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1. INTRODUCTION

In 1965, Zadeh [1] introduced the notion of fuzzy sets and fuzzy sets operations. Subsequently, Chang
[2] defined the notion of fuzzy topology. Pao Ming et al. [3] defined neighbourhood structure of a fuzzy
point.

In 1999, Molodtsov [4] introduced soft set theory for modeling vagueness and uncertainties. He applied
soft set theory to several directions, such as game theory, Riemann integration, Perron integration,
smoothness of functions. Maji, Biswas and Roy [5] defined and studied several basic notions of soft set
theory.

In recent times, researchers have contributed a lot towards fuzzification of soft set theory. In 2001, Maji
et al. [6] introduced the concept of fuzzy soft set. Tanay et al. [7] introduced the definition of fuzzy soft
topology over a subset of initial universe set while Roy and Samanta [8] gave the definition of fuzzy soft
topology over the initial universe set. Varol and Aygiin [9,10], Neog et al. [11] and Hussain [12] studied
the topological structures of fuzzy soft theory. Simsekler and Yuksel [13,14] introduced fuzzy soft
topology over a fuzzy soft set on initial universe set. Tripathy and Ray [15] introduced and studied the
concept of mixed fuzzy topological spaces and countability. Tripathy and Ray [16] introduced mixed
fuzzy ideal topological spaces. Borah and Hazarika [17] gave the definition mixed fuzzy soft topological
space over the initial universe set.

In this paper we introduce mixed fuzzy soft topological space. It is define over a fuzzy soft set instead of
initial universe set. In order to define the mixed fuzzy soft topological space over a fuzzy soft set we give
definition the complement according to this fuzzy soft set. We introduce the notions of fuzzy soft
neighbourhood, Q-fuzzy soft neighbourhood over a fuzzy soft set. Also we define countability on mixed
fuzzy soft topological spaces.
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2. PRELIMINARIES

Throughout this paper X denotes initial universe set, E denotes the set of all possible parameters which
are attributes, characteristic or properties of the objects in X and the set of all subsets of X will be denoted
by P(X).

Definition 1. [1] A fuzzy set A in X is a set of ordered pairs:
A={lxpu,(x): xeX}

where pa:X = [0,1] = I'is called the membership function and #.4(x) is grade of membership of x in
A. The family of all fuzzy sets in X denoted by I*.

Definition 2. [1] Let A, B be two fuzzy sets of 1%

1. Aiscontained in B if and only if g 4(x) = pglx), for every x € X.

2. The union of A and B is a fuzzy set C, denoted by 4V B = C, whose membership function
pelx) = max{ py (x), pg(x)} forevery x € X,

3. The intersection of A and B is a fuzzy set C, denoted by A A B = C, whose membership
function p¢(x) = min{ p, (x), pg(x)} forevery x € X.

4. The complement of A is a fuzzy set, denoted by A, whose membership function
pacr(x) =1 —pylx), foreveryx € X.

Definition 3. [2] A fuzzy set A is called a null fuzzy set, if £a{x)=0,%x € X and denoted by 0.
Definition 4. [2] A fuzzy set 4 is called a absolute fuzzy set, if pa{x)=1,%x €X and denoted by 1.
Definition 5. [4]

1. Let X be the initial universe set, E be the set of parameters and A < E. A pair (F,A) or Fy is
called a soft set over X, where F is mapping given by F: 4 = P{X).

2. Let X be the initial universe set, E be the set of parameters. A pair (F,E) or Fg is called a
soft set over X, where F is mapping given by F: E — P{X).

In other words, the soft set is a parameterized of subsets of the set X. For € € E, F(e) may be considered
as the set of e-elements of the soft set (F,E) or as the set of e-approximate elements of the soft set
of (F,E).

