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Qualitative study of a higher order rational
difference equation

Abdul Khalig*' and E. M. Elsayed*

Abstract
In this paper we study the behavior of the difference equation
AL Tn—1
Tpy1=———"——, n=0,1,...
e ﬁmn—m + YTn—1 ’ B
where the initial conditions z_,, £_,4+1,..., o are arbitrary non zero

real numbers where r = maz{l, m} is a non-negative integer and «, 3
and v are constants. Also, we obtain the solutions of some special cases
of this equation. At the end we present some numerical examples to
support our theoretical discussion.
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1. Introduction

In this paper we deal with the behavior of the solutions of the following difference

equation
AL Tn—1

(1.1)  zpt QT ve— n=0,1,..,
where the initial conditions x_,, x_,41,..., o are arbitrary non zero real numbers and
where r = max{l,m} is a non-negative integer and «, S and 7 are constants. Also,
we obtain the solutions of some special cases of this equation. We trust that nonlinear
rational difference equations are of supreme importance in their specific righteous, and
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in addition that results about such equations deal with patterns for the development of
the basic theory of the global behavior of nonlinear difference equations.

The dynamical characteristics of population system have been modelled, among oth-
ers by differential equations in the case of species with overlapping generations and by
difference equations in the case of species with non-overlapping generations.

In practice, one can formulate a discrete model directly from experiments and observa-
tions. Sometimes, for numerical purposes one wants to propose a finite-difference scheme
to numerically solved a given differential equation model, especially when the differential
equation cannot be solved explicitly. For a given differential equation, a difference equa-
tion approximation would be most acceptable if the solution of the difference equation
is the same as the differential equation at the discrete points [39]. But unless we can
explicitly solve both equations, it is impossible to satisfy this requirements. Most of the
time, it is desirable that a differential equation, when derived from a difference equation,
preserves the dynamical features of the corresponding continuous-time model such as
equilibria, their local and global stability characteristics and bifurcation behaviors. If
such discrete models can be derived from continuous-time models and it will preserve
the considered realities; such discrete-time models can be called ‘dynamically consistent’
with the continuous-time models.

Also, difference equations are appropriate models for describing situations where pop-
ulation growth is not continuous but seasonal with overlapping generations.

El-Metwally et al. [14] investigated the asymptotic behavior of the population model:

Tn

Tny1 =+ Brp_re” ",

where « is the immigration rate and S is the population growth rate.
The generalized Beverton-Holt stock recruitment model has investigated in [5]:

o bxn—l
Tn+l = 0Tn + 1+ cxpn_1+de,

In recent time nonlinear difference equations have fascinated the minds of many re-
searchers. In fact, we have endorsed a swift growth of concern in these types of equations
in the earlier decade. Maybe, the desire was rooted from the evidence that these type
of equations have various applications not only in the field of mathematics but also in
relevant sciences, notably in biological sciences, engineering, ecology, discrete time sys-
tems, economics, physics and so on. We trust that this line of research will continue
to appeal to the thoughts of more researchers in coming years as more compelling and
captivating results are obtained and conveyed in recent analysis. The problem of finding
the closed-form solutions of nonlinear difference equations have become a tendency over
this research topic. As a matter of fact, numerous papers negotiate with the problem
of solving nonlinear difference equations in any way possible, see, for instance [7]-[15].
Apparently, finding the solution form of these types of equations is, in general, a very
challenging task. Nevertheless, various methods were offered recently to reduce compli-
cated nonlinear difference equations into linear forms which have already known solution
forms. For instance, through transforming into linear types, a large class of nonlinear
difference equations were resolved in closed-forms (see, e.g., [15]-[29]).

Many researchers have investigated the behavior of the solution of difference equations
for example: Cinar [6] has obtained the solutions of the following difference equation

ATn—-1

Tppl = ——— .
" 1+b$n$n—l
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In [12] Elabbasy et al. studied the global stability, periodicity character and gave the
solution of special case of the following recursive sequence
Axn—-1Tn—k
Tpyl1 = ————.
bTp—p — CTrn—q
Elsayed and Khaliq [28] investigated the boundedness, global stability and existence of
periodic solutions of the following difference equation

bTr—1 + CTr_s
d+exn_t

Amleh et al. [3] investigated the global stability, periodicity character and gave the
solution of some special cases of the difference equation

