.26. Proposition. Let [F*, A] be a T2SS defined over a common universe U. Then,
for ¢ € {r,e,r —e,e — r} the following relations hold:

(i) [F*, AJON; = [F*, A]ONp = [F*, A]
(”) [F*7A]éf[F*7A] = N?U,E)
(iii) WAD[F*, A] = [F*, A
(iv) WiO[F*, Al = [F*, A}
Proof. Proofs are straight-forward. O

3.27. Proposition. Let [F*, A] and [G”", B] be two T25S defined over a common uni-
verse U. Then, the following relations hold:

(i) [F*, Al6,[G*, B| C [F*, A]O._.|G*, B| C [F*, A]O.[G™, B]
(i1) [F*,A]éT[G*,B] C [F*,A]@Tfs[G*,B} C [F*,A]éE[G*,B]

Proof. Proofs are straight-forward. O

3.28. Definition. The restricted complement of a T2SS [F*, A] is denoted as [F™*, A]'" =
[(F*)r, A] = wiO,[F*, A] and is defined as (F*) (a) = U*@,.F*(a) for all a € A, where
wi = [U*, A] is a complete T2SS of A over U.

3.29. Lemma. Let [F*, A] be a T2SS over a universe U. Then [F*, A" =[F*, A]".
Proof. Proof is straightforward therefore omitted. O

By Lemma 3.29, we will use the Definition 3.28, for complements in rest of paper and
use the symbol [F*, A]' in place of [F*, A]*" for complement of [F'*, A].

4. De Morgan’s laws in Type-2 soft set theory

In this section, we show that the following De Morgan’s laws type of results holds in
T2SS theory for the newly defined the restricted union, the extended union, the restricted
intersection, the extended intersection, the restricted-extended union, the extended-
restricted union, the restricted-extended intersection and the extended-restricted inter-
section.

4.1. Theorem. Let [F*, A] and [G", B] be two T2SS over a common universe U such
that AN B # (). Then,

(i) ([F", A] U, [G, B])! = [F*, A]' 1, [G", B

(id) ([F", AN [G*, B))' = [F", A]' Uy [G", B]!
Proof. (i) Let [F*, AU, [G*, B] = [H*, AN B] such that C = ANB # (. Then, H* (o) =
F*(a)U,G*(a) for all a € C. Since ([F*, A] U, [G*, B])l = [H*,AOB}Z, by Lemma 3.29,
we have (H*)' (o) = U*0,F*(a)U,G*(a) for all o € C. Thus,

N _ i i
(") (O‘)‘{U%Fa(w))ur Gay)) TV E L 0 Mo

_ N i
- {(U_ Faly)) O (U =Gy L7 € Lo Ma
— ¥ : ) :
_{(F«;(’Y)) Nr (Ga (7)) f y€LanNM,

where L, and M, are the sets of underlying parameters of T'1SS (Fa,Ls) and
(Ga, My) corresponding to F*(a) and G* () respectively.
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On the other hand, [F*, A]'M, [G*, B! = [(F*)', A]N, [(G*)', B] = [K*, AN B], where
C = AN B. Since K*(a) = (F*)' ()N(G*)' () for all & € AN B. Thus,

K*(a) = i if ye L, nM,
(@) {(Fém)m(c;m» e el

where L, and M) are the sets of underlying parameters of T1SS (Fa,L,) and
(Ga, M) corresponding to F*(a) and G*(«) respectively.

Since (H*)! and K* are indeed the same set-valued mapping, we conclude that
([F*, Al U, [G*, B])! = [F*, Al' 1, [G*, B! as required. Similarly, we can prove (ii). O

4.2. Theorem. Let [F*, A] and [G*, B] be two T2SS over a common universe U. Then,
(@) ((F, Al U [G™, B)) = [F™, A]' N [G*, B!
(i) ([F", Al M [G7, B))' = [, A" Ue [G”, B]!

Proof. (i) Let [F*, A] U [G*,B] = [H*,C] such that C = AU B. For all a € C, by
definition, we have

F* (o), ifae A- B,
H (a)=4¢ G (o), ifae B— A,
F*(@)U:.G*(a), ifa€ ANB.
and
U o, F*(a), ifaoe A- B,
(H") (@) =§ U"0,G"(a), ifacB- A

U 0. F*(a)U: G*(a), if « € AN B.

