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@-co-coatomically supplemented and
co-coatomically semiperfect modules

Rafail Alizade*T and Serpil Gﬂ(ingéri

Abstract

In this paper it is shown that a factor module of an &-co-coatomically
supplemented module is not in general @-co-coatomically supple-
mented. If M is @-co-coatomically supplemented and U is a fully invari-
ant submodule of M, then M/U is ®-co-coatomically supplemented.
A ring R is left perfect if and only if R®™ is an @-co-coatomically
supplemented R-module. A projective module M is co-coatomically
semiperfect if and only if M is @-co-coatomically supplemented. A
ring is semiperfect if and only if every finitely generated free R-module
is co-coatomically semiperfect.
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1. Introduction

Throughout this paper N is the set of all positive integers, R is an associative ring
with identity and all modules are left unitary R-modules (g M) unless otherwise stated.
For any module M, Rad(M) denotes the radical of M. The Jacobson radical of gR is
denoted by Jac(R). Let U be a submodule of M. A submodule V of M is called a
supplement of U in M if V' is minimal element in the set of submodules L < M with
U+ L=M.Visasupplement of U in M ifandonly if U+ V =M and UNV < V. A
module M is called supplemented if every submodule of M has a supplement in M (see
[15, Section 41] or [5, Chapter 4]). Semisimple, artinian and hollow (in particular local)
modules are supplemented. A module M is called coatomic if every proper submodule of
M is contained in a maximal submodule (see [18]). Semisimple, finitely generated and
hollow modules are coatomic modules. Let N be a submodule of a module M. We say
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that N is a co-coatomic submodule in M if M/N is coatomic. Since factor module of
a coatomic module is coatomic, every submodule of semisimple, finitely generated and
hollow modules is co-coatomic. A module M is said to be co-coatomically supplemented
if every co-coatomic submodule of M has a supplement in M. A submodule N of M
is called cofinite if M /N is finitely generated. M is called a cofinitely supplemented
module if every cofinite submodule of M has a supplement in M (see [1]). Clearly a
co-coatomically supplemented module is cofinitely supplemented and a coatomic module
is co-coatomically supplemented if and only if it is a supplemented module. A mod-
ule is said to be @-supplemented if every submodule of M has a supplement that is a
direct summand of M. A module M is called ®-co-coatomically supplemented if every
co-coatomic submodule of M has a supplement that is a direct summand of M. Obvi-
ously an @-supplemented module is @-co-coatomically supplemented. Hollow modules
(in particular local modules) are @-supplemented, so @-co-coatomically supplemented.
A module M is called ®-cofinitely supplemented if every cofinite submodule of M has
a supplement that is a direct summand of M (see [4]). Clearly an @-co-coatomically
supplemented module is @-cofinitely supplemented.

In Section 2 ; we show that a factor module of an @-co-coatomically supplemented
module need not be @-co-coatomically supplemented by Example 2.1. If M is &-co-
coatomically supplemented and U is a fully invariant submodule of M, then M /U is &-
co-coatomically supplemented. For any ring R, any finite direct sum of ®-co-coatomically
supplemented R-modules is @-co-coatomically supplemented, but any direct sum of G-
co-coatomically supplemented modules need not be G-co-coatomically supplemented. We
show that a ring R is left perfect if and only if R™ is an @-co-coatomically supplemented
R-module.

In Section 3, we define co-coatomically semiperfect module. For an R-module M, a
pair (P, 7) is a projective cover of M in case P is a projective R-module and 7 : P — M is
a small epimorphism (see [2]). A module M is called semiperfect if every factor module of
M has a projective cover (see [15]). A projective module is semiperfect if and only if it is
@-supplemented (see [10, Lemma 1.2.]). A module M is called co-coatomically semiperfect
if every coatomic factor module of M has a projective cover. A projective module M
is co-coatomically semiperfect if and ounly if M is @-co-coatomically supplemented. An
R-module M is cofinitely semiperfect or briefly cof-semiperfect if every finitely generated
factor module of M has a projective cover (see [4]). Clearly a semiperfect module is
co-coatomically semiperfect and a co-coatomically semiperfect module is cof-semiperfect.
We show that a ring R is semiperfect if and only if every finitely generated free R-module
is co-coatomically semiperfect.