Definition 6. [8]
1. Let X be the initial universe set, E be the set of parameters and A < E. A pair (f,A) or f3 is
called a fuzzy soft set over X , where f f is mapping given by f: 4 = I¥,

2. Let X be the initial universe set and E be the set of parameters. A pair (f,E) or fg iscalled a
fuzzy soft set over X, where f is mapping given by f:E — I*,

The following definition is the extended of fuzzy soft set f .

Definition 7. [8] Let X be an initial universe set, E be a parameters set and 4 < E Then the mapping
fa: E = I*, defined by f,(e) = 1, (e), is called fuzzy soft set over X, where iz, (e) =0, ife EENA

and g (e) 0,if e€A.
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The set of all fuzzy soft set over X is denoted by FS(X, E).
Definition 8. [8] The complement of a fuzzy soft set f2 on X which is denoted by fi and f:E = I* is

defined by e = 1—p; ifecAd and pfe = 1if e EE"\A, where 1(x) = 1 foreachx € X.

Definition 9. [8] The fuzzy soft set fy € FS(X, E) is called null fuzzy soft set and it is denoted by .
Here fz(e) = 0, for every ¢ € E, where 0(x) = 0 for every x € X.

Definition 10. [8] The fuzzy soft set fz € FS(X,E) is called absolute fuzzy soft set and it is denoted by
E.Here fz(e) =1, foreverye EE.

Definition 11. [8] Let fa and 9= be two fuzzy soft sets on X. fa is defined to be fuzzy soft subset of 9z,
if u$, <u5;foralle €E andisdenoted by fa E gs-

Definition 12. [8] Let fa and gz be two fuzzy soft sets on X. The union of these two fuzzy soft set is a
fuzzy soft set hc, defined by hcle) = uf_ = us, Vusy foralle € E, where C = AU B and is denoted
by he = fa U gg-

Definition 13. [8] Let f1 and 9= be two fuzzy soft sets on X. The intersection of these two fuzzy soft set
is a fuzzy soft set fic, defined by hele) = pf = pf, Augy foralle €E where C = ANEB and is
denoted by he = fa 1 g5

Definition 14. [3] A fuzzy point X3 in X a special fuzzy set with membership defined by:

i 0 x=xvy
xﬂ.{}?} = {;l ¥ = }.1

where 0 < 4 = 1. x; is said to have support x, value 4.

Definition 15. [13] Let * € X, A < E. Asoft set x4:4 — P(X) is called soft point defined by
x4(e) = {x}, forevery e € A.

Definition 16. [9] Let f1 € FS(X, E) and 4: E — I be a mapping defined by A(e) = 0, e € 4 and
Ale) =0,e EEN A,

The fuzzy soft set f4 is called a fuzzy soft point defined by fale) = x4, ¥V € € E, where fale) = x;:4
for e € A is a fuzzy soft pointand Ale) =0, for e € E%\ A, fale) isa null fuzzy set. Or equivalently,

o : ie), x=y,
fale)(0) = x0) () = { {'S} xxi },}

fuzzy soft point denoted by xj.

Example 1. Let X={x,y}, E={e1, €2,€3} and 4 = {ey,e;} © E

xd = {xde) = {(x,0.0), (v, 00}, x2(e,) = {(x,0.2), (v, 00}, x3(e5) = {(x,0), (y,0)}}
That x4 fuzzy soft set is a fuzzy soft point in X.

Definition 17. Let g4 be a fuzzy soft subset of fi and 4:E =1 be a mapping defined by
Ae) #0, ecdandAle) =0,e EEN A,
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The fuzzy soft set g4 is called a fuzzy soft point in fa defined by ga(e) = x5, Y& €E, where
ga(e) = x;, for e € 4 is a fuzzy soft point and Ale) =0, fore EENA, gale) is a null fuzzy set.
Or equivalently,

A g : Ae), x=y
94O =xx00) ={Q X7
fuzzy soft point in fz denoted by x;;‘.

