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Keywords Abstract: In this research, generalized and extended generalized ¢-recurrent Sasakian
Generalized ¢-recurrent, Finsler structures on horizontal and vertical tangent bundles and their various geometric
Extended generalized properties are studied.
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Genellestirilmis ve Genisletilmis Genellestirilmis ¢-tekrarh Sasakian Finsler Yapilar Uzerine

Anahtar Kelimeler Ozet: Bu arastirmada, yatay ve dikey tanjant demetleri iizerinde genellestirilmis ve
Genellestirilmig ¢-tekrarli, genisletilmis genellestirilmis ¢-tekrarli Sasakian Finsler yapilar ve bunlarin gesitli ge-
Genisletilmig genellestirilmis ometrik ozellikleri caligildi.

@-tekrarl,

Sasakian Finsler yapi,
Einstein manifoldu

1. Introduction relations, respectively:

Ruse defined a Riemannian space of the recurrent curva- (VsS)(p,q)r = A(s)S(p,q)r + B(s)g(p,q)r, (5)

ture for which the covariant derivation of the Riemannian

curvature tensor R satisfies the relation: (VsC)(p,q)r = A(s)C(p,q)r + B(s)g(p,q)r (6)
(VsR)(p,q)r =A(s)R(p,q)r (1 for all vector fields p,q,r,s where S is Ricci curvature

tensor and C is concircular curvature tensor.

at all points for the non-zero 1-form A, in 1949 [13]. In The Sasakian manifold satisfying

this relation, if A vanishes so the space is reduced to a lo-
cally symmetric manifold. Besides, generalized recurrent 0> ((VsR)(p.q)r) =0 @)
manifolds take part in the literature with Dubey’s study in
1979 [8]. Dubey weakened the recurrence condition that
defined in (1) in the following way:

is introduced as locally ¢-symmetric manifold by Taka-
hashi, in 1977 [17]. In addition, generalized ¢-recurrency
is one type of the weakened extensions of locally ¢-

(VsR)(p,q)r = A(s)R(p,q)r+B(s)g(p,q)r () symmetry. ¢-recurrency of the spaces introduced by De,

Shaikh and Biswas for Sasakian manifolds in 2003 [6] in

for all vector fields p,q,r,s and non-zero 1-forms A and B which ¢-recurrent Sasakian manifold satisfies the follow-
satisfying: ing relation:

A(s) = g(s,p1),B(s) = g(s, p2) 3) 0*((VsR)(p,q)r) = A(s)(R(p,q)r) (8)
where p1, py are vector fields associated with A and B, for all vector fields p,q,r,s and if A = 0 it turns to a locally
respectively and the Riemannian metric tensor g is defined ¢-symmetric manifold. Then generalized ¢-recurrency
as follows: of Kenmotsu manifolds are studied by Basari and Mu-

rathan [2]. Furthermore, generalized ¢-recurrent spaces,
8(p.q)r=glq,r)p—8(p,r)q, (4)  like Sasakian [1], P-Sasakian [15], LP-Sasakian [14], Ken-

motsu [4] and trans-Sasakian [7], are discussed in many
studies. In [1], the generalized ¢-recurrent Sasakian mani-
fold is defined with the following relation:

The Riemannian space satisfying (2) (so, (3) and (4) ) is
called generalized (Riemann) recurrent manifold. Addi-
tionally, generalized Ricci recurrent and generalized con-
circular recurrent manifolds are defined with the following 0> ((VsR)(p,q)r) = A(s)R(p,q)r +B(s)g(p,q)r (9
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for all vector fields p,q,r,s. By taking R=C and R =P
in (9) the Sasakian manifold said to be generalized C — ¢-
recurrent and generalized P — ¢-recurrent where C, P are
concircular and projective curvature tensors, respectively.
Moreover, extended generalized ¢-recurrency is one
type of the extensions of ¢-recurrency and discussed by
Prakasha [11] and Jaiswal and Yadav [9] for Sasakian and
trans-Sasakian manifolds. In [11], extended generalized
¢-recurrent Sasakian manifold is defined in the following
way:

=A(s)9*(R(p,q)r)
+B(s)9*(g(p,q)r)

for all vector fields p,q,r,s. Particularly, substituting R
by C and P respectively, the Sasakian manifold is called
extended generalized C — @- recurrent and extended gener-
alized P — @-recurrent respectively.