2. ®-co-coatomically supplemented modules

2.1. Example. [8, Example 2.2] Let R be a commutative local ring which is not a
valuation ring and let n > 2. By [14, Theorem 2], there exists a finitely presented inde-
composable module M = R™ /K which cannot be generated by fewer than n elements.
By [7, Corollary 1], R™ is @®-co-coatomically supplemented. However, M is not @-
cofinitely supplemented so it is not ®-co-coatomically supplemented (see [7, Proposition
2] and [13, Example 2.1]).

The above example shows that a factor module of an @-co-coatomically supplemented
module need not be @-co-coatomically supplemented.

Let M be a nonzero module and let U be a fully invariant submodule of M, i.e.
f(U) < U for each f € Endr(M). If M = M1 @ My, then U = (U N M) @ (U N My)
(see [6, Lemma 9.3] for abelian groups).
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2.2. Proposition. Let M be a nonzero module and U be a fully invariant submodule
of M. If M is @-co-coatomically supplemented, then M/U is &-co-coatomically sup-
plemented. Furthermore, if U is a co-coatomic direct summand of M, then U is also
@-co-coatomically supplemented.

Proof. Suppose that M is an @-co-coatomically supplemented module and L/U is a co-
coatomic submodule of M/U. Therefore M/L = (M/U)/(L/U) is coatomic. Since M is
®-co-coatomically supplemented, there exist submodules N and N’ of M such that M =
N&N', M = N+Land NNL < N. Then (N+U)/U is asupplement of L/U in M/U (see
[15, 41.1(7)]). By hypothesis, U is fully invariant, therefore U = (UNN) @ (UNN’) (see
[6, Lemma 9.3]). Thus U = (N+U)N(N'+U) and M/U = (N+U)/U)®((N'+U)/U).
Hence M /U is @-co-coatomically supplemented.

Now suppose that U is a co-coatomic direct summand of M. Then there exists a
submodule U’ of M such that M = U ® U’ and U’ is coatomic. Let V be a co-coatomic
submodule of U. Therefore M/V = (U U’)/V = (U/V) @ U’ is coatomic as it is direct
sum of two coatomic modules. Since M is @-co-coatomically supplemented, there exist
submodules K and K’ of M such that M = KO K', M =V + K and VN K < K. Thus
U =V+(UNK). Since U is fully invariant, U = (UNK)®(UNK'), and so UNK is direct
summand of U. Furthermore, VN (UNK)=VNK < K. Then VN(UNK) <K< UNK
(see [15, 19.3(5)]). Therefore UNK is a supplement of V in U and it is a direct summand
of U. Hence U is ®-co-coatomically supplemented. O

2.3. Corollary. Let M be an ®-co-coatomically supplemented R-module. Then M/ Rad(M)
and M/ Soc(M) are also ®-co-coatomically supplemented modules.

Property (D3) for an R-module M is the following: If M; and M are direct summands
of M with M = My + Mas, then My N M is also a direct summand of M.

2.4. Proposition. Let M be an ®-co-coatomically supplemented module with property
(D8). Then every co-coatomic direct summand of M 1is ®-co-coatomically supplemented.

Proof. Let N be a co-coatomic direct summand of M that is there exists a submodule
N’ of M such that M = N & N’ and N’ & M/N is coatomic. Let U be a co-coatomic
submodule of N. Then

M/U = (N & N')/U = (N/U) & N’

is coatomic as it is a direct sum of two coatomic modules. Since M is @-co-coatomically
supplemented, there exists a direct summand V' of M such that

M=U+VandUNV KV
Hence
N=NNM=NNU+V)=U+(NNV)

Since M has property (D3), N NV is a direct summand of M. Furthermore N NV is a
direct summand of N because N is a direct summand of M. Then UN(NNV)=UNV
is small in N NV by [15, 19.3(5)]. Hence N is &-co-coatomically supplemented. O

A ring R is called a left V-ring if every simple R-module is injective (see [15, p. 192]).
A commutative ring R is a V-ring if and only if R is a von Neumann regular ring (see
[15, 23.5]).

2.5. Proposition. Qver a V-ring R, a module M is @-co-coatomically supplemented if
and only if M is semisimple.
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Proof. (<) Clear.