Definition 18. [14] Let fa be a fuzzy soft set on X and 7 be the collection of fuzzy soft subsets of fa
then 7, is said to be a fuzzy soft topology if the following conditions hold:

1. &, fy €1¢

2. If ga,hy E1pthengy nhy €15

3. If(fia) Etsthenu; fig €15

Then (fy, 77) is called a fuzzy soft topological spaces over fa.

Definition 19. Let (fy,7¢) fuzzy soft topological spaces and B = 7;. By is said to be base for 7, if
every members of 7, is a union of members of B;.

Definition 20. Let {f3,7¢) fuzzy soft topological spaces. (f,7¢) is called indiscrete if it contains only
@ and fa while the discrete fuzzy soft topology consists of all fuzzy soft subset fa- Thatis 7, =P(f,).

Definition 21. Let x% be a fuzzy soft point in fa and g4 be a fuzzy soft subset of fa . If xie) = gale)
for every e € A (A(e) = g4le)(x), for x € X), then x% belongs to 9.4 and this denoted by x% € g,,.

Definition 22. Let x% be a fuzzy soft point in fa and g4 be a fuzzy soft subset of f1 and (f;, ;) bea
fuzzy soft topological space. 4. is called fuzzy soft neighbourhood x;}, if there exists a fuzzy soft open
hasuchthat x% € hy £ g,

The family of neighbourhood of x7 is denoted by N(x2).

Definition 23. Let ga, 4 be two fuzzy soft subsets of fa . g4 is said to be quasi-coincident with 4
denoted by Gafdha if galelghyle), Ve € A, where
galedgha(e), Ve e A = gale)(x) + hyle)(x) = 1, xE X,

Definition 24. . Let x7 be a fuzzy soft point in f1 and g4 be a fuzzy soft subset of fa . x7 is said to be
quasi-coincident  with ga denoted by xidg,, if xa(e)ggale), Ve €4, where
x;(elggale), VeeAd = Ale) + gyle)x) =1, xEX.

Definition 25. Let x4 be a fuzzy soft point in fa , 9. be a fuzzy soft subset of f1 and (£, ) be afuzzy

soft topological space. g4 is called Q-fuzzy soft neighbourhood x_ﬁ}, if there exists a fuzzy soft open 74
such that x%gh, E g4

The family of Q-fuzzy soft neighbourhood of x7 is denoted by Ny (7).
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3. MIXED FUZZY SOFT TOPOLOGICAL SPACE ON f4

Simsekler and Yuksel [14] defined fuzzy soft topology over fs. In this section we give the following

definitions and mixed fuzzy soft topology over fa.

Definition 26. The complement with respect to fs of a fuzzy soft set 4.4 is a fuzzy soft subset of f1 which

is denoted by g3 and g3 : E = I* is defined by pjc=ug, — ug,e €E.

Example 2. Let X = {a, b,c}, E ={ej.es,e3}, A={ey, e:}and

fa= {f{:E‘l} = {ﬂu.?:bu.s: Cl}.s}: f'[:"?:]' = {ﬂu.qu bys.Coz }:f'[:"?a} = {ﬂuu by, Cu}},
Ga= {3'[:‘5‘1} = {ﬂu.ajbu.m CD.E}JQ{EE} = {ﬂu.::bn.& CD.l}JQ'{:EE} = {ﬂuubuu CD}}

The complement of g is defined by -“;5, (x)=us, (x) — p5,(x)e EExEX.
950)={g°(e1) = {ap1, boa.co2},9°(e2) = {apa.boa cozl, 5°(es) = {ag, bo.coll.

Theorem 1. (fa1. 71) and (fa. T2) be two fuzzy soft topological spaces over fa. Consider the collection of
fuzzy soft sets 71 (T2) = {g. © fa: For any fuzzy soft set fua be a fuzzy soft subset of f1 with gadha,
there exists Tz- open set h, such that h, gh,y and Ti-closure h_A__ C g4} Then this family of fuzzy soft
sets will form a topology on fa-

Proof: t1) Since @ is not quasi-coincident with any fuzzy soft set 94 and therefore, there does not arise
any questions of violation of the condition of being member of 71(72). Therefore ® € 731(z2).

