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1. Introduction

Throughout this paper we assume that X and Y are two real or complex Banach spaces and Q # 0 is an open subset of X. Let f: X — Y
be a Fréchet differentiable function on . Further, assume that the first and second Fréchet derivatives of f are denoted by V£ and V2 f
respectively. Let .% be a set-valued mapping with closed graph acting between Banach space X and the subsets of Y. In this communication,
we are interested to approximate the solution of the following generalized equation problem

0 f(x)+.Z(x). (1.1)

The inclusions type (1.1), introduced by Robinson [24, 26] as a general tool for describing, analyzing, and solving different problems in a
unified manner, have been studied extensively. The inclusion problem (1.1) is an abstract model for variety of problems. When .# = {0},
(1.1) is an equation. When .# is the positive orthant in R”, (1.1) is a system of inequalities. When .% is the normal cone to a convex and
closed set in X, (1.1) reduces to variational inequalities. When .% = 9y is the subdifferential of the function

w0 ifxec
velx) = +oo, otherwise,

(1.1) is reduced to some minimization problems which has been studied by Robinson [25].
To solve (1.1), Dontchev [1] introduced the following classical Newton-type method, for each k =0,1,...,

0 € flxx) + V) (xr1 —x) +F (xr1),

under the assumptions the set-valued mapping .% is pseudo-Lipschitz and the Fréchet derivative of f is Lipschitz on a neighborhood of the
solution of (1.1) and established a quadratic convergence of the method. In his subsequent paper [2], he proved the uniform convergence of
the method. By following Dontchev’s method, Piétrus [5] obtained a super-linear convergence when the Fréchet derivative of f is Holder
continuous on a neighborhood of the solution of (1.1) and later he [6] established the uniform convergence of this method in this mild
differentiability context.

Let x € X. By 2(x), we symbolize the subset of X which is defined by

P(x) = {d e X: 0 () + V() + %sz(x)dz +F(xrd)).
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For finding an approximate solution of (1.1), the extension of Dontchev’s indigenous work [3] was done by Geoffroy et al. [14]. Geoffroy
and Pietrus [13] introduced the following superquadratic method (see Algorithm 1) for solving the generalized equation (1.1) and showed
that it is locally superquadratic convergent:

Algorithm 1 (The Superquadratic Method)
Step 0. Pick xp € X and put k£ := 0.
Step 1. If 0 € 2(x;), then stop; otherwise, go to Step 2.
Step 2. If 0 ¢ Z(x;), choose dj such that d;, € Z(xy).
Step 3. Set xpq1 1= xy +di.
Step 4. Replace k by k+ 1 and go to Step 1.

Note that under some suitable conditions around a solution x* of the generalized equation (1.1), the authors [13, Theorem 3.1] showed that
there exists a neighborhood Q of x* such that, for any point in Q, there exists a sequence generated by Algorithm 1 which is superquadratically
convergent to the solution x*. This implies that the convergence result, established in [13], guarantees the existence of a convergent sequence.
Therefore, for any initial point near to a solution, the sequences generated by Algorithm 1 are not uniquely defined and not every generated
sequence is convergent. Hence, in view of numerical computation, this kind of methods is not convenient in practical application. This
drawback motivates us to propose a method ’so-called’ modified superquadratic method (MSQM) as follows:

Algorithm 2 (The Modified Superquadratic Method (MSQM))
Step 0. Pick 1 € [1,00), x9 € X and put k := 0.
Step 1. If 0 € 2(xy), then stop; otherwise, go to Step 2.
Step 2. If 0 ¢ 2(x;), choose dj, such that dy € Z(x;) and

[[di|| < dist (0,2 (x¢))-

Step 3. Set xpy1 1= x +d.
Step 4. Replace k by k+ 1 and go to Step 1.

The difference between Algorithms 1 and 2 is that Algorithm 2 generates at least one sequence and every generated sequence is convergent
but this does not appear in Algorithm 1. Since the sequences generated by Algorithm 1 are not uniquely defined, in contrast with Algorithm
1, we can guess that Algorithm 2 is more suitable than Algorithm 1 in numerical computation.

It is remark that if we replace the set Z(x) by

S (x) = {dex: Oef(x)+Vf(x)d+9(x+d)},

the Algorithm 2 introduced in the present paper will be the same with the Algorithm given in [16, 23].