It may be mentioned here that,

x KN B _ B .
U e, F (a)_{U—Fa(ﬁ) = R0 if € Lo, a€ A—B,
5 5

U*e,G"(a) = = if ¢ My, aeB—A
(c) {Ucm L)
where L, and M, are the sets of underlying parameters of T'1SS (Fa,Ls) and

(Ga, My) corresponding to F*(a) and G* () respectively.

And
y . ’
—_ if y € Ly,
U= Fa(v)
* * ™ * ’Y .
U o, F*(a)U:.G" (a) = T-Ga(y)’ if v € M,
’y : / !/
, ifyelLy,NM,.
U-Fa()UGa(y)”
v . ’
) lf’Y € Lou
Fa(v)
2 : /
= ) 1f’Y € Mou
Ga(v)
— ¥ ifyeL,nM,.
Fa(v)NGa(v)

for all @« € AN B, where L), and M, are the sets of underlying parameters of 7155
(Fa, Lo) and (Ga, My) corresponding to F*(«) and G*(«) respectively.

On the other hand, [F*, A]'M. [G*, B} = [K", C] such that C = ANB. Forall a € C,
by definition, we have



(F*) (), ifa € A—B,
K*(a) = (G*) (), ifacB— A,
(F*)(@)P((G*)(a)), if a € ANB.

It may be mentioned here that,

(F")!(e) = {Ffw) if € La, Va€ A- B,

(G)(a)={ =2 if §€ M., VaeB—A
Ga(9)

where L, and M, are the sets of underlying parameters of T'1SS (Fa,Ls) and
(Ga, My) corresponding to F*(a) and G*(«) respectively.

And
7 ’ lf Léu
R () vE
(F) (e)N=((G*) (@) = m7 if v € M,
i

—l—— ifyeL,nNM,.
Fi(v) NGaly)

for all &« € AN B, where L., and M, are the sets of underlying parameters of 7155
(Fa, L) and (Ga, M,,) corresponding to F*(a) and G*(a) respectively.

Since (H*)! and K* are indeed the same set-valued mapping, we conclude that
([F*, Al Ue [G*, B]))! = [F*, A]' [ [G*, B]! as required. Similarly, we can prove (ii). O

4.3. Theorem. Let [I'*, A] and [G", B] be two T25S over same universe U such that
AN B # (. Then,

(i) (IF*, A] U—c [G", B])! = [F*, A]' N,—. [G", B]'

(id) (IF*, A] N [G*, B])! = [F*, A} U,—. [G", B]

Proof. (i) Let [F*, A] U,_. [G*,B] = [H*,AN B] such that C = AN B # (. Then,
H*(a) = F*(2)U-G*(a) for all @ € C. Since ([F*, Al U,_. [G*,B])' = [H*,An B]', by
Lemma 3.29, we have

(H*) (@) = U* 0, F*()0-G* ()

¥ . ,
) if € Lon
U~ Fa(v) K
v . ,
= R if v € M,
S

if v € L, N M.

: if v € Ly,
Fi(7)
_ , if v € M,
Ga(v)
¥

, if v € L, N M.

Fi(v)NG&(v)

for all « € AN B, where L), and M, are the sets of underlying parameters of 7155
(Fa, Lo) and (Ga, My) corresponding to F*(a) and G (o) respectively.
On the other hand, [F*, A]'M,_. [G*, B]' = [(F*)', A]M,_. [(G*)',B] = [K*, AN B,

where C = AN B. Then K*(a) = (F*)Z(a)ﬂg(G*)z(a). It may be mentioned here that,
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: if v € Ly,
Fa()
x v . /
K*(a) = ey’ if v € Ma,
v

— L ifyeLinM,.
Fi(y) N Ga(3)

for all « € AN B, where L), and M, are the sets of underlying parameters of 7155
(Fa, L,,) and (Ga, M/,) corresponding to F*(a) and G*(«) respectively.