These studies motivated us to discuss generalized ¢-
recurrent and extended generalized ¢-recurrent Sasakian
Finsler structures.

((VsR)(psq)7)
(10)

2. Preliminaries

Assume that M™="+1)  Fm — (M F) and g be be a
smooth manifold, a Finsler manifold and a Finsler metric
: 17 0%F? : :

tensor with g;;(x,y) = 3] ERET -] coefficients respectively.
Besides, x = (xl ,...,x™) are the local coordinates of M,
M is an m-dimensional tangent space at x € M and
y=Y57 € LM. So, TM denotes 2m-dimensional slit
tangent bundle of M and u = (x,y) € TM [10].

Furthermore T,TM is the tangent space to TM at u and
{ 57 a\,} are the canonical frames for T,TM. The dif-
ferential map 7, : T,TM — Ty, \M satisfy X, € n(X,) =
X,. Hence, the vertical subbundle TMV is derived from
ker(m). The horizontal subbundle TMH = (NJ (x, y)) isa

non-linear connection on M where N; = /= 3N
2 2
via spray coefficients N/ = 1 ng ( 3‘9 kgxh h - %)

It enables to define p € T, TM with these coefficients in the
following way p=p (W —N(x,) 3yj)+(NlJ( x,y)p’+
p/ )BTJ =p M + p/ Here, (dx',8y/) are the dual
frames of ( 709y /) where Syl =dyl +Nl:i dx'. In this man-
ner, T,TM = TMH TM®T)TM at u € TM gives rise to
complementary distributions TMH = U,cry,, THTM and
TMV =Uuerm, Ty TM [5]. ' .
Furthermore, distributing 1 = n;dx' +1;0y’ € (T, TM)*
to horizontal and vertical parts, we have n € (THTM)*
and n" € (TVTM)* .

The Sasaki-Finsler metric G on TM is defined as follows:

G(p,q) =G (p" ,4")+ GV (p".4")

So, some warped contact structures with Finsler coeffi-
cients can be constructed like in [12] and [16].

Definition 2.1. Suppose that (¢ EH nf GH) and
(0V,EV.n",G") be Sasakian Finsler structures on TMy
and T My, respectively. Then we have the below relations:

0.0 =—IL,+n" @& +n" 2", (11)
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oE" =9V = (12)

1M =n"E" =1, (13)

flop™)=0,1"(9p") =0,n"(9p") (14)
G"(9p",04") = G" (p".¢") =" (p")n" ("),

G'(¢p".94")=G"(p",q") =" (p")M"(¢"), (15)

GH(p". &M =n"(p™), 6" (p".E")=n"(p") (16

where p" ¢! .\ € THTM and p",q",rV € TVTM, & is
the Reeb vector field, n is the 1-form, G is the Finsler
metric structure and the (1,1) tensor field ¢ denotes the
endomorphism [18].

In the Sasakian Finsler manifolds 7Mpy and T My follow-
ing relations hold:

G"(op",q") = -G" (p" 04")
G'(¢p".q") =~G"(p",94") (17)
Vg = Jep" Ve =~ Zop'  a®)
R(p" ¢")E" = 1" (@) 0" (")),
R q")E" = Jn" (@ )p" —n' ()] (19)
("€ }[n ()P~ G (p.)&"]
R(PY,EV)g" = 1" (V)P — G  (p.a)"]  0)
R(p",q")'" = 2 (G .¢")p" — G, p™)g"]
R(pV,qVVV:i[G(r AW -G P @)
S &M+ (P M) = S () 0" (") @22
S(9p.0q) =" .¢") = Zn" (™" (q").
S(op.99) =S(p".a") = 50" ()" (a")  @3)

for all vector fields and where R is the Riemann curvature
tensor field, S is the Ricci tensor field and V is the Finsler
connection on TM [18].