To solving (1.1), there have a large number of works on semilocal analysis ; see for example [7, 8, 11, 12, 19, 20, 27, 28]. Rashid et
al. [16, 23] established semilocal convergence analysis for solving the generalized equation problem (1.1), which was the extension of
Dontchev’s work in [1]. Rashid [17] introduced a variant of Newton-type Method for solving (1.1) and obtained its semilocal and local
convergence results. The same author [18] associated extended Newton-type method for solving a variational inclusion of the form

0€ f(x)+8(x)+Z(x),

where g : X — Y admits first order divided difference and established its semilocal and local convergence results for solving (1.1). As far as
we know, there doesn’t have any other study on semilocal analysis for the Algorithm 1.

The purpose of this study is to analyze the semilocal convergence for the modified superquadratic method defined by Algorithm 2. The
main tool is the Lipschitz-like property of set-valued mappings. The main results are the convergence criteria, established in Sect.3, which,
based on the information around the initial point, provides some sufficient conditions ensuring the convergence to a solution of any sequence
generated by Algorithm 2. As a consequence, local convergence result for the modified superquadratic method is obtained.

This paper is organized as follows: In Section 2, we recall a few necessary preliminary results. In Section 3, we consider the modified
superquadratic method for solving the generalized equation as well as using the concept of Lipchitz-like mappings, we prove the existence of
a sequence {x; } generated by Algorithm 2 and show that it is semilocally and locally superquadratic convergent. In the last section, we give
a summary of the major results presented in this paper.

2. Preliminary results

Letx € X and B(x,r) = {y: ||y — x|| < r} be denote the closed ball centered at x with radius » > 0. Let I": X = 27 be a set-valued mapping.
The domain of I, denoted by domT, is defined by

domI':={xe X : I'(x) # 0}.
The inverse and the graph of I, denoted by I'"! and gphI respectively, are defined by
I'(y):={xeX:yel(x)} foreachyey

and gphI':={(x,y) eXxY:yeI'(x)}.
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Let B C X. The distance from a point x € X to a set B is defined by

dist(x,B) := gn1f9||x—b|\7
€

and the excess from the set A to the set B is defined by

e(B,A) = sup{dist(x,A)}.
XEB

The notions of pseudo-Lipschitz and Lipchitz-like set-valued mappings are due to [23]. Aubin [9, 10] introduced these notions and studied
extensively.

Definition 2.1. Let G : Y = 2X be a set-valued mapping and let (¥,%) € gphG. Let rz >0, ry > 0 and M > 0. Then the mapping G is said
to be

(a) Lipschitz-like on B(3, ry) relative to B(X,rz) with constant M if the following inequality holds:
e(G()’l) QB(f,rf)7G(y2)) S MH)’I _y2H for any yi,y2 € B(yﬂ’)’)

(b) pseudo-Lipschitz around (3,%) if there exist constants a > 0, b > 0 and M' > 0 such that G is Lipschitz-like on B(3,b) relative to
B(x,a) with constant M'.

The following notion of (L, p)-Holder continuity property is due to [21].

Definition 2.2. Let f: X — Y be a Fréchet differentiable function on some neighborhood U of % and let V2 f be the second Fréchet derivative
of fonU. Let p € [0,1] and L > 0. Then Vf is called (L, p)-Hoder continuous on U with constant L if the following condition holds:

V2£(x1) = V2f(x2)|| < L|jx; —x2]||P, forany x;,x, € U.
The following lemma has taken from [23]. This lemma employs a vital role for proving the convergence analysis.

Lemma 2.3. Let G: Y = 2X be a set-valued mapping and let (7,%) € gphG. Assume that G is Lipschitz-like on B(3, ry) relative to B(%, r)
with constant M. Then

dist(x,G(y)) < Mdist(y,G~ ' (x))
holds for every x € B(%,rz) and y € B(7, %‘) satisfying dist(y, G~ (x)) < %

We would like to finish this section with the following lemma that is known in [4].

Lemma 2.4. Let & : X = 2X be a set-valued mapping. Let € X, ¢ > 0 and 0 < r < 1 be such that

dist(x,P(x)) < c(1—r); 2.1
and

e(P(x1) NB(X,c),P(x2)) < rllx;y —x2||  for any x1,x; € B(X,¢). (2.2)

Then ® has a fixed point in B(X,c), that is, there exists x € B(X,c) such that x € ®(x). Moreover, if @ is single-valued, then the fixed point of
@ in B(x,c) is unique.

3. Convergence analysis of MSQM

This section is devoted to prove the existence and convergence of the sequences generated by the modified superquadratic method defined by
Algorithm 2. To this end, let x € X and let us define the mapping 7 by

T() = £ + 10 =)+ 5 V) (0 + Z ()
Then for the construction of Z(x), we have that

D(x) = {d €X:0€ n(x+d)}

:{deX:x—l—deTx"(O)}. G.1)

Moreover, for any v € X and y € Y, the inclusions

ve T, N (y)andy € f(x)+ VF(x)(v—x) + %sz(x)(v —x)2+ F (). (3.2)
are equivalent. In particular,

fe T !(5) foreach (%,7) € gph (f +.7).