Tn+1l = ATp—1 +

. _a+ bxn_1
ntl = A+ Bxp_o '
Yan et al. [51] studied the global attractivity for the recursive sequence
a— Bxn
Tyl = ——.
Y — Tn-1

Dehghan et al. [8] found the invariant intervals, global stability, the character of semi-
cycles, and the boundedness of the equation

AYn—2

Tppl = —— "
B+ yykyk _yk_,

Yang [51] studied the global asymptotic stability of the difference equation
Tp-1Tn—2 +Tpn—3+a
Tp—1+ Tn—2Tn-3+a

Tn+1 =

See also [1]-[5], [30]-[45]. Other related results on rational difference equations can be
found in refs. [46]-[56].

Let us introduce some basic definitions and some theorems that we need in the sequel.
Let I be some interval of real numbers and let
foIt g

be a continuously differentiable function. Then for every set of initial conditions
Tk, T_kt1,...,T0 € I, the difference equation

(1.2) Tnt1 = f(Tn, Tn-1,...; Tn—k), n=0,1,..,

has a unique solution {z,};=_, [37].
A point T € [ is called an equilibrium point of Eq.(1.2) if

T = f(z,Z,...,T).
That is, z,, = T for n > 0, is a solution of Eq.(1.2), or equivalently, T is a fixed point of
f-
1.1. Definition. (Stability)

(i) The equilibrium point T of Eq.(1.2) is locally stable if for every € > 0, there exists
6 > 0 such that for all x_,z_ky1,...,2-1, 20 € I with

|z—k —Z| + |T—k41 — T+ ... + w0 — T| < 4,
we have

|z —Z| <e forall n>—k.
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(ii) The equilibrium point 7 of Eq.(1.2) is locally asymptotically stable if T is a locally
stable solution of Eq.(1.2) and there exists v > 0, such that for all z_x, £ _g41, ..., T—1, 20 €
I with

|z —Z| + |T—kt1 — T+ ... + |20 — T| < 7,
we have

lim z,=7=.
n—oo

(iii) The equilibrium point T of Eq.(1.2) is a global attractor if for all
Tk, T—ktl,y ..., T—1,20 € I, we have

lim z, =7.
n—o0

(iv) The equilibrium point T of Eq.(1.2) is globally asymptotically stable if T is locally
stable, and T is also a global attractor of Eq.(1.2).
(v) The equilibrium point Z of Eq.(1.2) is unstable if Z is not locally stable.
The linearized equation of Eq.(1.2) about the equilibrium Z is the linear difference
equation
k

(13) Yn+1 = Z af(l’n,l'nfh ~--,$n—k) Yn—i

i—0 OTn—;

Tp=Tp_1=...=Typ_ =T

Theorem A [37]: Assume that p,q € R andk € {0,1,2,...}. Then
lpl+ 1l <1
is a sufficient condition for the asymptotic stability of the difference equation
Tp4+1 + 9T +qTn—r =0, n=0,1,....
Remark. Theorem A can be easily extended to a general linear equation of the form
(1.4)  Zptk + P1Tngk—1+ .. + DE2n =0, n=0,1,...

where p1,p2,...,pr € Rand k € {1,2,...}. Then Eq.(1.4) is asymptotically stable provided
that

k
Z pi| < 1.
i=1
Consider the following equation

(1~5) Tn+1 =g(xn,xn_1,a:n_2)

The following theorem will be useful for the proof of our results in this paper.

Theorem B [38]: Let [p, q] be an interval of real numbers and assume that

9:[p,q* = [p.d]
is a continuous function satisfying the following properties :
(a) g(z,y,z) is non-decreasing in x and y in [p,q] for each z € [p,q|, and is non-
increasing in z € [p,q] for each x and y in [p,ql;
(b) If (m, M) € [p,q] X [p,q] s a solution of the system
M =g(M,M,m) and m=g(m,m,M)
then m = M.

Then Eq.(1.5) has a unique equilibrium T € [p, q] and every solution of Eq.(1.5) con-
verges to T.
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2. Dynamics and behaviour of solutions of eq.(1.1)

In this section we study some qualitative behavior of Eq. (1.1) such that local stability,
global attractor of the equilibrium point and boundedness character of solutions of Eq.(1.1)
when the initial conditions x_,, x_r41,..., To and the constants a, B and v are arbitrary
positive real numbers.

