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Abstract
The order of approximation of generalized de la Vallée Poussin means of series with nonlinear Fourier
basis was investigated in uniform and Hölder norms.
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1. Introduction and main results
The order of approximation by means of classical Fourier series (Fourier series with linear basis) were

investigated by several authors. Results of these studies can be found in the excellent monographs [1], [10],
[11], and in the survey [2]. The order of approximation by generalized de la Vallée Poussin means of classical
Fourier series of 2π−periodic functions was firstly investigated by L. Leindler in the uniform norm ([4]). Later, Z.
Stypinski ([9]) obtained an estimate for these means in the Hölder norm. The aim of this article is to obtain estimates
for the approximation order of generalized de la Vallée Poussin means of series with nonlinear Fourier basis in
uniform and Hölder norms.

Let D = {z ∈ C : |z| < 1} and a ∈ D. We consider the Möbius transformation

τa (z) =
z − a
1− az

,

which is a conformal automorphism of D. The nonlinear phase function θa is defined through the relation

eiθa(t) := τa
(
eit
)

=
eit − a
1− aeit

,

where τa
(
eit
)

stands for radial boundary value of τa. It is easy to see that θa (t+ 2π) = θa (t) + 2π, and if we set
a = |a| eita , then

θ′a (t) = pa (t) :=
1− |a|2

1− 2 |a| cos (t− ta) + |a|2
,

which satisfies
1− |a|
1 + |a|

≤ pa (t) ≤ 1 + |a|
1− |a|

.

Let T = R/2πZ. The space L2
a (T) , consists of measurable functions f : T→ C such that

1

2π

∫
T

|f (t)|2 pa (t) dt <∞
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becomes a Hilbert space with respect to the inner product

〈f, g〉a :=
1

2π

∫
T

f (x) g (x)pa (x) dx,

and the set {
eikθa(x) : k ∈ Z

}
is an orthonormal basis for L2

a (T) (see [7] and [8]). In the case a = 0 we obtain the classical Fourier basis{
eikx : k ∈ Z

}
for the space L2

0 (T) = L2 (T) .

Fourier series of a function f ∈ L1 (T) with respect to the orthonormal basis
{
eikθa(x) : k ∈ Z

}
become

f (x) ∼
∞∑

k=−∞

cak (f) eikθa(x), (1.1)

where
cak (f) =

1

2π

∫
T

f (x) eikθa(x)pa (x) dx, k ∈ Z.

If we denote the nth partial sum of this series by San (f) (x) , then we have

San (f) (x) =
1

2π

∫
T

f (t)Dn (θa (x)− θa (t)) pa (t) dt (1.2)

=
1

2π

∫
T

F (θa (x) + t)Dn (t) dt,

where F := f ◦ θ−1
a and Dn is the Dirichlet kernel of order n.

We denote by C (T) the Banach space of continuous functions f : R→ C equipped with the norm

‖f‖∞ := sup
x∈T
|f (x)| .

The modulus of continuity of f ∈ C (T) is defined by

ω (f, t) := sup
0<h≤t

‖f (·+ h)− f‖∞

for t > 0.
For 0 < α ≤ 1 the Hölder space Hα (T) is the space of functions f ∈ C (T) such that

ω (f, t) . tα, t > 0,

or equivalently

∆α (f) := sup
x 6=y

|f (x)− f (y)|
|x− y|α

<∞.

Hα (T) becomes a Banach space with respect to the Hölder norm

‖f‖α := ‖f‖∞ + ∆α (f) .

For each natural number n, let Πa
n be the set of all nonlinear trigonometric polynomials of degree at most n, that is

Πa
n := span

{
eikθa(x) : |k| ≤ n

}
,

and let Ean (f) be the approximation error of f ∈ C (T) by elements of Πa
n, i. e.

Ean (f) := inf
T∈Πan

‖f − T‖∞ .
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Let λ = {λn} be a sequence of integers such that λ1 = 1 and 0 ≤ λn+1 − λn ≤ 1. The sequence of generalized de la
Vallée Poussin means of the series 1.1 is defined by

V an (λ, f) =
1

λn

n−1∑
k=n−λn

Sak (f) .

In special case λn = 1 (n = 1, 2, ...) V an (λ, f) become San−1 (f) and in the case λn = n (n = 1, 2, ...) we have the Fejér
means

V an (λ, f) = σan−1 (f) :=
1

n

n−1∑
k=0

Sak (f) .

In the rest of the article, A . B will mean that there exists an absolute constant c > 0 such that A ≤ cB holds for
quantities A and B.

Our main results are the following.