The following result is due to [15]. This result establishes the equivalence relation between (f +.%#)~! and T{l.

Lemma 3.1. Let f : X — Y be a function and let (%,7) € gph (f + .F). Assume that f is twice differentiable in an open neighborhood . of
X and that its second-order derivative is continuous at X. Then the following are equivalent:
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() The mapping (f +.%)~" is pseudo-Lipschitz at (7,%);
(ii) The mapping T){l (+) is pseudo-Lipschitz at (3,X).

Let r; >0, r; > 0 and (%,3) € gph (f +.%). Then, the closed graph property of the set-valued mapping f +.% implies that f + .7 is
continuous at X for y, that is,

li_)nldist(y',f(x) +.7(x))=0. (3.3)

Assume that B(¥,rz) C QNdom.#. Moreover, by Lemma 3.1 we assume that the mapping T){l is Lipschitz-like on B(¥,ry) relative to
B(x, rz) with constant M, that is,

e(T: ' (1) NB(E,72), Ts ' (v2)) < M|ly1 — 2| ¥ y1, y2 € B, r5). 34

Let p € (0,1], L > 0 and setting

L(3PT2 4202y, 2 Pt _spLP
o= min{rs G277 )rs ol 3 rx)} (3.5)
(p+1)(p+2)2rt 5M2r+
Then
2p+2 1 )ry 20+
o > 0if and only ifL<rnin{ (P Dp+2)ry } (3.6)

(3p+2+2p+2)r){:+2 " SMrt

The following lemma plays a vital role for convergence analysis of the modified superquadratic method. The proof is a refinement of the one
for [23, Lemma 3.1].

Lemma 3.2. Let T; ' be a Lipschitz-like mapping on B(3,r5) relative to B(%, ) with constant M. Let p € (0,1] and x € B(%, %). Assume

that Vf and V2 f are (L, p)-Hoder continuous at X on B(X, %) with the same constant L defined by (3.6). Let o be defined in (3.5) so that

SM2P

(3.6) is satisfied. Then the mapping T, is Lipschitz-like on B(3, &) relative to B(%, %) with constant ie.

_ _Ii _ SM2°P _
6(7; l(tl)mB(x7EX)7Tx 1(t2)) < _t2H fOreverytlv 15) GB(y>a)'

—5 ||t
= 2r T —SMLT I

Proof. Since « is defined in (3.5) so that (3.6) is satisfied, then it is clear that & > 0. Now let
s

1, neBF,a) and o €T, (1) NB(X, 5

). (3.7)

To complete the proof, it is sufficient to show that there exists u” € T, () such that

, 5M2P

o —u"|| < m”ll —nl|.

To finish this, we need to verify that there exists a sequence {x; } C B(%, rg) such that
1 € f(x) +Vf(x)(xk—1 —x) + V(%) (re —xe—1) (3-8)
1 1
3V (e =0 4+ V2 () (=0

(561 = 02) + 7 (%)

and
5M SMLrE \ k-2

o =il < Sl =2l () (3.9)

hold for each k = 2,3,4,.... We proceed by induction on k. Write
1
ai:=t; — f(x) = Vf(x)(u —x) — Evzf(x)(u/ —x)%+ f(%) (3.10)
1

+Vf(f)(u'—i)+EVZf()E)(u/—)?)Z for each i = 1,2.
Note by (3.7) that

lx—u|| < |lx—&|| + £ —o|| < rz. (3.11)

Furthermore, we have, for (3.10), that

lla; =31 < lti =31+ 1£ (') = f(x) = V() (' — )

—%V%@MM—MW+WWU—ﬂﬂ

VSR —0) 3V W 5 12
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If V£ is (L, p)-Holder continuous at X with constant L, then we have that
1
() = f(®) = VIR =) = ] /0 (V/ (@ +1(x— X)) = Vf(®)](x - x)dr]|
1
< [ IV 1r=5) = V) e sl

1
< Llx—x7! / P di
0

L

o flx — [P+ (3.13)

Analogously, if V2 f is (L, p)-Hélder continuous at ¥ with constant L, then we have that
)= ) =90 5 ) = 37— = | [ 1946415 ) =960 = V10516 ) =) x|
= (/01 IVf(E+1(x—5) = VF(E) = V2F(E) (& +1(x— %) — )| |l x — x|
=/;I\Vf(u)fo(i)fvzf(x)(ufx)Hdu
_ /;/0'1 {192+ s(u— ) = V2£(5) s }Ju — 5