Since (H*)! and K* are indeed the same set-valued mapping, we conclude that
([F*, A] Ur—e [G*,B])! = [F*, A] N,_. [G*, B]' as required. Similarly, we can prove
(i2). O
4.4. Theorem. Let [F*, A] and [G*, B] be two T2S5S over same universe U. Then,

(@) (F", Al Ue—r [G7, B])' = [F™, A]' N [G*, BJ'

(id) ([F*, Al N [G*, B])' = [F", A]' U, [G", B]'

Proof. (i) Let [F*, A]U.— [G*,B] = [H*, AN B] such that C = ANB # . For all « € C,
by definition, we have

F*(a), ifae A-B,
H*(a) =4 G (a), ifae B—A,
F*(@)U,G*(a), ifa€ANB.
and
U*o,.F*(a), ifae A- B,
(H) (o) ={ U 0,G*(a), ifaeB—A,

U0, F*(a)U,G"(a), ifa€e ANB.
It may be mention that,

* * _ /8 _ B B —
Uro,F (a)_{U—Fa(ﬁ)_Fé‘ B if B€La, Vo€ A—B

* * = 5 = 5
U*0,G* (o) = {U_Ga(a) CGL(9)

where L, and M, are the sets of underlying parameters of T1SS (Fa,Ls) and
(Ga, My) corresponding to F*(«) and G*(«) respectively. And

U*O,AF*(a)GrG*(a):{ gl _ gl ¢ YV ELanNM,
U—-Fa(v)UGa(y) Fa()UGaly) ~ Ya€ANB

where L, and M/, are the sets of underlying parameters of T1SS (F., L) and
(Ga, M) corresponding to F*(a) and G*(«) respectively.

On the other hand, [F*, A]' M., [G*, B]' = [K*,C] such that C = A U B. For all
«a € C, by definition, we have

(F*)Y(a), ifa€e A— B,
K*(a) = (G"Y(w), ifa e B—A,
((F*)Y(a)N-((G*)Y(a)), ifa€ ANB.
It may be mention that

if ¢ My, Vae B—A

(F*)(a) = {Ff(ﬂ) if € La, Va€ A—B

(G*)(a) = {Gg(a) if € My, Ve B—A
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where L, and M, are the sets of underlying parameters of T'1SS (Fa, L) and
(Ga, M) corresponding to F*(a) and G*(«) respectively. And

Fi(v) NGa(y)

for all o« € AN B, where L., and M, are the sets of underlying parameters of 7155
(Fa, L) and (Ga, M/,) corresponding to F*(a) and G*(«) respectively.

Since (H*)! and K* are indeed the same set-valued mapping, we conclude that
([F*, Al Ur—e [G*,B])! = [F*,A]' Ny—. [G*, B]' as required. Similarly, we can prove
(). O

(F) ()P ((G7) (@) = {7 if ye€L,NM,VaeANB

In order to explain above theorems an example is given in the following.

4.5. Example. A car company is desirable to select the unsuitable robots on different
robot attributes. Assume a set U of seven robots under consideration, which is denoted
by U = {h1, h2, hs, ha, hs, he, h7} and F is a parameter set, where

E = {ei1,e2,e3,€4,e5,€6,€7,€5,€9,€10}
aluminum material, medium size, smallweight, high cost, with a good
= driving system, high load capacity, high repeatability,
high speed, medium memory capacity, high degree of freedom

This company has two decision makers from consultancy departments: F™* is from the
production department, G* is from the engineering department. They make observations
on provided primary attributes: aluminum material, medium size, small weight, high
cost.

The F™ considers a set of parameters
A= { aluminum material, small weight, high cost }
and the G* considers a set of parameters
B= { medium size, small weight, high cost } such that A, B C E. They have obser-
vations (type-2 soft sets) [F*, A] and [G*, B] as follows
high speed  high degree of freedom}

F*(aluminum material) = {

{h27 h47 h5}’ {h67 h7}
F*(small wezght) _ medium 7{7;;:1221}{ ca.pacity’ higi{LhT:ip::f}(lLfility’ high d{eslr’e;:l:’fhér]"eedom }
F*(high cost) = high speed  high repeatability high load capacity
WO (b, ha, hs} {h1, bz} 7 {Ra, ha, b}

and
. . . high load capacity high degree of freedom}
G™ (medium size) = ,
( ) { {hs, ha, he} {h2, hs, hr}
medium memory capacity  high speed
« . _ {hs, hs, h7} " {ha, hs, hs}’
G*(small weight) = high degree of freedom
{h2, ha, he}
. _ high repeatability high load capacity
G* (high cost) = { (ha, ha, hr} {(ha, o, I