However Sasakian Finsler structures can be constructed
both on horizontal and vertical tangent subbundles, in this
paper; it is studied for T My, for briefness.
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3. Generalized ¢-recurrent Sasakian Finsler struc-
tures on 7'My

Definition 3.1. The Sasakian Finsler structure
(9, EH nH GH) on TMy is called generalized ¢-
recurrent if the following relation holds:

O*(VIR)(p",q™)r) = AT () (R(p™ .4")r")
H

+B(s")(G(p" ")) (24)

for pfl gt rH st c TMH TM where A" and B are the non-
zero 1-forms defined by

i) B (s) =

and p#, pif are vector fields associated with 1-forms A¥
and B, respectively and G is defined as follows:

A (s = GM (5" G"(s".pY)  (25)

G(p".q") " =[G

;16" (g™, P! =G (p"

g, (26)

Lemma 3.2. In a generalized ¢-recurrent Sasakian
Finsler manifold TMy, the relation A" +BH =0 is satis-

fied.

Theorem 3.3. A generalized ¢-recurrent Sasakian Finsler
manifold T My with the quadruple (o™ | ET nfl G1) is of
constant curvature 3.

Proof. Due to the manifold is generalized ¢-recurrent
then (24) is satisfied. Applying ¢ both sides of (24), and
replacing # with £, by using (11) we have

—((VER)(p",¢")EM) + " (VIR) (p" 4" EM)EN =
AP (S [=R(P" g™ E" + 0" (R(p" ™) EM)EN]
+B7 (s [G(p" g™ )" — " (G(p"”

By the use of (19) and (26) the following relation holds:

(VER)(p",q") &M =" (VIR)(p",4")E")E"
" 0" (A () 4 B ). 28
With the help of (17) and (18), we get
(VIR)(p" 4" EM = g[GH(SHy oq")n" (p")
G, 0p " (@] + S RGP a"os). 29)

On the other hand, by applying N’ to the (29) and using
(20), it is found that N/ (VER)(p" ,¢")EH) = 0 and so
(29) takes the following form:
1
(VIR)(p"g")E" = 5 [n" (4" )"
=" (p")g" A" (s) + BY (s")]
By virtue of the right parts of (28) and (29),
(R(p".q")gs™) =
1
7167 0g" " (p) — G (5"

4
Lt g -t

(30)

XMt (v™)]

=" (p™)g"[A" (") + B (sT)] (31

q"EMEN]. 27)
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Using Lemma 3.2, (31) takes the following form:
R(p".q")9s" = Z1G"(s", 64" )" (p")
=G (" op" " (¢™] (32

By applying ¢ both sides of (32) and via (11) and (19), the
below equation is satisfied:

R(p".q")s" = 5 . 33)

So, the generalized ¢-recurrent Sasakian Finsler structure
on T My is of the constant curvature %. ]

Theorem 3.4. Assume that TMpyg be a (2n+1)-dimensional

generalized ¢-recurrent Sasakian Finsler manifold with

the structure (91 EH nf G and p!! be the associated

vector field of 1-form AH given in (25). Then the Eigen

value of the Ricci tensor corresponding to the Eigen vector
H .. n

pris 5.

Proof. By virtue of (24) and (11), the following relation

holds:

(VIR ("

[GH( 7 st — G (p" s q"

,q) ) =" (VER)(p",4") )N

—A" (s"R(p™ 4" )
n"(G(p",r")g™)]

Substituting s, pf, ¥ cyclically in (34), three equations
are found from which it follows that

(VIR (™, g™ )+ (VI R) (4" s ™)
+((VIR)(s™, p")r')
rET + 0" ((VIR) (4" SH)rH)éH
0" ((VIR) (5™, p")r)EM — AT (sT)R(p" g )r"!
—AH(p )R( sty — AT (gR(s™, p"rt

LB EIGE A 0 (G, )

=B (p")[G(s", ) g" =" (G(g",r)s™)]

=B (g")[G(p",r)s" =™ (G(s",r)p

Using Second Bianchi identity and applying Lemma 3.2,

AR, g™ )+ AT () [R(g" 5™ P

+2[G(¢" )t =" (6", r)g")]]

(G, )™ =™ (G(p™,r)g™)]]

+A" (g™ [R(s™, p™)rt!
n"(G(p",r)g"))] =

e in (36),

1

—1B"6IG" )P - (34)

" (VIR)(p",q")

1
3
1
3

1
+4[G(d" )P - (36)
H

AT ()[S(p™ 1)

Setting ¢ =
2n—1

()
LAl (s )+ 2 LG )
_AH (R(SH’pH)tH) - G(R(SvaH)tvall-I) = (37)

By the use of (23) and contracting (37), below relation is
satisfied:

0.

