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The growth of generalized Hadamard product of
entire axially monogenic functions
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Abstract

In this article, we estimated upper bounds for the growth order and
growth type of generalized Hadamard product entire axially monogenic
functions. Also, some results concerning the linear substitution are
discussed. The obtained results are the natural generalizations of those
given in complex setting of one variable to higher dimensions of more
than four.
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1. Introduction

The study of asymptotic growth behavior of integral functions is one of the main
topic in complex analysis. Such study for entire functions of one complex variable was
generalized in three directions. The first direction is the study of the asymptotic growth
behavior of the entire functions of several complex variables (see e.g. [12, 13, 17, 20]). The
second one is devoted to the integral functions of several complex matrices in different
domains, for which we may mention for examples [15]. The third direction is involved in
Clifford analysis to study the asymptotic growth behavior of entire monogenic functions
(for examples, [3, 5, 7, 8, 9, 10, 21]).

In [6, 11], R. Delanghe, F. Sommen and F. Brackx introduced the monogenic func-
tions with values in a real Clifford algebra defined on a nonempty subset of R" and
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obtained many important monogenic function theoretic results, such as the Cauchy inte-
gral formula, the Taylor expansion, and the Laurent expansion and so on, which are the
extensions of the well-known classical theorems.

Later on in [2] the notion of growth order and type was introduced for a subclass
of Clifford monogenic functions which are generated by a special subclass of monogenic
polynomials, denoted by special monogenic functions (or axially monogenic functions).
These are functions generated by a special subfamily of monogenic polynomials. In the
follow-up papers [3, 4] it was analyzed under which growth conditions the related basic set
of special polynomials form a Cannon set which gave some first results on some questions
around the growth of this particular subclass. Also, growth order of Hadamard product
of bases for axially monogenic polynomials and its convergence properties is studied in
[1]. Recently, Abul-Ez and De Almeida are investigated the growth of entire axially
monogenic functions with the help of lower order and type in [5].

In this paper the mode of increase of the generalized Hadamard product of two axially
monogenic functions is determined in terms of the growth order and the growth type
of these axially monogenic functions. The results obtained involve the coefficients in
the Taylor expansion of the generalized Hadamard product of entire axially monogenic
function, obtaining their order and type. Also, linear substitution of the generalized
Hadamard product of entire axially monogenic function is established.

1.1. The Clifford Toolbox. This subsection contains some definitions and basic prop-
erties of Clifford algebra, which we use throughout of this paper. Let {e1,e2,...,emn} be
an orthonormal base of the Euclidean vector space R™ with a product according to the
multiplication rules

ekel+elek:f25kl, kl=1,....,m,

where dj; denotes the Kronecker symbol. This non-commutative product generates the
2™-dimensional Clifford algebra Clo,m over R, and the set {ea: A C{1,...,m}} with
€A = €h1€hy---€h.y, 1 < hy < ... < hp, eg = eg = 1, forms a basis of Clp,,,. In
this instance Cly o is the field of real numbers, Cly ; the field of complex numbers and
Clp,2 = H the quaternion skew field, respectively. Canonically the real vector space
R™ ! will be embedded in Clo,., by identifying (zo, x1,. . ., Zm) € R™! with the element
x = xo+z of the algebra, where x = e1z1+...+emxm. The conjugate of x is T = o —z,
and the norm |z| of z is defined by |z|> = 2T = ZTx. As Clo,,, is isomorphic to R?” we
may provide it with the R>" -norm |a|, and one easily sees that for any a,b € Clo.m,
la.b| < 2% |a|.|b], where a = 3 ,,, aaea and M stands for {1,2,...,m}.

In the sequel, we consider Clg m-valued functions defined in some open subset Q C
R™*! ie. functions of the form f(z) = 3, fa(z)ea, where fa(z) are real-valued
functions. Suggested by the case m = 1, call an Clo m-valued function f in R™'!
left-monogenic, which is annihilated by the generalized Cauchy-Riemann operator D :=

Z;.":O e; (%), i.e. Df = 0. Since the operator D can be applied either from the left-
J

and from the right-hand side, it is usual to refer to a left- and right monogenic function,

respectively. For simplicity, from now on we only deal with left monogenic functions that

for simplicity we call axially monogenic. The case of right monogenic functions may be

treated analogously.