Note that the set of underlying parameters of decision makers is
{ high load capacity, high repeatability, high speed, high degree of freedom, }

medium memory capacity
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Now this company interesting to obtain most unsuitable robots based on above obser-
vations of decision makers. Then company may consider one of the two problems (I'1)
and (I'2) on primary attributes as in the following.

(T'1) In order to get most unsuitable robots based on these observations company
interesting on results of each primary attributes: aluminum material, medium size,
small weight, high cost.

(i) Suppose company looks at both complete set of primary parameters and the
complete sets underlying parameters of decision makers. The following two methods to
obtain the results

(p1) In first method company combine both observations by using extended union and
then takes the complement of it. Then [F*, A]U. [G*,B] = [I*,C], where C = AU B.
For all a € C, [I*,C] is as the following,
high speed  high degree of freedom}

I (aluminum material) = {

{h2, ha, hs}’ {he, h7}
» . . high load capacity high degree of freedom}
I d - )
(medium size) { Tha, o ol Thay o, ol
medium memory capacity  high speed
. ) _ {hs, hs, hr} " {ha, hs, hs}’
I" (small weight) = high degree of freedom high repeatability
{h17h27h47h6} ’ {h17 h37 h7}

I*(high cost) = {
Then

high repeatability  high speed high load capacity
{h1, ha, hs, hz}’ {h1, hs, hs}’ {h1, h2, ha, he,h7} [~

(I'*)(aluminum material) = { high speed high of freedom }

{h1, h3, he, h7}’ {h1, ha, h3, ha, hs}
high load capacity high degree of freedom}

(I*)}(medium size) = {

{h1, ha, hs, hr}’ {h1, hs, ha, he}
medium memory capacity high speed
*\2 . _ {h1, h2, ha, he} " {h1, ha, he, h7}’
(I") (small weight) = high degree of freedom high repeatability
{h37h57h7} ’ {h27 h47 h’5, hﬁ}

high repeatability high speed

{ha, hs, he} ~ {h2, ha, he, hr}’

high load capacity
{hs, hs}

These are the most unsuitable robots on the complete set primary attributes and on
the complete sets of underlying parameters corresponding to primary attributes.

(¢1) In this method company first takes complements of both observations F* and G*
and obtain unsuitable robots from both of them. Then by using extended intersection
company gets the result.

(F*) (aluminum material) = {

(I*)!(high cost) =

high speed high degree of freedom
{h1, hs, he, h7}’  {h1, ha, hs, ha, hs} }
medium memory capacity high degree of freedom
{h1, h2, ha, hs, ho} {h2, hs, hs, hr} ’
high repeatability
{h2, ha, hs, he}
high speed high load capacity  high repeatability
{h2, ha, he, hr}’ {hs, ha, hs, he} * {h2, hs, ha, hs, he}}

(F*)Y(small weight) =

(F*)!(high cost) = {



and
. . high load capacity high degree of freedom
)2 _
(G")(medium size) —{ Thi ha, his, B}’ v, Tis ha. Tol
medium memory capacity high speed
{h1, h2, ha, he} " {h1, ha, he, h7}’

N ; -
(G")'(small weight) = high degree of freedom

{h1,hs, hs, hr}
N _ high repeatability high load capacity
(G™)Y(high cost) = { [y hu, e, het {hay hs, ha, e} }
Now [F*, Al'N. [G*, B]* = [K*, C] where C = AUB. For c € C, [K*, (] is as following,
high speed high degree of freedom
{h1, hs, he, h7}’  {h1, hz, hs, ha, hs} }
high load capacity high degree of freedom
{h1, h2, hs, h7} '’ {h1, hs, ha, he} }
medium memory capacity high speed
{h1, hz2, ha, he} " {h1, ha, he, h7}’
high degree of freedom high repeatability
{hs, hs, h7} " {ha, ha, hs, he}
high repeatability high speed high load capacity
{h4, hs, he¢ 7~ {h2, ha, he, h7}’ {hs3, hs} }
Since (I*)* and K* are indeed the same results, we conclude the validity Theorem 4.2.
Hence (I*)! or K* are non-appropriate robots for this company in term of the complete
sets of primary attributes and corresponding underlying parameters.