X 1
S/ {L||ufi\|”+]/ s”ds}du
X 0

L X
< [ st
p+1Jz
L
= x— &P
TETrS Ll
L(3P+2 42042 0F2

EES 2)2;+2 by (3.5), we have that

Then from (3.12), using the relations in (3.7), (3.11) and the relation o < ry —

L

(p+1)(p+2)
L p+2

< B (2 Ik

_a+(p+1)(17+2)(" +2”+2)
L(1+27 )2
(p+1)(p+2)2rt2 =

llai =3 < o+ ([l = x| P*2 4 [l —2||P*2)

ry.
That is a; € B(J, ry) for each i = 1,2. Define x; := u’. Thenx; € T,7'(t;) by (3.7) and it follows from (3.2) that
€ F) 4 VA —0) + 3 VA — 0+ F ().
This can be written in another form as follows:
S0+ VAR (0 —0) + 5 VA~ 5 € £ )
FVFE) (0 —0) 4 3 V2@~ )+ () + )
FVFE) 00+ 3 V()
This, by the definition of a;, implies that
a1 € F()+ VAR~ + 43 VA (0~ 0+ F ().
Hence x| € T{l (a1) by (3.2). This together with (3.7) implies that
X1 € 7;1(a1) NB(x,rz).
Noting that a;, a, € B(y,r;) and T){l is Lipschitz-like by our assumption. Then it follows from (3.4) that there exists x, € T){l (ap) such that
%2 —x1]] < Mllay — az|| = M|ty — 12| < 5TMHH —n|.

Moreover, by the construction of #, and noting x; = u’, we have

o0 € T ) = T (12— ) — VA0 (1 —3) — 3 V27t — 2+ £+ VAR 1 —5) + 3 V2 (R) (e ),



Universal Journal of Mathematics and Applications 207

which, together with (3.2), implies that

€ F3) 4 VA —0) + V)0 —x1) + 5 VA0 0+ 3 V) (00— (1~ 92) + . (2a).

This shows that (3.8) and (3.9) are hold with generated points xj,x,.

Assume that x1,x7, ..., x, are obtained so that (3.8) and (3.9) are hold for k = 2,3, ...,n. We need to construct x, such that (3.8) and (3.9)
are also true for k = n+ 1. For this purpose, set

1
dai =t — f(x) = Vf(x) (i1 —x) = EVZf(x) (nri1 = %)+ f(¥)
+ V() (i — %)+ %sz(f) (Xpyi_1 —X)>  foreachi=0,1.

Then, for i = 0, 1, we obtain that

llag —a’fll = [[(Vf(x) = V. (£)) (¥ = xa—1) + %sz(X)((xn —x)7 = (-1 = %))

SV (=2~ (s =)
= (7£0) = V7)) a0 50 1) + 5 V27 3) (3 = 51 501 )
G )~ VO (o511~ 9 (02
< 19709 = VA a1+ 12700 = P27l — 51
IV 3) o1 =) = V2 1 =)l =51
Forall z € B(%,5), x— Vf(x), x — V2 f(x) and x — V?f(x)(z —x) are (L, p)-Holder continuous at ¥, thus we have that

- 1
lag — a1l < Ll —= &P {1 — 11l + 5 00 =011+ [l =201 [}

Lr? 1
<5 (2”xn —Xp1]l+ EHXH —Xn—1 Hz)

[l
S}

=

1 .
< 55 @l =%l + 5 [ = xa-1l)  if the ball

NI S

B(x, =) is sufficiently small
v

= pri llxn = xa—1]- (3.14)

14
~

'z

Since ||x; —X|| < > by (3.7) and ||f; —#2]] < 20 by (3.7), it follows from (3.9) that

n
ln =2l < Y ey =1l + [y = %]

j=2
L (SMLrENI-2  rg
SSMaJé( St ) 3
5Mo2pt! L
S oortl_sMLE 27
(2P — SML¥)
By (3.5), we have @ < By TE a— and so
[lxn — %[ < rs. (3.15)
Therefore, we obtain that
_ _ 3
|2 — x| < |2 — X|| + [|[£— x| < Er;. (3.16)

Furthermore, using (3.7) and (3.16), one has that, for each i =0, 1,
_ - 1
@i =3I < {1t =3l + || f (Fni-1) = F(x) = V() (g1 — %) — Evzf(x)(xnﬂ‘fl —x)7|