2. Axially monogenic functions

In [2, 3] Abul-Ez and Constales were the first who introduced the study of the as-
ymptotic growth behavior of axially monogenic functions, which generalizes in a natural
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way the analogue study for holomorphic functions of one complex variable to (m-+1)-
dimensional Euclidean space. Their definition of the axially monogenic functions pro-
ceeds as follows:

The right Clo,m-module Clo ., [x], defined by

Am =spang,, {zn(x):n €N}

is called the space of axially monogenic polynomials, if the polynomial z,(x) is given by

(see [1]).

(5), (),
2 Ji\ 2 Izt

ilj!

= Y

i+j=n
where for b € R, (b); = b(b+ 1)...(b +1 — 1) and T is the conjugate of x, and R™T" is
identified with a subset of Clo .. If P,,(z) is a homogeneous axially monogenic polynomial
of degree n in z then (see [2]) P, (z) = zn(z)a, where «a is some constant in Clg ., and

21)  Jzn(@)ll, = sup |zn(2)| = <m+n - 1>r" _ ()

|z|=r n n!
m m+n—1)!
where (nﬁ" = 7(71!(;_1))!,

2.1. Definition. (Axially monogenic function). Let  be a connected open subset
of R™! containing 0, then a monogenic function in € is said to be axially monogenic in
Q iff its Taylor series near zero (which is known to exist) has the form

(2.2) flx) = i Zn(Z)Cn, cn € Clo,m.
n=0

A function f is said to be axially monogenic function (or special monogenic function)
on the closed ball B(r) if it is axially monogenic on some connected open neighborhood
Qf of B(T)

The fundamental references for axially monogenic functions see for instance [16, 19].
2.2. Definition. The radius of regularity R; of axially monogenic function is defined

by

1
limsup,, ,  [lc[|™
Then the axially monogenic function (2.2) is entire if Ry = oo.
2.3. Proposition. (Cauchy’s inequality)
Let f(x) =35 #zn(x)cn be an azially monogenic function defined on a neighborhood
of the closed ball B(0,7). Then (see [2, 3] ).

leall < 4/ (M)

(m)n \ rn
where M(r, f) = sup|, =, | f(2)|| is the mazimum modulus of f.

In [2, 3] the following main result was given:
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2.4. Theorem. Suppose that f be an entire azxially monogenic function. Then the order
p of [ is given by

. (nlogn)
2.3 = limsup ———~
@3 = B fog (e
and if 0 < p < o0, then its type T is given by

1
(2.4) 7= —limsupn |jc.|”/".
€Pp nooo
3. Statement of results
Relying on [3], suppose that

Gs(x) = Z Zn(T)an,s, s=1,2
n=0

are two entire axially monogenic functions of the growth orders ps and the growth types
Ts, then

i (nlogn) . log log M, (r)
3.1 s = limsup ———=—*— = limsup ————~
S "Hoop log([|an,s||~") T‘~>oop logr
If 0 < p < o0, then
(32) 7= = lim supn ||an,s|\"5/” = lim sup M’
€Ps n—oo o0 rPs

where M (r) = max|z=r [|9s(2)|, s =1,2.
In analogy with the complex setting [14, 18], we define the generalized Hadamard
product of two axially monogenic functions denoted H(z) as follows

(33)  H(x) = (5149:) (w0, 8) = D za(x)en,
n=0

where ¢, = a3 14’ , and «, 8 are any real numbers and a2 ;,a” , are the o' and ™"

a B :
powers of a;; ; and a;, , respectively.

In the special case, if we take a = 8 = 1 we get the Hadamard product (51 AG2)(x;1,1) =
(G1 % G2) ().

Next, we present an estimation of the growth order p and the growth type 7 of the
generalized Hadamard product of entire axially monogenic functions by the following
theorems:

3.1. Theorem. Suppose that Gs(x); s = 1,2 are two entire azially monogenic functions
of positive and finite growth orders ps, s = 1,2 Then the growth order p (0 < p <
00) of the generalized Hadamard product function H(z) is characterized by the following
inequality

p1p2
3.4 < PPz
(3.4) S ——

3.2. Theorem. Let H(z) be the generalized Hadamard product of entire azially mono-
genic functions whose its constituents are the two azially monogenic functions G1(x) and
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G2(x), of respective growth orders p1 and p2. If p is the growth order of H(x) such that
p= % then the growth type T of H(x) is estimated by the following inequality

1
(3.5) r< ;(pm)a(p/m) (pa2)?@/02),

where T1 and T2 are the growth types of G1(x) and G2(x), respectively.