Any fuzzy soft set g4 be a fuzzy soft subset of f1 such that g.44fs and there exists T2- open set fa with
Gaffa and T1- closure f3 = fi E fy. Therefore f1 € 1y(712).

t2) Let ga by € 71(72). We show that g4 1 Ry € 71 (72).

Let k.4 be a fuzzy soft subset of f3, such that kad(g.a 1 hq).

= i,(e)g(gale) Ahy(e)), Vee A

= kale)(x) + (gale) Ahgle))(x) =1, xEX,Vec A

= kq(e)(x) + ga(e)(x) =1 and kale)(x) + hy(e)(x) > 1, xEX, Ve EA.
= kale)qgale) and kalelghale), Ve € A,

= kadgaand kadhy.

Since ga,ha € 11(72) for kadg. there exists T2 open set K14 such that k1.4dka and T1 closure k14 = g4
and for kadh there exists T2 open set K24 such that K24k and T1 closure ko4 = hy. Now K14, K24 are
T2 open set implies k14 M Koy € 74 (72).

WehavekmnkgAEEHEEQA”hA-

kyafhks = kiale)(x) +kye)x) =1, xeEX,Ve €4,
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Koalky = koale)(x) + ka(edx) >1, xEX Ve €4
= k(@) (x) + (kpa(e) Akpa(@)(x) > 1, xEX, Ve €A,
= kale)q(kia(e) Nkoal(e)), VeEA

= kaff(kya Nkay).

For kaf(gam ha), there exists T2 open set K14 M k24 such that kad(ky4 Mkos) and 71 closure

Therefore g4 Mhy € 11(12),

t3) Let gia € T (72), Vi €A, then Usen gia € 11 (72).

Let 74 be a fuzzy soft subset of £ such that ha§ Usen Gia.

haff Usen Gia = hale)qVicngiale), Ve € A,

= hy(e)(x) +Vgiu(e)(x) > 1L, x €X, Ve A

= hale)(x) + g;ale)(x) =1, {jEAx EX, Ve EA

= halelgg; ale), ipEA Ve EA= hafgia io €A

Gi,a € T1(72) and hadg; a, io € A there exists Tz open ;4 such that 1;4§h4 and 71 closure
ha Giy-

hiatiha = ha(e)(x) + Vgualedx) > 1,x €X, Ve A,

= Vieahia(e)(x) + hyle)(x) > 1,,x €EX, Ye€ A,

= Veaha(elghy(e), Ve €A,

= U Niadha .

For h;4 are T2 open set implies Usea fi4 € T2 and Ty closure, Uyen ,a =Uiea Big Slien Gia

For haff Usea G54, there exists Tz open Uiea f1i4 such that ha§ Usen hiq and T1 closure
Uoenfoa Elsen Gia. Hence Ugen 9ia € T1(72).

Therefore this collection T1(72) is a fuzzy soft topology on fa.

Definition 27. T1{r2) defined in Theorem 3.1. is called a mixed fuzzy soft topolgy on fa and (£, 71(72))
is a mixed fuzzy soft topological space.

Definition 28. Let (fa. T1{72)) be a mixed fuzzy soft topological space and g4 be a fuzzy soft subset of
fa- ga is called a fuzzy soft closed set in (fa, T1{72)) iff its complement g5 is a fuzzy soft open set in

{fAJ 1 (1, }:}

We give an example to 7,(72) defined in Definition 3.2.