F 1 (i) = F(%) = VFE) (in it = %) — %sz(f)(xnﬂ'fl -5l
L

<ot gy (Bt =72 iy = 217°2)
L 3p+2,p+2
+ ( 5 +’§+2)
(p+1)(p+2)\ 27t
L(3P+2 4 20+2), 0+

(p+1)(p+2)2r+2 "
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It follows, from the definition of ¢ in (3.5), that a! € B(¥,ry) for each i = 0,1. Since assumption (3.8) holds for k = n, we have

12 € 00+ V) (1 =)+ V) 51+ 5 VA i~ + 5 VAW~ 9 = 1 = 9]+ (),

which can be rewritten as

t+ f(X) + V(%) (1 = %)) + %sz(f)(xnfl —0)% € f() + V() it —0) + V() (0 — 1) + %sz(X)(xnfl —x)?

+ %v2 F®[(n =2 = (a1 = )]+ F (x0) + £ () + V() (61 —5) + %sz(f) (1 — %)%

1
Then by the definition of af}, we have that a} € f(%) + V f(¥)(x, — %) + Ev2 F(®)(xn — %)% +.% (x,,). This, together with (3.2) and (3.15),
yields that
Xn € T{l(ag) NB(x,rz).
Using (3.4) again, there exists an element x,,, | € T; | (af) such that
5M SMLrE\n—1
7 In—al(F)"

where the last inequality holds by (3.14). By the definition of ', we have

[%n+1 = xnll < Mllag —af|| < (3.17)

St €T3 @) = T (1= ) = V0000 —2) = 3 V2F8) (i =02 + £ 0) + V() 0 =)+ 3 V2 (0 — 7).

which, together with (3.2), implies that

12 € () + 910 (50 =) + 5 A i1 50 + 5 V21 0 =0+ 3V (Gt =2 = (o = 92 +-F (o).

This, together with (3.17), completes the induction step and ensure the existence of a sequence {x, } satisfying (3.8) and (3.9).

i
2p+l1

1
that .7 has closed graph. Then, taking limit in (3.8), we get t, € f(x) + V£ (x) (e —x) + EVZf(x)(u” —x)24+.Z (") and so u” € T (12).
Moreover,

Since < 1, we see from (3.9) that {x; } is a Cauchy sequence and hence it is convergent, say to u”, that is «” := limy_,.,x;. Note

z L5 SMLrE k=2 5M2P
I . - . oM o SMLrE _ e -
[ —u"]] < llgipk;\|xk x| < nll_r&k;z > Il£1 tz||( T > 2T SMLT Ity — 2.
This completes the proof of the Lemma 3.2. O

Before going to demonstrate our main results, we define, for each x € X, the mapping J, : X — Y by

S = @+ VAR =0+ 3 VAR =92 = £ = VA —x) ~ 3 V)~ 02,

and the set-valued mapping &, : X = 2X by
() =T; ' [()):

Then, for any x’, ¥’ € X, we have that
) — L)) = V)~ V) )+ 5 V20 (0~ 2~ (= 92) V27—~ (=)
= (V) ~ VAR ") 4 3 V2F@ (42 2P = (= 2) = 3P £0) (2 =2 = () |

o 1 = ' SN = " I
< IVFE) = VAl —x H+§||V2f(x)—V2f(x)||Hx —X|P V2R %) = V2 () (" =)l =]
(3.18)

3.1. Superquadratic convergence

This subsection is devoted to study that if V2 £ is (L, p)-Holder continuous, the sequence generated by Algorithm 2 converges superquadrati-
cally to the solution of (1.1). Thus, the main theorem of this study, which gives some sufficient conditions confirming the convergence of the
modified superquadratic method with starting point xg, read as follows:

Theorem 3.3. Let p € (0,1] and 1 € (1,00). Suppose that 7;1 is Lipschitz-like on B(3, ry) relative to B(X,rz) with constant M and that
V2f is (L, p)-Hoder continuous on B(%, 5 ) with constant L. Let o be defined by (3.5) such that (3.6) is hold. Let 8 > 0 be such that
. (re 2(p+D(p+2)ry 1285x
§<min{", y_ St
@ O <My T op 0. 4724 1) 3.20
(b) 5(M+1)L(2P8P T +4%P(p+ 1) (p+2)rf) <27 (p+1)(p+2);
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L5p+2
2(p+1D(p+2)

Suppose that f + F is continuous at X for y, i.e. (3.3) is hold. Then there exists some 5 > 0 such that any sequence {x,} generated by
Algorithm 2 with initial point in B(X,0) converges superquadratically to a solution x* of (1.1).