Proof of Theorem 8.1. Since Gs(x), s = 1,2 are two entire axially monogenic functions
then relying to [2, 3] we have

Hmsup ||an|* =0, s=1,2.
n— oo

Also, since ¢, € Clo,, which gives |c,| < 22 |an1|/an,2|, thus
. 1 1 1 1
limsup [[e,||™ < 22 limsup ||an,1||™ limsup ||an2|™.

Hence H(z) is an entire axially monogenic function.
Owing to (3.1) we have for the two orders p: and p2 of the respective entire axially
monogenic functions 1 (z) and Go(x) that

nlogn
——=ps, S=1,2.
—log([lan,sl)

Therefore, for an arbitrary € > 0 and constants N; and N2, we get

1 1
—log(||lan,1|]) > (— — —)nlogn, for n > N;
p €

and

1 1
—log(|lan,2|]) > (p— - g)nlogn, for n > No.
2

Let n > N > max (N1, N2), we obtain

1 1
—log(l|lan,1||||an,2]]) > (— + — — € )nlogn for n > Nj.
pL o p2
or,
foing 108 (lanillanal) 1 1
n— oo nlogn p1 P2

Thus, we can be reduced to

—log(||a% 1 ||||a®
poning o8 enalleZal) o
n— oo nlogn p1 P2

Since
n
llenl| < 2% [lag allllaf o],

then
—log|len|| > —nlogv2 — log( |as 1|llal ).
From which we have

1 —nlogy/2 — lo ay ai
Jim sup og||enl| > liminf g g( llan 1llllan 2|1) > g_’_ﬁ.
nooo nlogn n—o0 nlogn P, P2
This immediately given
0 < p1p2

= Bp1t+ap
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Thus the proof of the Theorem 3.1 is complete. O

Proof of Theorem 3.2. Since ps; s = 1,2 are positive and finite, then for finite numbers
~s and finite positive integers N5 and using (3.2), we have

lansll < (L22)™00 > Ny, 5=1,2.

Let7 be the growth type of the generalized Hadamard product of entire axially mono-
genic functions H(z), then it follows from the definition of the growth type that

1
7 =— limsupnlc.||”™
€Pp nooco

p/n
1
<— limsupn ((epm)om/m (W)Bn/pz>

€0 n—oo n n

1 . P
:5[(01%) /e (P272)ﬁ/p2} :

Since vs, s = 1,2 can be chosen as near to 7s as possible we infer that
1 a P
T < ;[(Plﬁ) /o1 (pQTQ)B/pz] ,
yields the assertion (3.5) of Theorem 3.2. O

The above two theorems allow us to obtain directly the precise growth order and
growth type of each the generalized Hadamard product of entire axially monogenic func-
tions when knowing its Taylor coefficients explicitly without determining the exact value
of M (r) which is usually difficult to fined and even impossible in most of the cases.

The following example shows that the upper bounds of (3.4) and (3.5) are attainable.

3.3. Example. Suppose that §(z) = 37 22, (2) L and §(z) = 7™ z2a(2) 2} are
two entire axially monogenic functions of common order 2 and of respective type 1,3.
Consider the generalized Hadamard product of entire axially monogenic function

3TL
n!

= 1
H(z) = Zm(m)(mf’ (=%,

then the Taylor coefficient of H(z) is can = ()% 3™,

n!