2.1. Local stability of eq.(1.1). In this section we investigate the local stability char-
acter of the solutions of Eq.(1.1). It has a unique equilibrium point and is given by the
equation
= oz?
BT +~T’
or,
(B +7) = oz,

if (B4 7) # «, then the unique equilibrium point is T = 0.

Let f:(0,00)% — (0,00) be a function defined by

auw
(21 fluw,t)= Bt ow
Therefore it follows that
_ aw _ afut
fu(u7w7t) - (ﬁt—l—’yw)’ fw(u7w7t)7 (ﬁt+,yw)27
_ —afuw
and ft(u, w, t) = W7
we see that
o o e af
fu(fL‘,CC,I) - (ﬂ—'—"}/)’ fw(x,l',l’) (ﬂ+7)27
and f(Z,7,T) = ﬁ
The linearized equation of Eq.(1.1) about T is
2.2 n - o n — OCB n— aﬂ n—m = 0.
GB e G T G T B

2.1. Theorem. Assume that
38+y 1

B+7)? "o
Then the equilibrium point of Eq.(1.1) is locally asymptotically stable.

Proof. It follows by Theorem A that Eq.(2.2) is asymptotically stable if

el el et <
B+ [B+12] |[(B+7)? '
or,

a(B+7y)+aB+aB < (B+7)
Thus

38+ 1

B+7)? "o

The proof is complete. O
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2.2. Global attractor of the equilibrium point of eq.(1.1). In this section we
investigate the global attractivity character of solutions of Eq.(1.1).

2.2. Theorem. The equilibrium point T of Eq.(1.1) is global attractor if o # .

Proof. Let p,q be real numbers and assume that g : [p, q]*> — [p, ] is a function defined
auw . . . .
by g(u,w,t) = Bt Then we can easily see that the function g(u,w,t) increasing
~yw

in u,w and decreasing in ¢.
Suppose that (m, M) is a solution of the system

M =g(M,M,m) and m=g(m,m,M).
Then from Eq.(1.1), we see that
2 2
Mo oM _amt
pm +yM BM +ym

or,
MmpB = M*(a—~), Mmb=m?a—~).
Then subtracting we obtain
(a =DM —m?) =0, a+7.
Thus
M =m.

It follows by Theorem B that T is a global attractor of Eq.(1.1) and then the proof is
complete. O

2.3. Boundedness of solutions of Eq.(1.1). In this section we study the boundedness
of solutions of Eq.(1.1).

2.3. Theorem. Every solution of Eq.(1.1) is bounded if L.
y

Proof. Let {z,}5>_, where r = maxz{l,m} be a solution of Eq.(1.1). It follows from
Eq.(1.1) that
OTn T < QTnTn_i «

= ().

BTrn—m + VTt —  YTn_i 07

ITnt+1 =

Then when & < 1, we see that
0l

Tn+1 <z, forall n>0.

Then the subsequences {z, }5=( are decreasing and so are bounded from above by M =
max{T_ri1, Tort1, Tort2,...y Tot O

3. Special cases of eq.(1.1)

Our goal in this section is to obtain the form of the solutions of some special cases
of Eq.(1.1) when the initial conditions x—r, T_rt1,..., To are arbitrary non zero real
numbers and the constants o, B and vy are integer numbers.
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3.1. First Case. In this section we study the following special case of Eq.(1.1)

TnTn—4

3.1 —  Tn¥n-d4
( ) Tt Tn—4 + Tn_3

n=0,1,..,

where the initial conditions x_4, x_3, T_2, x_1, o are arbitrary non zero real numbers.

3.1. Theorem. Let {z,}oz_4 be a solution of Eq.(3.1). Then forn=0,1,2,...

abede
Tan— = )
and (anla+Fn72b)(anlb+Fn72c)(anlc+Fn72d)(Fn71d+Fn72e)
. _ abcde
nes (Frna+ Fr1b)(Frn1b+ Fac)(Foo1c+ Fnod)(Fn1d + Fr_2e)’
- _ abede
72T (Fua+ Fue10)(Fub + Fuo16)(Fa-1¢ + Fr—2d)(Fu_1d + Fy_se)’
abede
Tan—1 =