Example 3. Let X ={abcdl E={e,e;e3e}, A={e,eres} and fuzzy soft set
fa={f(e.) = {aoaboe Cos doel flea) = {ﬂu.a: bp.7. o du,s.}: fles) = {ﬂu,?: o Coeroal fles) =
{aq.bo, Cujdu}}
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fia = {fl{:el} = {ﬂu.:sbu.n}s Coa dD.E}Jfl '[:E:j-' = {ﬂu.:: bos.Cos o }: fl{ea} =
{%,4: bz, cos dosh files) = {ag, by, Clludl}}}
foa = {ff{:el} = {ﬂu.:: bgaicoz du.l}J fz '[:E:} = {ﬂu.ljbu.:a: CD.::du,:a}: f:(eﬂ =
{ﬂu,aj bg,1, €01, dl},l}:fﬂ '[:54} = {ﬂuubm Co. du}}
The collection Ty = {®, fa, fia, f24} and T2 = {P,fa, fa} are two fuzzy soft topologies on fi.
We obtain the family fuzzy soft closed sets by the complement of the element of T1
ty ={®°%f] fia .foy ), where
®°¢ = {®°(e) = {apgsDos Cos dost ®lez) = {agz.bo7. cog dos) ®°(e3) =
{ﬂu,?: boa:Coer foal, PF (es) = {agbo.co, du}} =fa
fff = {f;f (ey) = {ﬂDJbEu Ccutiu}J }Zef '[:Ez] = {ﬂuu by, cqp, tiu,}Jf;'[:Ea} = {ﬂcubuu C[!u"-iD,}: }Zef '[:'5‘4} =
{ﬂuubuu Cu:du,}} =&
infq = {}T (e1) = {ﬂu.:: bz, €z d'}.i}l }T '[:E:] = {ﬂu.ij boo,Coa. du,:,}; ,ff {:Ea} =
{ﬂu.ajbu.lj Coae du.i};ff {.94} = {ﬂuu bq, Cmdu,}}J
f:fq, ={i(e)= {apz.b04,Co3.dosl, 5 (e2) = {apz,bpa coer dozhs f:c'[:"?a]' =

{ﬂu.n}s bos,cos dos 3 fgc {:94} = {ﬂuu by, Cmdu,}}-

Now we construct the mixed fuzzy soft topological space on fa from there two fuzzy soft topolgies T1
and Tz.

We show that €, fa € 71 (72).

Since ® is not quasi-coincident with any fuzzy soft set g4 fuzzy soft subset of fa and therefore, there
does not arise any questions of violation of the condition of being member of T; (72). Then ® € 1, (13).

fa E fa and for any fuzzy soft set g4 fuzzy soft subset of fa with 44 g.4, there exists T2 open set fa
such that f4G g4 and 71 closure fy = fa © fa. Then fa € 7y (12).

Let us consider a fuzzy soft set 9.4 fuzzy soft subset of fa such that g4 faa.

Now the only Tz open sets are f1 and f2a such that gad fra and 9ad fa.

Again, T1 closure of,

foa =N {ka:kaisti closed and faa E ka} = fan fi% =f24 E faa

Hence, f24 € 71 (t2) and so Ty (72) ={®, fa.fza} is a mixed fuzzy soft topology on fa.
Result 1.

1. Let (fa T) be a indiscrete fuzzy soft topological space and T (T) construct from fuzzy soft topology T-
Then T (T) is a indiscrete mixed fuzzy soft topolgy.

2.Let { f1.7T) be a discrete fuzzy soft topological space and (1) construct from fuzzy soft topology T-
Then 7{7) is a discrete mixed fuzzy soft topolgy.
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3. Let (f1.71) be a discrete and { fa . T2) indiscrete fuzzy soft topological spaces and T3 (T2) construct
from these two fuzzy soft topologies T1 and Tz2. Then 71 (72) is a indiscrete mixed fuzzy soft topolgy.

4. Let (fa,71) be a indiscrete and ( fa ,72) discrete fuzzy soft topological spaces and 71 (72) construct
from these two fuzzy soft topologies 71 and T2. Then Ty (72) is a indiscrete mixed fuzzy soft topolgy.

Proof 1. We show that 7(T) is a indiscrete mixed fuzzy soft topolgy. Since € is not quasi-coincident with
any fuzzy soft set g4 and therefore, there does not arise any questions of violation of the condition of
being member of T(7).