Evaluating the growth order and growth type of H(z), we get

lim s 2nlog2n
p =1msup -——-—— ¢
oo l0g([leall ™)

2nlog 2n

=lim sup
n—oo 9 [(1/2) log(2nm) 4+ nlog(n) — nloge — ((4nlog 3)/9)]

2n log 2n

9In log(n) |:(1/2 log(n)) log(2nm)+1—loge/log(n)—((4log 3)/(9 log(n)))i|

©lN

= limsup,,_,

and

n—oo

1 n
7 =— limsup <2n|cn||p/(2 )>
ep

0 ) 1/(9m)
=" limsup2n (()9 34”> = 9V/81.
2e n
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Applying Theorem 3.1 and Theorem 3.2 lead immediately to

pP1pP2 o 2 X2 _ 2
T ape+Bp1 Bx24+4x2 9
and
J— %(plﬁ)ap/m (p272)ﬁp/p2 _ g « 95X(2/(18)) o 4x(2/18) _ . 9/q7

Setting o = f = 1 in (3.4) and (3.5) we get the following corollary concerning the
Hadamard product of entire axially monogenic function.

3.4. Corollary. The Hadamard product of entire azially monogenic function H(z) =

(51AG2)(x;1,1) is of growth order p does not exceed p’;l_fp?l and in the case of equality it

is of growth type T does not exceed %(p17‘1)p/p1 (pama)P/P2.

Moreover, if a4+ 3 = 1, we obtain the following result

3.5. Corollary. The generalized Hadamard product of entire azially monogenic function
H(z) = (G1A92)(z; 0,1 — ) is of growth order

p<——PP2 . g<ac<i,
a(p2 — p1) + p1

and of growth type

ap/p1 ( (A=e)p/p2

1
7 < ;(Plﬁ) p2T2)

Under condition that
p1p2

P a(p2 —p1) +p1’

4. Linear substitution

Let Gs(z) = > 07y zn(x)an,s, s = 1,2 are two entire axially monogenic functions of
finite positive growth orders ps and growth types 75, then the axially monogenic functions
9:(z) = Gs(z + b), where b is any constant, of the same orders p; = ps and 75 = 75 (see
[3])- So that

. (nlogn)
4.1 ps = limsup ————
(1) n—oo 10g([lan,s|[~1)

and

« 1. n
(42) 1= lim sup n |an,s||”</™.
€Ps n—oo
For any positive arbitrary small number €, > ps, s = 1,2 there exist positive integers
Ns, s = 1,2 such that

lana]|® <n ™9 forn > Ny and |jan2|® < n "/ forn > Na.

If the generalized Hadamard product of entire axially monogenic function H(x) =
(G51AG2) (w5, B) = D07y zn(x) cn is of growth order p and growth type 7 and the gen-
eralized Hadamard product of entire axially monogenic function H*(z+b) = (G1A92)(z+
bya, ) = >0 zn(x + b) cn is of growth order p* and growth type 7", then for
N > max (N1, N2) we have

lleall < poMa/atb/e) o s N,
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that is

tog(fleal) ™ > n(a/e1 + B/ez) Tog(n)

and

n—oo l0g([leall)~?

-1
pt = limsupM < (Oz/el +B/62> .

Since €5 can be shown vert near to ps then

-1
[ (a/m +ﬁ/pz> ;

it shows that growth orders of the two generalized Hadamard product of entire axially
monogenic functions H(z) and H*(z + b) have the same upper bound, in the case that
p= L, gives that p* < p. On the other hand since H(x) = H" (2 — b), then p < p*
therefore p = p*.

Similarly for the growth type 7* of the generalized Hadamard product of entire axially

monogenic function H*(z + b), it follows that

e ()
n

llan,
and
8 (ep252)n6/p2
< | — .
Jane] 2
Then
n e «
chHl/ < (a)ﬁ/erB/pz (P161) /p1 (p2€2)6/p2
and
" 1 .. */n
7" =—— limsup (n||cn||p/ )
ep*  nooo
1
<= limsupn(>) (1) ™" (p2e2)™/?2,
€p nooo M

since €5 can be chosen very close to 75, then

1

< ; (1)17'1) Be/p2

ap/p1 (psz)
In the case that
1

_ ap/p1
== (p1m1)*"""" (
p

pgTz)Bp/pQ,
we find that 7 < 7. Again since H(z) = H*(x — b), then 7 < 7* and thus 7° = 7.
Therefore the following result follows:

4.1. Theorem. The two generalized Hadamard product of entire azially monogenic func-
tions H(z) and H* (x+b) have the same upper bound for its growth orders and its growth
types and satisfies the same inequalities.
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