(=) Since M is @-co-coatomically supplemented, M is ®-cofinitely supplemented and so
cofinitely supplemented. Therefore M/ Soc(M) has no maximal submodule by [1, Theo-
rem 2.8] and [1, Proposition 3.6]. Since R is a V-ring, M/ Soc(M) = Rad(M/ Soc(M)) =
0 (see [15, 23.1]). Thus M is semisimple. O

Obviously an @-supplemented module is supplemented and @-co-coatomically sup-
plemented module is co-coatomically supplemented. An @-supplemented module is -
co-coatomically supplemented module, but an @-co-coatomically supplemented module
need not be @-supplemented in general by the following example.

2.6. Example. The Z-module Q does not have any proper co-coatomic submodule.
Thus Q is @-co-coatomically supplemented. But Z-module Q is not supplemented so it
is not @-supplemented (see [16, Theorem 3.1]).

An @-co-coatomically supplemented module is ®-cofinitely supplemented but the
example below shows that an @-cofinitely supplemented module need not be @-co-
coatomically supplemented.

2.7. Example. [9, p.282] Let R denote the ring K[[x]] of all power series > k;2" in an

i=0
indeterminate = and with coefficients from a field K. R is a local ring. The R-module R
is supplemented so R is semiperfect (see [15, 42.6]). Note that

Jac(R) = {ka | ki € K} = Rz
=1

is not t-nilpotent. Thus R is not perfect (see [15, 43.9]). Since R is semiperfect,
R/ Jac(R) is semisimple. Therefore xR/ Rad(zrR™) is semisimple, so Rad(rR™) is
a co-coatomic submodule of kR™. By [3, Theorem 1], Rad(r R™) does not have a sup-
plement. Thus rR™ is not co-coatomically supplemented so it is not @-co-coatomically
supplemented. On the other hand, since R is local, R-module R is @-supplemented and
0 @-cofinitely supplemented. Any direct sum of rR, in particular RR®™ is @-cofinitely
supplemented by [4, Theorem 2.6].

By the example above, it is seen that arbitrary direct sum of @-co-coatomically sup-
plemented modules need not be @-co-coatomically supplemented.

To prove that a finite sum of @-co-coatomically supplemented modules is an G-co-
coatomically supplemented module, we will use the following lemma.

2.8. Lemma. Let M be an R-module and N, U be submodules of M such that N is
co-caotomically supplemented, U is co-coatomic and N + U has a supplement A in M.
Then NN (U + A) has a supplement B in N and A+ B is a supplement of U in M.

Proof. Let A be asupplement of N4+U in M. Then M = N+U+A and (N+U)NA <« A.
Note that
N/ (NN(U+A)2(N+U+A)/U+A)=M/(U+A)=(M/U)/(U+A)/U)
is coatomic. Therefore N N (U + A) is a co-coatomic submodule of N. Since N is co-
coatomically supplemented, NN(U+A) has a supplement Bin N, ie. NN(U+A)+B =N
and BN (U + A) < B. Then
M=N+U+A=U+A+B.
UNA+B)<(AN(U+B)+(BNU+A)<(ANU+N))+ (BN U+ A))
<A+ B
Hence A + B is a supplement of U in M. ]
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2.9. Proposition. For any ring R, any finite direct sum of &-co-coatomically supple-
mented R-modules s ®-co-coatomically supplemented.

Proof. Let n be a positive integer and M = M; @ - - - & M,, where M; is co-coatomically
supplemented for each 1 < i < n. To prove that M is ®-co-coatomically supplemented
it is sufficient to prove the case when n = 2. Therefore let M = M; & M; and L be any
co-coatomic submodule of M. Then M = M; + Ms + L such that My, + Ms + L has a
supplement 0 in M. Consider the submodule Mz N (M1 + L) of Mo.

My/(ManN (M, + L)) 2 (My+ My+ L)/(M1+L)=M/(M, + L).

Since M7+ L is a co-coatomic submodule of M, MaN(M;:+L) is a co-coatomic submodule
of M>. Since M> is an @-co-coatomically supplemented module, Mz N (M; + L) has a
supplement H in M5 such that H is a direct summand of M. H is a supplement of
M + L in M by Lemma 2.8. Now consider the submodule My N (L + H) of M;.