(Fna + anlb)(Fnb + anlc)(Fnc + anld)(anld + Fn72e) ’

where x_4 = a, x_3=0b, x_2 =c¢, x—1 =d, xo = €. {Fm =0 =1{1,1,2,3,5,8.....},
Foi=0, Fop=1.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1, n — 2. That is:

abede
T = (Fu_sa + Fa3b)(Fa—2b+ Frn—3¢)(Fn_2¢ + Fr—3d)(Fn—sd + Fn_ac)’
. _ abede
an-s (Fn—Qa + Fn—Sb)(Fn—Qb + Fn—SC)(Fn—2C + Fn—Sd)(Fn—2d + Fn—Be) ’
. _ abede
T T (Fuoia+ Frob)(Fo-ab+ F—3¢)(Fn—2c + Fp_3d)(Fp—2d + Fn_ze)’
- _ abcde
0T (Fam1a + Fue2b)(Fuo1b + Fr—26)(Fa—2¢ + Fr_s3d)(Fu_2d + Fn_se)’
abede
Tan—-5 =

(anla + Fn72b)(anlb + Fn72c)(anlc + Fn72d)(Fn72d + Fn73€) ’
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Now, it follows from Eq.(3.1) that

Tan—5L4n—9

Tanmt = Tan—9 + Tan—8
abcde
< Frn_1a+ anzb)(anlb + Fn,QC)(Fn71C + anzd)(anzd =+ ange)) X
abcde
_ é(Fn_ga + Fn_sb) (Fn_Qb =+ Fn_gc)(Fn_QC =+ Fn_dd) (Fn_3d + Fn_46)
abcde
(anga +4 angb) (angb 4 angc)(Fn72C =+ angd) (Fn73d -+ Fn746) +
abcde
(anga + Fn,3b)(Fn,2b + Fn,3c)(Fn720 + angd)(angd + Fn73€)
_ (Fn71a+Fn—2b)(Fn—1b+Fn—2aCb)c(dF‘en—1C+Fn,72d)(Fn—2d+Fn73e) (anscHl'anw)
(et st
(Fr—3d+Fp_qe) (Fp—2d+Fp_gze)
abcde
. (Fn_1a+Fn_gb)(Fn_1b—|—Fn_zc)(Fn_lc—FFn_zd)
1 1
(angd + Fn736)(Fn73d —+ Fn,4e) ((Fn_gd T Fn_4€) —+ (Fn_zd i Fn_3€))
abcde
. (Fn_la—l—Fn_gb)(Fn_1b+Fn_zc)(Fn_1C+Fn_2d)
B (Fn72d+Fn73e+Fn73d+Fn746)
_ abcde
- (Fn_la =+ Fn_gb)(Fn_lb + Fn_gc)(Fn_lc + Fn_gd)(Fn_ul + Fn_ze) ’
Also, we can prove the other relations. O

3.2. Second Case. In this section we give a specific form of the solutions of the differ-
ence equation

TnTn—3

(3.2)  xpt1= n=0,1,..,

b
Tn — Tn—4
where the initial conditions r—_4, x_3, x_2, T_1, To are arbitrary non zero real numbers
with 4xg # T_4, x_a F# To, 2T0 F# T_4a, 3To F# T_a.

3.2. Theorem. Let {z,}5=_4 be a solution of Eq.(3.2). Then forn =0,1,2,...

e” be™ ce™ de™

Ton—4 = F’ Tan—-3 = ﬁ’ Tan—-2 = aT’ Tan—-1 = (

e—a e—a)r’

where t_4 =a, x_3 =0, x_2o =c, x_1 =d, xo =e.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1, n — 2. That is,

den72 6”71 b€n71
T4n—9 - (6 — a)"‘2 5 Ton—8 = an_72 y Lan—7 = (e — a)n_l 9
Cen—l den—l

T4an—6 F’ Tan—-5 = W.
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From Eq.(3.2), it follows that

denfl en—l
Tan—5Tdn—8 (e—a)n—1 an—2
Tan—4 = =
Tan—5 — Tan—9 den—1 _ [ _den—2
(e—a)"_l (e—a)”_2

n—1(en"1! e
€ an—2 an—2 en

en—1 _ 6"72(6 _ a) e — (6 _ a) - an—1°

The remaining relations can be found in similar way, therefore left to reader. Thus the
proof is completed. |

3.3. Third Case. In this section we obtain the solution of the following special case of
Eq.(1.1)
TnIn—3

3.3 ] = ———————,
( ) It Tn—-3 + Tn—4

n=0,1,..,

where the initial conditions r_4, x_3, x_2, T_1, To are arbitrary non zero real numbers
with xo # x—1, T-17# T_2, T2 # T_3.