Therefore ®© € 7(1).

Any fuzzy soft set 9.4 be a fuzzy soft subset of f, such that 944 fa and there exists T-open set fiz with
940 fa and T-closure fy = fa E fa. Therefore fa € 7(7).

Let 94 = fa, ka be a fuzzy soft of f1, with 4G k4 and 74 be a T open fuzzy soft set such that 2aG ka. T
closure hy = fa, because T is a indiscrete topology. ha= fa & ga. So ga € T(1). Therefore T(T) mixed
fuzzy soft topology only contains @, f3.7(7) = {&,fs } is a indiscrete mixed fuzzy soft topolgy.

2.We show that 7(7) is a discrete mixed fuzzy soft topolgy.

Since € is not quasi-coincident with any fuzzy soft set g4 and therefore, there does not arise any
questions of violation of the condition of being member of T(). Therefore ® € 7(1).

Any fuzzy soft set 9.4 be a fuzzy soft subset of fa. such that §44 fa and there exists T —open set fa with
940 fa and T-closure f3 =f1 £ fa. Therefore f € (7).

Let 94 S fa, ka be a fuzzy soft subset of fa, with 9.4 fa. There exists T open g such that gaq fa. T
closure 1 = g4, because T is a discrete topology. G4 =94 £ ga. So ga € T(). Therefore (1) mixed
fuzzy soft topology contains all fuzzy soft subsets of fa.t(r) = P(fy) is a discrete mixed fuzzy soft
topolgy.

3.We show that 71 (t2) is a indiscrete mixed fuzzy soft topolgy.

Since 2 is not quasi-coincident with any fuzzy soft set g4 and therefore, there does not arise any question
of violation of the condition of being member of 71 (72). Therefore ® € 7,(72).

Any fuzzy soft set g4 be a fuzzy soft subset of fa. such that 44 fa and there exists T2 —open set f4 with
940 fa and T1-closure fy = fa © fa. Therefore f1 € 74 (72).

Let 9.4 be any subset of f1, k4 be a fuzzy soft subset of fa, with 944 f1. There exists T2 open fa such that
faG ks 71 closure fy = fa % g4.S0 g4 € 11(72). Therefore 71(72) mixed fuzzy soft topology only
contains @, fi. 71(72) = {®, fu} is a indiscrete mixed fuzzy soft topolgy.

4.We show that 71(72) is a indiscrete mixed fuzzy soft topolgy.

Since @ is not quasi-coincident with any fuzzy soft set g4 and therefore, there does not arise any
questions of violation of the condition of being member of T1(T2). Therefore ® € 7,(72).

Any fuzzy soft set g4 be a fuzzy soft subset of fa, such that 944 fa and there exists Tz-open set fa with
af f1 and Ti-closure fy = fa E fa. Therefore fu € 71 (12).
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Let g4 be any subset of fa. k4 be a fuzzy soft subset of fa. with g.4d fa- There exists Tz open 4 such that
ha§ka. T1 closure hy =fa. Because T1 indiscrete topology. fy =fa & ga. So g4 € T1(72). Therefore
71(T2) mixed fuzzy soft topoloyg only contains @, f3.7; (T2) = {®, f1} is a indiscerete mixed fuzzy soft
topolgy.

4. COUNTABILITY ON MIXED FUZZY SOFT TOPOLOGICAL SPACE ON f,4

In this section, the definitions of neighbourhood, @ neighbourhood, first countability, @ first countability,
second countability will be given with respect to the topology on fuzzy soft set fi1 instead of the topology
on X. Furthermore, the above mentioned definitions and related theorems will be given in mixed fuzzy
soft topological space on fuzzy soft set f.

Definition 29. Let (fy,7;) fuzzy soft topological space and N(x;) be a family of neighbourhood of a
fuzzy soft point x% in fa- A subfamily B(x}) of N(x;) is said to be fuzzy soft neighbourhood base of
x4, ifforevery g, e N(x%) thereexists h, € B(x:) suchthaths & ga.