© |51 <

Proof. According to the continuity of f+ .% at X for y and assumption (c), we can choose 0 < 5 < & be such that

L&P+2 A
dist(0, f(xo) + F(xp)) < for each xp € B(%,0). (3.19)

T 2(p+1D(p+2)
Setting

_ SnML2P P!
(p+1)(p+2)2r+! —5SMLrY)’

It follows, from assumption (b), that
SML(N2P 87!+ (p+ 1) (p+2)rF) <S(M+ L2787 +4* P (p+1)(p+2)r) <277 (p+1)(p+2).
The above inequality implies that
r<1. (3.20)

Let xp € B(x, 5 ). We use mathematical induction on n to show that Algorithm 2 generates at least one sequence and every sequence {x, }
obtained by Algorithm 2 satisfies the following assertions:

[lx, —%|| <26 (3.21)
and
| (p+2)"
l[dnll 5’(2) 8 (3.22)
foreachn =0,1,2,.... Now, define
9 ( _ 2 _
ryi= ——————— (ML||x—%||PT* + (p+1) p+2M|y|) for each x € X. (3.23)
o= gy (ML (p+2)M|

Because 1 > 1,p € (0,1] and 8 < % by assumption (a), it follows, from assumption (b), that

257(M +1)LEPT! = (M+1)L(8PT! 444871y < (M4 1)L(5PF! +4%6P)
< (MA+DLRSP T +4%P(p+1)(p+2)rF)
2 p+D(p+2)
— 5 b
which gives

27 (p+1)(p+2) 24 (p+1)(p+2)

MLSPH! < d L& < 24
= 1285 and Lo" < 1285 (324
Thus, by 3279 < 1285« in assumption (a) and second inequality in (3.24), we obtain that
. L&P+?2 L&PH! o
131 < = < (3.25)
2(p+1)(p+2)  2(p+1)(p+2) 3
(thanks to assumption (c)). Thus, we obtain from (3.23), together with assumption (c), that
9
— (2P MLEPF? 4 MLEPT?
S 2+ D(p+2) ( )
_9ertB ML,
~2(p+1)(p+2)
_ 9@+ ML
-6 foreachx € B(x,28). (3.26)
A+ D(p+2) (5:20)

Since p € (0, 1], by the first inequality in (3.24) we have from (3.26) that
re <26.
It is clear that o« > 0 by assumption (a). Then we have from (3.5) that

o>0= 20" SMLE > 0= SMLE < 2P,
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Therefore, with the help of above relation we obtain that
p+1
5.4r°

Note that, for n = 0, (3.21) is trivial. To show that the point x| exists and (3.22) holds for n = 0, it suffices to prove that 2(xy) # 0. We will
do that by applying Lemma 2.4 to the mapping ® := ®,,. To do this, let us check that both assumptions (2.1) and (2.2) of Lemma 2.4 hold

5-4PMLSP < SMLr% <27 = LM§P < (3.27)

8
with ¢ :=ry, and r:= 5 Here, we note that ¥ € T ! () NB(, §). Then by the definition of the excess e, we obtain that

dist(¥, Py, (%)) < e(Tg

X

e(Ts

X

'(5) NB(x,5), Py, (%))
Y3 NB(E, re), Te [Ty (8)])- (3.28)

IN

By the (L, p)-Hélder continuity property of V2 and (3.14), we obtain, for each x € B(%,28) C B(%, §), that
1 1
(Mg () = 31| = [ (%) + VF(X) (x — %) + 2V2f( )(x—%)° - f(XO)—Vf(XO)(x—XO)—Esz(XO)(x—XO)Z—y'H

< 170 = o) =V o) =) = 5 V2 (x0) (x = 30)2]| + ) — F5) = V7(5) (6= 5) + 5 V21 x— 2 + 5]
L = -
< oy Ul =) £ 5. (329)

p+2

A LS
Because of [|xg — x| < 6 < 8, L(2PT3 +2-4P12 4+ 1)8 <2(p+1)(p+2)ry, 8§ < 1 by assumption (a), ||7]| < =—————
o ( )8 <2p-+1)(p+2)ry 1< 5 BT

(c) and second relation in (3.24), (3.29) implies that
L
(p+1)(p+2)
L
<—— (38 p+2 28 p+2
GrIGT (GO o)
L

ST+
< L
2(p+1)(p+2)
<1 (3.30)

by assumption
30 (6) =511 < (e =)+ E=x0) 72 + e = £172) + |5

L&P+2
2(p+1)(p+2)