3.3. Theorem. Let {z,}ol_4 be a solution of Eq.(3.8). Then forn =0,1,2,...

Cans = brttendmen
- 71:[1(a+ (i + 1)b)(b+ic)(c+id)(d+ie)’
o _ B bt dmen
- Tl @+ i+ DB+ (6 + e)(c + id) (d + ie)
- _ B bprerdrten
. ﬁ(a + (@ +1)b)(b+ (i+ 1)e)(c+ (i +1)d)(d + ie)7
I B bprendrent!
' jlj:(a BB+ 1+ De)(et G+ Dd)(d+ i+ 1)

—1
Where x_4s =a, x_3=0b, x_o=¢, z_1 =d, xo =e and [[ A; =1.
i=0

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1, n — 2. That is;

bncnfldnflenfl
Lan—7 - 5

n—2

IT (a+ (i + )b)(b+ ic)(c + id)(d + ie)

=0

bnflcndnflenfl

Tan—6 = n_2 5

TT (a+ (i + 1)b)(b+ (i + 1)c)(c + id)(d + ie)

=0

bnflcnfldnenfl

Tan—5 = n_2 5

I (a+ (i + 1)b)(b+ (i + 1)e)(c+ (i + 1)d)(d + ie)

=0
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bnflcnfldnflen

B fff(a G DB+ (4 Do) (et 4+ Dd)(d+ (G + 1)e)
R - b2 gn—2en-l

" 7]:[3(a FE+DB)0b+ (i +1)e)(e+ (6 + 1)d)(d+ (i + 1)6)’
e - b2 gn—len=2 _

o E(H (i + 1)) (b + (i + 1)e)(c + (i + 1)d)(d + ie)

Now, it follows from Eq.(3.3) that
Tan—3T4n—6

Tan—6 + Tan—7

pn—lengn—1len—1 + pnen—lgn—1len—1

n—
i

—

n—2
I (at(i+1)b) (b+(i+1)c) (c+id) (d-+ie)

2
I T (a+(i+1)b)(b+ic)(c+id)(d+ie)

bn+lc’ndnen bnflcndnflenfl
n—1 n—2
‘]:[0 (a+(i41)b) (b+ic)(c+id)(d+ie) ‘l:[o (a+(i41)b) (b+(i4+1)c) (ct+id) (d+ie)
) =0

pntlongnn

Tf]jol(a+(i+1)b)(b+ic)(c+id)(d+ie) (7]:[02(b+(i+1)c)

c b
n—2 + n—2
vl:lo(b+(i+1)6) _1:[O (b+ic)

pntlontlgn n

yflf[:(a+(i+1)b)(b+ic)(c+id)(d+ie)

n—2
b T1 (b+(i+1)c)
¢ + 1:71(12
I (b+ie)

pntlon+lgn g n

n—1
'l:[o (a+(i41)b)(b+ic)(c+id)(d+ie)

c+ (b+ (n—1)c)

bn+1cn+1dnen

(b+ (n)c) jl:[:(a G+ 1)) (b4 ic)(c+id)(d+de)
Since (b+ (n)c) nﬁl

—1
1=0 =

(b+1ic)=b I] (b+ (i + 1)c). Therefore
i=0

bncn+1dn6n
Ton—2 =

n—1

IT (a+ (i + 1)b)(b+ (i + 1)c)(c + id)(d + ie)

=0
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Other relations can be found similarly. The proof is completed. O

3.4. Fourth Case. In this section we obtain the solution of the following special case

of Eq.(1.1)

TnTn—3
3.4 iyl = —n3 =0,1,..,
( ) Tn Tn + Tn-3 "

where the initial conditions x_3, x—_2, x_1, To are arbitrary non zero real numbers with
To # —T_3.

3.4. Theorem. Let {z,}7=_3 be a solution of Eq.(3.4). Then x1 = . Forn =

1,2,...

(a+4d)

abed
gnabc + gn_zabd + gn_sacd + gn_1bcd’
where T_3 = a, T—2 = b, x—1 =¢, o = d, {gmtm=0 = {1,1,1,2,3,4,5,7,10,14, 19, ...},
t.e. gm+t1 =9gm +9m-3, m>0,9 3=0,9 2=0,9g-1 =1 and go = 1.