K*(aluminum material) = {

K*(medium size) = {

K*(small weight) =

K*(high cost) = {

(ii) Suppose company looks at the complete set of primary parameters and restricted
set of underlying parameters corresponding to common primary parameters of decision
makers. The following two methods to obtain the results

(p2) In the first method company combining both observations by using extended-
restricted union and then takes the complement of it. Then [F*, A]U._, [G*,B] = [I*, (],
where C' = AU B. For all o € C, [I*,C] is as following,

high speed  high degree of freedom}

I (aluminum material) = {

{ha, ha, hs}’ {hs, h7}
" . . high load capacity high degree of freedom
I =
(medium size) { Ths, ha hel Tha, Tis. o
N . medium memory capacity high degree of freedom
I =
(small weight) { Ths, s, ho , Th1, Fra. . hot

I (high cost) = {
Then

high repeatability  high load capacity }
{h1, h2, hs,hz} 7 {h1, h2, ha, he, hz} |~

(I aluminum material) = { high speed high degree of freedom}

{h1, hs, he, h7}’  {h1, h2, hs, ha, hs}
high load capacity high degree of freedom}
{h1, ha, hs, hr}’ {h1, hs, ha, he}

(I")!(medium size) = {

12 . __ [ medium memory capacity high degree of freedom
(I") (small weight) = { {h1, h2, ha, he} ’ {hs, hs,h7}
. high repeatability high load capacity
I*)? =
(I")!(high cost) { The, s hol Ths, s}



873

These are the most unsuitable robots on the complete set of primary parameters and
on restricted sets of underlying parameters corresponding to common primary parameters
of decision makers.

(¢2) In this method company first takes complement of both observation F* and G*.
Then by using extended-restricted intersection company gets the result.

Since [F*, A]' and [G*, B]! are calculated in Method (q1) in (i). Now [F*, A]'M._,
[G*, B]' = [K*,C] where C = AU B. For c € C, [K*,C] is as following,

high speed high degree of freedom}
{h1, hs, he, h7}’  {h1, h2, hs, ha, hs}

high load capacity high degree of freedom}

K™ (aluminum material) = {

K™ (medium size) = {

{h1, ha, hs, hz}’ {h1, h3, ha, he}
N . medium memory capacity high degree of freedom
K l ht) =
(small weight) { {hi, ha, ha, het Tha, hs, hr}

K*(high cost) = { high speed high load capaczty}

{h2, ha, he, h7}’ {hs, ha, hs, he}

These are the most unsuitable robots on complete set primary parameters and on the
restricted sets of underlying parameters corresponding to common primary parameters
of decision makers.

Since (I*)! and K* are indeed the same results, we conclude the validity of (i) in
Theorem 4.4. Hence (I*)! or K* are non-appropriate robots for this company with
respect to all primary attributes and restricted underlying parameters corresponding to
common primary attributes.

(T'2) Now the company is interesting to select robots only on common primary at-
tributes of decision makers: small weight, high cost.

(iii) Suppose company looks at both common primary parameters and on restricted
underlying parameters corresponding to common primary parameters of decision makers.
The following two methods to obtain the results

(ps3) In first method company combining both observations by using restricted union
and then takes the complement of it. Then [F*, A]U, [G*, B] = [I*,C], where C = ANB.
For all « € C, [I*,C] is as the following,

" (small weight) = {medwm memory capacity high degree of freedom}

{hs, hs, hr} 7 {h1, ha, ha, he}
high repeatability high load capacity }
{h1, ha,hs, he} " {h1, ha,ha,he, hr} [

I*(high cost) = {

Then
. dium memory capacity high degree of freedom
7 _ [me
(I")'(small weight) { (i, T2, ha, B} ) (hss hisy T}
. high repeatability high load capacity
Iy =
(I)!(high cost) { (s, s, ho} (hs, ha}

These are the most unsuitable robots on common primary attributes and restricted
underlying parameters corresponding to common primary parameters of decision makers.