Theorem 1.1. Let λ = {λn} be a sequence of integers such that λ1 = 1 and 0 ≤ λn+1 − λn ≤ 1. If f ∈ C (T) satisfies
|f (x)| ≤M , then the estimate

‖V an (λ, f)‖∞ ≤M
(

3 + log
2n− λn
λn

)
(1.3)

holds for every natural number n.

Theorem 1.2. For f ∈ C (T) , the degree of approximation by the sequence {V an (λ, f)} of generalized de la Vallée Poussin
means is estimated as

‖f − V an (λ, f)‖∞ .

(
3 + log

2n− λn
λn

)
Ean−λn (f) . (1.4)

From this estimate and Theorem 2.3 of [3] we get the following analogue of Lebesgue’s inequality.

Corollary 1.1. If f ∈ Hα (T) (0 < α ≤ 1) , then

‖f − San (f)‖∞ .

(
1 + |a|
1− |a|

)α
log n

nα
.

Theorem 1.3. Let λ = {λn} be a sequence of integers such that λ1 = 1 and 0 ≤ λn+1−λn ≤ 1. If f ∈ Hα (T) (0 < α ≤ 1)
then

‖f − V an (λ, f)‖∞ .


(

1+|a|
1−|a|

)α
1
λαn
, α < 1(

1+|a|
1−|a|

)
1+log λn

λn
, α = 1.

(1.5)

Theorem 1.4. Let λ = {λn} be a sequence of integers such that λ1 = 1 and 0 ≤ λn+1 − λn ≤ 1, 0 ≤ β < α ≤ 1 and let
f ∈ Hα (T) . Then

‖f − V an (λ, f)‖β .


(

1+|a|
1−|a|

)α
nβ−α 1

λαn
log 2n

λn
, α < 1(

1+|a|
1−|a|

)
nβ−1 1+log λn

λn
log 2n

λn
, α = 1.

(1.6)

Corollary 1.2. If 0 ≤ β < α ≤ 1 and f ∈ Hα (T) , then

‖f − σan (f)‖β .


(

1+|a|
1−|a|

)α
1

n2α−β , α < 1(
1+|a|
1−|a|

)
logn
n2−β , α = 1.

2. Auxiliary Results

Lemma 2.1. [4] Let g ∈ L1
(
0, π2

)
and |g (t)| ≤M for t ∈ (0, δ)

(
δ ≤ π

2

)
. If we set

I (g, λn) :=

π
2∫
0

g (t)
|sinλnt sin (2n− λn) t|

λn sin2 t
dt,
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then we have

I (g, λn) ≤M
(

3 + log
2n− λn
λn

)
+

1

λn
J (g, δ) , (2.1)

where J (g, δ) is independent of λn and J
(
g, π2

)
= 0.

Let ϕ be an increasing positive function on (0,∞) . The ϕ−norm of a function f ∈ C (T) is defined by

‖f‖ϕ := ‖f‖∞ + sup
x 6=y

|f (x)− f (y)|
ϕ (|x− y|)

= ‖f‖∞ + sup
δ>0

‖f − f (·+ δ)‖∞
ϕ (δ)

.

It is clear that, in the spacial case ϕ (δ) = δα (0 < α ≤ 1) we have ‖f‖ϕ = ‖f‖α .

The following important result was obtained in [5].

Lemma 2.2. Let {An} be a sequence of linear convolution operators from C (T) into C (T) , and let ϕ be an increasing
positive function on (0,∞) . Then

‖An (f)− f‖ϕ ≤ ‖An (f)− f‖∞

(
1 +

2

ϕ (1/n)

)
+ sup

0<δ≤1/n

2ω (f, δ)

ϕ (δ)
(1 + ‖An‖) (2.2)

holds for every f ∈ C (T) , where ‖An‖ is the operator norm of An.

3. Proofs of Main Results
Proof of Theorem 1.1. From (1.2), a standard computation gives that

V an (λ, f) (x) =
1

λn

n−1∑
k=n−λn

1

2π

∫ π

0

{F (θa (x) + t)− F (θa (x)− t)}Dk (t) dt, (3.1)

where Dk (t) Dirichlet kernel. By using Dirichlet kernel’s property (see in [11]).

V an (λ, f) (x) =
1

2πλn

∫ π

0

{F (θa (x) + t)− F (θa (x)− t)}

(
n−1∑

k=n−λn

Dk (t)

)
dt

=
1

πλn

∫ π

0

{F (θa (x) + t)− F (θa (x)− t)} sinλnt sin (2n− λn) t

sin2 t
dt.

By changing variables we obtain the following inequality.

V an (λ, f) (x) =
1

πλn

∫ π
2

0

{F (θa (x) + 2t)− F (θa (x)− 2t)} sinλnt sin (2n− λn) t

sin2 t
dt.