In+1 =

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1,n — 4. That is;

. _ abed
nm3 = gn—aabc + gn_rabd + gn_sacd + gn_sbed’
abed
Tn =

gn—1abc + gn—aabd + gn—zacd + gn—2bcd’
Now it follows from Eq.(3.4) that

TnTn—3

Tn4+1 = ——
Tn + Tn-3

( abed ) ( abed )
9gn—1abc+gpn _gabd+gy, _3acd+g, _2bcd gn—4abct+gy _7abd+gy, _gacd+g, _sbed
abed + abed
gn—1abct+gn _gabd+gy, 3acd+g, _2bcd 9gn—4abct+gyn _7abd+g, _gacd+gn, _sbed

abed
gn—1abc 4+ gn_aabd + gn_sacd + gn—2bcd + gn_aabc + gn_7abd + gn_sacd + gn—sbcd

abed
gnabc + gn_sabd + gn_2acd + gn_1bed”

Hence the proof is completed. O

4. Numerical examples

In order to explain and support the results of the previous discussion we present several
interesting numerical ezamples in this section. These examples represent different types
of qualitative behavior of solutions to special cases of Eq.(1.1).

In this section, to observe numerical results clearly, we present graphs of solutions that
were carried out using MATLAB. We choose different values for the parameters a, B and
. It should be noted that xo, T_1, T_2, x_3 are also different initial values.

4.1. Example. Consider the difference equation (1.1) when m =3,1=4, «=0.9, 8 =
03, y=06,withz_4 =7 2_3=3, z_2 =2, z_1 =1, o =0.9. [See Fig. 1].
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plot of x(n+1)=(ax(n)x(n—4))/(bx(n-4)+cx(n-3))
7 T T T T T

0 5 10 15 20 25 30 35 40 45 50

Figure 1. This figure shows the stability of the solutions of Eq. (1.1) when m = 3,1 = 4,
o = 0.97 [‘3 = 0.3, Y= 0.6, T—g = 7, r—3 = 3, r—2 = 2, r—1 = 1, zo = 0.9.

4.2. Example. Put x_3 =5, 2o =3, 2.1 =2, 20 =9, m=3,1=2, =11, g =
0.9, v = 0.2 in the difference equation (1.1). See Fig. 2.

plot of x(n+1)=(ax(n)x(n-2))/(bx(n-3)+cx(n-2))
14 T T

12 B

10 1

x(n)
)

L
50 100 150

(S}

Figure 2. This figure shows the behavior for Eq. (1.1) with x_3 =5, x_2 =3, x_1 = 2,
=9, m=3,1=2,a=11,5=0.9,v=0.2

4.3. Example. Consider Eq.(1.1), where m = 3,1 =2, a = 1.2, § = 0.54, v = 0.65,
x_3=>5, z_g =3, x_1 =2, xg = 9. [See Fig. 3].
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plot of x(n+1)=(ax(n)x(n-2))/(bx(n-3)+cx(n-2))
T T

70

x(n)

0 50 100 150

Figure 8. This figure shows the unboundedness solutions for Eq.(1.1) since m = 3,
l=2,a=12,6=054,v=0.65,z_3=52_2=3, 21 =2, 20 =09.

4.4. Example. Consider Eq. (3.1), when z_4 = 0.5, z_3 = 0.3, z_o = 0.2, z_; =
0.9, zo = 0.7. [See Fig. 4].

plot of x(n+1)=(x(n)x(n-4))/(x(n-4)+x(n-3))
0.9 : : . . :

0.8 1
0.7 4
0.6 1

051 1

x(n)

031 1

021 1

0.1 4

0 5 10 15 20 25 30 35 40 45 50
n

Figure 4. This figures shows the solutions of Tn+1 = , when r_4 = .5,

Tn—4 + Tn_3
r_3 = 0.3, r_o9 = 0.2, r_1 = 0.97 o = 0.7.

4.5. Example. See Fig. 5 when we consider the difference equation (3.2) with z_4 =
57 r—3 = 3, r—2 = 0.2, r—1 = 9, o — 7.
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% 10° plot of x(n+1)=(x(n)x(n-3))/(x(n)-x(n-4))
T T T

12 T T

10 1

x(n)
o)

0 5 10 15 20 25 30 35 40 45 50

Figure 5. This figure shows the solution of Eq.(3.2) with x_4 =5, x_3 = 3, x_2 = 0.2,

r—1 :9, o :7.
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