Definition 30. A fuzzy soft topological space (fs, 7¢) is said to be first countable space if and only if
every fuzzy soft point in f1 has a countable fuzzy soft neighbourhood base.

The following definition is an alternative to the Definition 4.2.

Definition 31. Let (f4, 7¢) be a fuzzy soft topological space. Then (£, 7+) is said to be fist countable
space, if for each fuzzy soft point x_j} (0< A(e) 1) there exists a countable class of fuzzy soft open sets

B(x}) such that X:eg,, for all g,eB(x:) and Xieh, for some fuzzy soft open set %4 then there
exists k,eB(X:) such that ka = hy.

Definition 32. Let N@{:xj} be a family of Q fuzzy soft neigbourhood of fuzzy soft point x_j} infa A
subfamily Bg {:x;}} of Ng {:xj} is said to be a Q -fuzzy soft neigbourhood base of xj if for every g4
ENg '[:xﬂ} there exists hy € By {:xﬁ} such that iy E g4.

Briefly we will say Q -fuzzy soft neighbourhood base Q -neighbourhood base.

Definition 33. A fuzzy soft topological space (f3, 7¢) is said to be @ -first countable space if and only if

every fuzzy soft point in fa has countable Q -neighbourhood base.

Definition 34. A fuzzy soft topologial space (£, 7¢) is said to be second countable space if there exists a
countable base for 7.

Definition 35. Let x7 be a fuzzy soft point in fa, .4 be a fuzzy soft subset of f1 and (fa,71(72)) be a
mixed fuzzy soft topolgical space. g4 is a called fuzzy soft neighbourhood of x_ﬁ}, if there exists a fuzzy
soft open f4 such that x? & hy E g,.

The family of neighbourhood of x7 is denoted by N(x7).

Definition 36. Let x4 be a fuzzy soft point in fa.9.4 be a fuzzy soft subset of fa and (fa. 71(72)) be a
mixed fuzzy soft topolgical space. g4 is a called Q -fuzzy soft neighbourhood of x;}, if there exists a
fuzzy soft open 4 such that xgh, = g,

The family of Q -fuzzy soft neighbourhood of xj is denoted by Ng {:xfl].
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Definition 37. Let (fa, 71(72)) be a mixed fuzzy soft topological space. Let N(x%) be a family fuzzy

soft neighbourhood of a fuzzy soft point x7 in fa- A subfamily B(x:) of N(X}) is said to be a fuzzy
soft neighbourhood base of x4 if for every g, € N(x%) there exists h, € B(x%) such that h4 E ga.

Definition 38. Let (fa. T1(72)) be a mixed fuzzy soft topological space. Then (fs. T1{T2)) is said to be
first countable space if every fuzzy soft point in f4 has a countable fuzzy soft neighbourhood base.

Definition 39. Let (fa. 71(72)) be a mixed fuzzy soft topological space. Then (1. T1(72)) is said to be Q
-first countable space if every fuzzy soft point in f1 has a countable Q -neighbourhood base.

Definition 40. A mixed fuzzy soft topological space (fa. T1(72)) is said to be second countable space if
there exists a countable base for 7;(72).

Theorem 2. Let (fa. T1{72)) be a first countable space. Then it is a Q - first countable space.

Proof: Let x# be any fuzzy soft point in fa- Consider a sequence {4, (e)}1eN in (1—A(e), 1] converging

to 1—4(e) and let x%™ & f,. Since (fa, 71(72)) is a first countable space for each n € N, there exists a

countable open neighbourhood base B”{:xj”}},n EN of x_ﬁ}”. We have for each member g1 of

{(Ba(xf™)} galedx) = 2,(e) > 1—-A(e)
= Ale) + gale)x) =1
= x449a

Hence g is a Q -neighbourhood of x%. This the collection {B,(x2")] is a family of open Q -

neighbourhoods of xj and hence this family is a countable family of Q -neighbourhood of x;}.