(g3) In this method company first takes complement of both observation F* and G*.
Then by using restricted intersection company gets the result.

Since [F*, A]' and [G*,B)! are calculated in Method (g1) in (i). Now [F*, A]'M,
[G*, B! = [K*,C] where C = AN B. For c € C, [K*,C] is as following,



medium memory capacity

hi, ha, ha, he} ’
high degree of freedom

K*(small weight) =

{hs,hs, hr}
i [ high repeatability high load capacity
K™ (high cost) —{ s ho, hol Tha, ol

Since (I*)! and K* are indeed the same results, we conclude the validity Theorem 4.1.
Hence (I*)! or K* are non-appropriate robots for this company in terms common pri-
mary parameters and common underlying parameters corresponding to common primary
parameters of decision makers.

(iv) Suppose company interesting on common primary parameters and on the com-
plete sets of underlying parameters corresponding to common primary parameters of
decision makers. The following two methods to obtain the results

(pa) In the first method company combining both observation by using restricted-
extended union and then takes the complement. Then [F*, A|U,_. [G*,B] = [I*,C],
where C = AN B. For all a € C, [I",C] is as following,

medium memory capacity  high speed

X . B {hs, hs, h7} " {ha, h3, hs}’
I*(small weight) = high degree of freedom high repeatability
{h1,h2, ha, he} " {h1, ha, hr}

high repeatability  high speed
{h1, ha,hs,he} 7 {ha, hs, hs}’
high load capacity
{h1, h2,ha, he, hr}

I (high cost) =

Then
medium memory capacity high speed
*\Q . _ {hl, hQ, h4, ha} ’ {hl, h4, hﬁ, h7}’
(I7) (small weight) = high degree of freedom high repeatability
{hs, hs,h7} " {ha, ha, hs, he}

high repeatability high speed

{ha, hs, he¢}  {h2, ha, he, h7}’

high load capacity
{hs, hs}

These are the most unsuitable robots on common primary parameters and on the
complete sets of underlying parameters corresponding to common primary parameters of
decision makers.

(g4) In this method company first takes the complements of both observation F* and
G™. Then by using restricted-extended intersection company gets the result.

Since [F*, A]' and [G*, B]! are calculated in Method (q1) in (i). Now [F*, A]'M,_.
[G*, B]' = [K*,C] where C = AN B. For c € C, [K*,(C] is as following,

(I*)!(high cost) =

medium memory capacity high speed
* . _ {h17 h2, h/47 h6} ’ {h17 h47 h67 h7}’
K™ (small weight) = high degree of freedom high repeatability
{h37h57h‘7} ’ {h27 h47 h57 h‘ﬁ}

high repeatability high speed
{ha, hs, h¢} * {ha, ha, he, hr}’
high load capacity
{hs, hs}

K™ (high cost) =




875

These are the most unsuitable robots on common primary parameters and on the
complete sets of underlying parameters corresponding to common primary parameters of
decision makers.

Since (I*)! and K* are indeed the same results, we conclude the validity of (i) in
Theorem 4.3. Hence (I*)! or K* are non-appropriate robots for this company with
respect to common primary parameters and the complete sets of underlying parameters
corresponding to common primary parameters of decision makers.

5. Conclusion

In this paper, we have presented a study of operations on type-2 soft sets. We have
investigated two different type of empty type-2 soft sets such as primary empty type-2
soft set and underlying empty type-2 soft set. We have introduced four new operations
(the extension, the restriction, the extension-restriction, the restriction-extension) each
on union, intersection and difference. Moreover, we have proved that four type of De
Morgan’s laws hold in type-2 soft set theory with respect to these new definitions of union
and intersection. These operations can find vast applications in fields like approximate
reasoning, decision making, medical diagnosis, market analysis, analysis of funds, dietet-
ics, etc. The advantages of our new operations are noteworthy. As to future research,
one can discuss whether these ideas can help to consider type-2 soft sets based decision
making problems.
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