(2.3p+2+2p+3 + 1)6p+2

(2~3P+2 yort3 g 1)6, since 8771 < 1

This means that, for each x € B(%,28), Jx, (x) € B(¥,ry). In particular case, putting x = ¥ in (3.29). Then we have that
L

(B =l < = 1P2 4 |15 31
[/ (%) =3I < IS [l —xol|”= + |7l (3.31)
3L P2 - 3L 5
“2(p+1D(p+2) T 2(p+D(p+2)
<ry

5.
Hence, by (3.31) and the Lipschitz-like property of T{l, we have, from (3.28), that

dist(x, Dy, (%)) < M5 —Jx, (2|

1 = -
< Gz MU wllP + (e D+ 2) M) )

(1S,

which shows that the assumption (2.1) of Lemma 2.4 is satisfied.
Next, we show that assumption (2.2) of Lemma 2.4 is satisfied. To do this, let x',x” € B(%,ry,). Then we have that x',x" € B(%, ry,) C
B(%,28) C B(%,75) by (3.26) and Jy, (x'),Jy, (x”") € B(F,r5) by (3.30). This, together with the Lipschitz-like property of 7', implies that

e((bxo (x/) OB()E’ rxo)’q)xo (x”)) S e(q)xo (x/) ﬂB(f, rf)’q)xo (x”))

= e(T; [y () NB(E 75), T [y ()
<M ||y (6) = Ty (")

Since V2f and V2£(-)(z — ) are (L, p)-Holder continuous on B(%, %) for all z € B(%, 5 ), then Vf is also (L, p)-Holder continuous on
B(%, %5 ) and for simplicity we take the same constant L. Thus, for the choice of xg, (3.18) yields that

- 1 -
Mo () = Jaa () < IV S 8) = Vo) [ =] 4+ 5 IIV2 (D) = V2 o) [ =12+ [V2F(R) (" = 3) = V2 £ (a0) (" = x0) ¥ =
L
< L= xolIP ¥ =)l + 5 I8 =50 = |+ LE—xo 17 [¥ =
L
< (2L+F I =) =0l ¥ =)

<2L(8P + 8P| — x|
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Applying the first inequality of (3.24) and (3.27), it follows, from (3.27), that

1 1 2
@y (V) B 1), By () < 2ML(OP + 67— <202 (L CEDED o

8
< ng’—x”H = r||x’ —x"||, since p € (0,1].

This means that the assumption (2.2) of Lemma 2.4 is also satisfied. Thus by Lemma 2.4, we can deduce the existence of a fixed point
1

£1 € B(X, 1y, ) such that £ € ®y, (%), which translates to 0 € f(xo) + V£ (x0) (£ —x0) + EVZ f(x0) (%1 —x0)% +.Z (%) and hence Z(xq) # 0.

Consequently, we can choose dy € Z(xg) such that

lldoll < dist(0, Z(xp))- (3.32)

Therefore, according to the Algorithm 2, we can say that x| := xo + dy is defined.
Now, we will show that the assertion (3.22) is also hold for n = 0. Note by assumption (a) that xo € B(%,8) C B(%,8) C B(%, ). Since 7!

is Lipschitz-like on B(7, ry) relative to B(%, rx), it follows from Lemma 3.2 that Txgl is Lipschitz-like on B(¥, o) relative to B(%, 5 ) with
SM2°P

constant m Moreover, (3.19) and (3.25) imply that
dist(0, T = dist(0 +F L5 o 3.33
ist = dist < < )
ist(0, Ty, (xo) ist(0, f(xo) (x0)) < G EDrT2) S 3 (3.33)

It has been mentioned earlier that xo € B(%, %) and by (3.25)) we have 0 € B(y, %) This, together with (3.33), implies that Lemma 2.3 is
applicable and hence by applying it we have that

SM2P

dist(xg, T, "1 (0)) < T SMLT dist(0, Ty, (x0)) (3.34)
Applying (3.34), we have from (3.1) that
dist(0, Z(xo)) = dist(xo, T, ' (0))

< % dist(0, Ty, (x0))- (3.35)

Using (3.35), (3.33) and then (3.20) in (3.32), we obtain that

llx1 = xoll = [ldol| < n dist(0, Z(xo))

SnMm2p .
S m dlSt(O,EO (xo))
< SnML2P 572 B t(1>5
T 2(p+1)(p+2)(2rtt —sMLE)  \2) T

This shows that (3.22) is hold for n = 0.