Let ha be an arbitrary Q -neighbourhood of x%. Hence ha(e)(x) = 1 —A(e). Since A,(e) = 1 — A(e) so

there exists M € N such that hy(e)(x) = A,,(e) > 1 —a(e) = xi™ Z h, and an open neighbourhood

of xm.

This there exists a member g4 € {B,(x2")] such that g4 £ hsand gale)(x) > A,,(e) > 1 —A(e) and
S0 g4 is a Q -neighbourhood base of xj. Hence (fa, T1(72)) is Q -first countable space.

Theorem 3. Let (fa, 71(72)) be a mixed fuzzy soft topological space and x# is a fuzzy soft point fa. A
subfamily 5 of 7,(72) is said to base for 71 (72) if and only if a collection B(X) such that,

B(x4) = {kn €3 Xiek, | is aneighbourhood base of xZ.

Proof: Let 8 be a base for 71{z2). We Show that B(X}) = {kA ep: xf\ekA} is a neighbourhood base of

A
Xy.

x4 is an arbitrary fuzzy soft point in faand ha be a fuzzy soft neighbourhood of x%,h, € N(x%).

ha € N(x) = there exists g4 fuzzy soft open such that x2 & g, = hy. Since B is a base for 71(72),
g4 € 11(12) is expressed as a union of members of B. Therefore, there exists k4 € £ such that
x4 Ek,C g Hence Kaibecomes a member of neighbourhood base of x%. k, € B(x}) and

B(x}) = {kA e f: Xf\ekA} is a neighbourhood base of x%.

In contrast, let B(X}) be a neighbourhood base of x%. We Show that /5 is a base for T1(72). Let any
ga€7(r2) and x4 Eky= g4 € N(xZ). From the definition neighbourhood base of x7# there exists
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ha € B(xH) such  that x%€h,C gy, and  hgaEPB. vYxiEgs  and
P Eh E ga= g4 =U,Azg, laha € B. ga is an arbitrary element of 71(12) and ga is a union of
members of 5. Therefore £ is a base for T{T2).

Proposition 1. Let (f1,71(72)) be a mixed fuzzy soft topological space. If (f1, T1(72)) is second
countable space, then it is also first countable space.

Proof: Let (fa, 71(72)) be a second countable space. There exists a countable base £ for 7, (7). B(x7%)
neighbourhood base oij is a subset of & from. Theorem 4.2. Since £ is a countable space, B(x;}} is a
countable space. Therefore B(x;}} is a countable neighbourhood base of x;}.

Thus, there are a countable neighbourhood base every fuzzy soft point in fa and (fa. T1(72)) is a first
countable space.

Result 2. If (fa, 71(72)) is second countable space, then it also Q -first countable space.

Proof: Let (f1,71{72)) be a second countable space. From Proposition 4.1. (fa, 71(72)) is a first
countable space and from Theorem 4.1. (£, T1{T2)) is a Q -first countable space.

Proposition 2. Let Ty and Tz be two fuzzy soft topologies for fa1 and if the mixed fuzzy soft topology
71(12) is Q -first countable, then Tz is also Q -first countable.

Proof: Let x_j} be an arbitrary fuzzy soft point in fa. Since T1(72) is a Q-first countable space, therefore
there exists a countable Q -neighbourhood base for every fuzzy soft point x2. Let g4 € Bg(x4), where

B (x4) is the countable collection of 71(z2) Q-neighbourhood base atx?. Then g. is T1(r2) Q-

neighbourhood of x%.  There exists ha€7i(r2) such that haSga and xigh,

We know that 7(t2) € 7. Therefore ha € 71(r2) = hy €72 and hy T ga,xhy,, S0 g4 also T2 Q-

neighbourhood of x_ﬁ}. Thus every member g4€ B@{xj} is T2 Q -neighbourhood of x?.

Bg (x4 ) is also T2 Q -neighbourhood base at x%. Hence 7z is Q -first countable space.
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