Applying Lemma 2.1 with g (t) = F (θa (x) + 2t)− F (θa (x)− 2t) and δ = π
2 , we get inequality (1.3) .

Proof of Theorem 1.2. Let T ∗ (x) denote the trigonometric polynomial of best approximation of order not bigger than
m. From the definitions of San (f) and V an (f) it is clear that if n− λn = m, then

V an (f − T ∗m) (x) . V an (f) (x)− T ∗m (x) .

Hence we have

V an (f − T ∗m) (x) .
∣∣V an (f) (x)− T ∗n−λn (x)

∣∣+
∣∣T ∗n−λn (x)− f (x)

∣∣
.

∣∣V an (f − T ∗n−λn) (x)
∣∣+ Ean−λn (f) .

According to (3.1) we get

∣∣V an (f − T ∗n−λn) (x)
∣∣ . 1

πλn

∫ π
2

0

2Ean−λn (f)
sinλnt sin (2n− λn) t

sin2 t
dt.
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Using Lemma 2.1 with g (t) = 2Ean−λn (f) and δ = π
2 , we obtain

∣∣V an (f − T ∗n−λn) (x)
∣∣ . (3 + log

2n− λn
λn

)
Ean−λn (f) .

Proof of Theorem 1.3. Let
φax (t) = F (θa (x) + 2t)− F (θa (x)− 2t)− 2f (x) .

Therefore since f ∈ Hα (T) and using the following inequality

∣∣θ−1
a (x)− θ−1

a (y)
∣∣ =

∣∣(θ−1
a

)́
(ξ)
∣∣ |x− y| ≤ 1

θ′a
(
θ−1
a (ξ)

) |x− y| ≤ (1 + |a|
1− |a|

)
|x− y|

where ξ ∈ (x, y) or ξ ∈ (x, y) , we have

φax (t) ≤M
(

1 + |a|
1− |a|

)α
tα. (3.2)

Iff ∈ Hα (T), we obtain by using (3.2)

|V an (f) (x)− f (x)| =
1

πλn

∫ π
2

0

|φax (t)| sinλnt sin (2n− λn) t

sin2 t
dt

≤ 1

πλn

∫ π
2

0

φax (t)
|sinλnt sin (2n− λn) t|

sin2 t
dt

.

(
1 + |a|
1− |a|

)α
1

πλn

∫ π
2

0

tα
|sinλnt sin (2n− λn) t|

sin2 t
dt.

Let us split the integral in three parts:∫ π
2

0

=

∫ 1
2n−λn

0

+

∫ 1
λn

1
2n−λn

+

∫ π
2

1
λn

≡ I1 + I2 + I3.

I1 and I2 can easily be estimated for any α 5 1 as follows.

1

λn
I1 .

1

λn

∫ 1
2n−λn

0

tαλn (2n− λn) dt .
1

λαn
,

1

λn
I2 .

1

λn

∫ 1
λn

1
2n−λn

tα−1λndt .
1

α

1

λαn
.

The estimate of I3 differs according to whether α < 1 or α = 1 :

1

λn
I3 .

1

λn

∫ π
2

1
λn

tα−2dt .

{ (
1

1−α

)
1
λαn
, α < 1

1+log λn
λn

, α = 1.
.

Collecting our estimates, we obtain (1.5) .

Proof of Theorem 1.4. Let ϕ (δ) = δβ , ‖f‖ϕ = ‖f‖β , f ∈ Hα (T), 0 ≤ β < α ≤ 1. If An = V an , then (2.2) yields

‖V an (f)− f‖β ≤ ‖V
a
n (f)− f‖∞

(
1 +

2

1/nβ

)
+ sup

0<δ≤1/n

2ω (f, δ)

δβ
(1 + ‖V an ‖) .

For α < 1, from Theorem 1.1 and Theorem 1.3, we have

‖V an (λ, f)− f‖β .

(
1 + |a|
1− |a|

)α
1

λαn

(
1 + 2nβ

)
+ sup

0<δ≤1/n

2δα−β
(

1 + |a|
1− |a|

)α(
3 + log

2n− λn
λn

)
.
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For α = 1, we have

‖V an (λ, f)− f‖β .

(
1 + |a|
1− |a|

)
1 + log λn

λn

(
1 + 2nβ

)
+ sup

0<δ≤1/n

2δ1−β
(

1 + |a|
1− |a|

)(
3 + log

2n− λn
λn

)
.

Therefore we obtain

‖f − V an (λ, f)‖β .


(

1+|a|
1−|a|

)α
nβ−α

λαn
log 2n

λn
, α < 1(

1+|a|
1−|a|

)
nβ−1 1+log λn

λn
log 2n

λn
, α = 1.

whence (2.2) obviously follows.
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