We assume that the points xj,x»,...,x; are generated by Algorithm 2, and (3.21) and (3.22) are true for n =0, 1,... .,k — 1. We show that
there exists xi1 such that (3.21) and (3.22) are hold for n = k. Since, for each n <k —1, (3.21) and (3.22) are true and ¢ < 1 by (3.20), we
have the following inequality

k=1 k=1 (1 (p+2)’
[l — || < Z||xi+1—xi|+|x0—f|§521<2> +6
i=0 i=0

k—1 1 (p+2)
<6i§<2) +86<56+6=26.

This shows that (3.21) holds for n = k. Finally, we will show that (3.22) holds for n = k. Now if we use the same arguments that we did for
the case when n = 0, we can prove that 2(x;) # @ and so by Algorithm 2 we can choose dj € 2(0,x;) such that

l[diell < m dist(0, 2 (xr)),

5M2P
27+l —SMLL”

that is, the point x; | exists. Moreover, we have that 7, Uis Lipschitz-like on B(¥, ) relative to B(¥, 5 ) with constant
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Therefore, we have that

1 = xell = [ldill < m dist(0, 2 (xi.))

SnM2°P )
< m dist(0, Ty, (xx))
_ SnM2P )
= 20 smL? dist(0, f (x) + F (xx))
5nM2P _ - 2
- mll](xk) = k1) = VI ) (e = 5t1) = 5 V2 Goen) (5 = 1) |

SnML2P
= +1
(p+1)(p+2)(2r+1 —5MLs?

SnML2P§P+! N 12
< e 5
~ (p+1)(p+2)(2rt! —5MLE) (2)

1 (p+2)k
St(i) 5.

This implies that (3.22) holds for n = k and therefore the proof of the theorem is completed. O

p+2

[k = X1
)

In the special case when ¥ is a solution of (1.1) (that is ¥ = 0 in Theorem 3.3), then we have the following corollary which gives the
super-quadratically local convergence result for the modified superquadratic method.

Corollary 3.4. Let p € (0,1] and n > 1. Let X be the solution of (1.1) and T{l be pseudo-Lipschitz around (0,%). Suppose that V2 f is
(L, p)-Holder continuous around X. Suppose that

li%m_dist(O,f(x) +Z(x))=0.

Then there exists some & > 0 such that any sequence {x,} generated by Algorithm 2 with initial point in B(X, 5 ) converges superquadratically
to a solution x* of (1.1).

Proof. By our assumption, T;l is pseudo-Lipschitz around (0, ). Then there exist constants ry, § and M such that T){l is Lipschitz-like on
B(0, rp) relative to B(x, B) with constant M. Then, for each 0 < r < 3, one has that

e(T ' (1) NB(E,7r), Ty ' (y2) < M|ly1 —y2| for any y1,y2 € B(0,rp)

- op+1
i.e. T, ! is Lipschitz-like on B(0, ry) relative to B(, ) with constant M. Let L € (0,1) and r; € (0, B) be such that %x <r, ML < 5

X

L(3PT2 4 2rt2) 042

(p+1)(p+2)20+2

and rg — > 0. By the (L, p)-Hélder continuous property of V2, for each x, x' € B(&, %), we have that

IV2£(x) = V2 £ () < Ll =17

Choose « so that

L(3P2 42042 242 (00 H) sy } 0

o :=mi —
mm{’" (p+D)(p+2)2vt2°  sport2

and

(e 2(p+D)(p+2)ry 12850
mm{—, , } 0.
47 L(2PT3 424124 1) 3.2P

Thus we can choose 0 < 6 < 1 such that

. re 2(p+1)(p+2)r0 1285
< X
57111111{47L(2p+3+2.4l’7+2+1)’ 3.2pP }

and
S(M+1)L(M2P 8P +44 P (p+ 1) (p+2)r2) <27 (p+1)(p+2).

Now one can easily sees that the assumptions (a)-(c) of Theorem 3.3 are hold. Therefore, to complete the proof of the corollary, we can
apply Theorem 3.3 . O
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4. Conclusion

The semilocal and local convergence results for the modified superquadratic method are established with 17 > 1 under the assumptions that
T;l is Lipschitz-like as well as V2f is (L, p)-Holder continuous. This result extends and improves the corresponding one [13]. This result
seems new for the generalized equation problem (1.1). According to the main result of this study, we have the following conclusions:

e If p =0, then the Fréchet derivative of f satisfies the continuity condition with constant L and we obtain the quadratic convergence of
the modified superquadratic method. In this case the result established in the present paper coincides with the result presented in [22,
Theorem 3.1, Corollary 3.1].

e If p =1, then the Fréchet derivative of f satisfies the Lipschitz condition and we obtain the cubic convergence of the modified
superquadratic method. In this case the result established in the present paper coincides with the result presented in [22, Theorem 3.2,
Corrolary 3.2].
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