S(s"pif) = A7 (™). (38)

O

)1} (35)



N. Caliskan, A. F. Saglamer / On Generalized and Extended Generalized ¢-recurrent Sasakian Finsler Structures

4. Extended generalized ¢-recurrent Sasakian Finsler
structures on 7 My

Definition 4.1. The Sasakian Finsler manifold TMy ad-

mitting the quadruple (¢, EX nH G is called extended

generalized ¢-recurrent if the following relation holds:

O (VIR (p™,qg")r) = AT (M) 92 (R(p™ . ¢™)r")
+B"(s™)*(G(p" . 4")r) (39)

for pH gt 1 " € THTM.

Theorem 4.2. An extended generalized ¢-recurrent
Sasakian Finsler manifold TMpy is Einstein. Also the I-

forms A" and BY are related as
A= _pH. (40)

Proof. Accept that T My be a ¢-recurrent Sasakian Finsler
manifold. Then using (11) and (24), we obtain

9> (VIR)(p" )rH " (VIR (p" . q")r)E"
+A% (5" )[ ( gt =" (R(p™,q")r)EN]
+B7 (s")[G(p™,¢" ) =™ (G(p™ ,¢")r)EM] @)

From the above relation it can be seen that;

G((VIR)(p" g™ i) =
n" (VIR ("¢ ) )" (1

+A" (s")GR(p™, 4" )"
_nH(R(PHﬂ ) )
+B"(s")[G(G(p" ,¢")r"
- (R(p",4")r")n ( 1

Let {efl} i=1,2,...,2n+ 1, be the orthonormal basis of
THTM. Then putting p! = = ¢! and taking summation
overi, 1 <i<2n+1, we get

Y G((VIR)(ef . 4") H>€

Y (0" (VER) (el ,g")r" !
+G(R(ef' ,q")r" el
]

)
)
(f)
)
]

(42)

S

+AR () =" (R(efl . g™) )™ (efl)
+B" (s")[(G(ef! . q")r" el
—n"(G(efl,g™) )" (ef')]}

(43)

If the relations N ((VER)(ef,YH)ZH)nH (ef') = 0 and

LG(R(efl,q")r efl)
the following

(V{'S)(q"

=S(qg',r) are considered we have

) = Af (5H)S(g )
—AH( )11 ( (iH, q")r')
4B (PGl e
=G(q" ")+ " (¢"m" ()],
By using (21) in (44), we have
(V{'S)(g" . r)

(
AT )

(44)

=Af(sM)s

(45)
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By putting 7 = £ in (45), we have the following;

(VH5)(g", &™) = AT (s™)S(q, )
+5B8"(s" 0" (¢"") (46)
By virtue of (22)
(VES)(q",&7) = 2% (s7) + BY ()" (') (47)

2

On the other hand, due to the relation between
(VIS)(g", €M) and (V{')(S(¢",EM)) and by the use of
(18) and (22) the below equation is satisfied:

1
(VE'$)(q" &) = ZG(s", 00" )+ 3S(q" . 05).  (48)
Substituting ¢¢” with ¢!

have

in (48) with the help of (23) we

+ 1S(q;H ST, (49)

n
7G(SH7qH) 2

(V594" ) =

Plugging ¢ = ¢4" in (42) with the help of (14) we get
(V{8)(9q" &) = (50)
It follows from (49) and (50),
S(q"s") = 3G(s™.q") (51

So, manifold is Einstein [3].
Further, contracting (48) by the use of (12) and (14) we
get the relation (VZS)(¢",E#) = 0. In the same sence,
contracting (47), we have (40).

O

Theorem 4.3. Assume that T My be a (2n+1)-dimensional
extended generalized @-recurrent Sasakian Finsler mani-
fold, then the following relation holds:

(VR (g = S 1-GO™ )G )
+G(X",s")G(og" ")+ G(9R(p" )5 r1))EM

—A" (s (R(p™, 4"} (52)
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