My /(M (L+ H)) = (My + L+ H)/(L+ H) = M/(L+ H).

Since L+ H is a co-coatomic submodule of M, M1 N (L + H) is a co-coatomic submodule
of M. Since M is ®-co-coatomically supplemented, M; N (L + H) has a supplement K
in M; such that K is a direct summand of M;. Again by Lemma 2.8, we obtain H + K is
a supplement of L in M. It follows that H 4+ K = H & K is a direct summand of M since
H is a direct summand of Ms and K is a direct summand of M. Thus M = M; & M-
is @-co-coatomically supplemented. O

2.10. Proposition. Let M be an indecomposable R-module. The following are equiva-
lent:

(1) Every co-coatomic submodule of M has a supplement that is a direct summand.
(2) Every mazimal submodule of M has a supplement that is a direct summand.
(3) M is radical or M is local.

Proof. (1) = (2) Since every maximal submodule is co-coatomic it is clear.

(2) = (3) If M is not radical, that is there is a maximal submodule N of M, then
N has a supplement K that is a direct summand. Since M is indecomposable either
K=0or K =M. If K =0 then M = N 4+ K = N. Contradiction. If K = M then
N =NNK < M, therefore N is the largest proper submodule of M, so M is local.

(3) = (1) Let N be a co-coatomic submodule of M. If N # M then M/N has a maximal
submodule, therefore M has also a maximal submodule, that is M is not a radical module.
Then M is local and therefore @-supplemented. Thus every co-coatomic submodule has
a supplement that is a direct summand in M. O

2.11. Corollary. Let M be an indecomposable R-module such that Rad(M) # M. M s
@-co-coatomically supplemented if and only if M is local.

A module M is called X-selfprojective if for each index set I, the module M) is
selfprojective (see [17]).

2.12. Remark. For an R-module M, if M is X-selfprojective and U < Rad(M), then
the following holds: U has a supplement in M, so U is small in M [17, Satz 4.1]. Clearly
rR™ is Y-selfprojective and Rad(rR™) < Rad(gR™), therefore if Rad(rR") has a
supplement in rR™ then Rad(RR(N)) < rRW,

2.13. Theorem. A ring R is left perfect if and only if R™ is an @-co-coatomically
supplemented R-module.
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Proof. (=) By [12, Proposition 4.8 and Theorem 4.41], gk R" is @-supplemented and so
@-co-coatomically supplemented.

(<) Let M denote the R-module R™_ Since M is @-co-coatomically supplemented, it is
@-cofinitely supplemented and so cofinitely supplemented. Thus rR is cofinitely supple-
mented (see [1, Lemma 2.1]). Therefore g R is supplemented since it is finitely generated.
Therefore R/ Jac(R) is semisimple by [15, 42.6]. It follows that rR"/Rad(rR"™) is
semisimple. Thus Rad(rR™) is co-coatomic in rkR®™. By the assumption, Rad(zR™)
has a supplement in gk R™ that is a direct summand. By Remark 2.12, Rad(rk R") <«
rR™Y. Therefore, since R/ Jac(R) is semisimple, R is left perfect by [15, 43.9]. O

2.14. Corollary. The following are equivalent for a ring R:
(1) R is left perfect.
(2) The R-module R™ is ®-supplemented.
(3) The R-module R™ is ®-co-coatomically supplemented.

Proof. (1) & (2) By [11, Theorem 2.10].
(2) = (3) Clear.
(3) = (1) By Theorem 2.13. O

Let R be a commutative ring. An R-module M is called a multiplication module if
every submodule of M is of the form I M for some ideal I of R. Let M be an @®-cofinitely
supplemented multiplication module with Rad(M) <« M, then M can be written as an
irredundant sum of local direct summands of M (see [13, Theorem 2.7]).

2.15. Proposition. Let R be a commutative ring and M be a multiplication R-module.
If M is an ®-co-coatomically supplemented module with Rad(M) <« M, then M can be
written as an irredundant sum of local direct summands of M.

Proof. Since every @-co-coatomically supplemented module is @-cofinitely supplemented
the proof is clear by [13, Theorem 2.7]. O

3. Co-coatomically semiperfect modules

3.1. Definition. Let M be an R-module. M is called co-coatomically semiperfect if
every coatomic factor module of M has a projective cover.

The following proposition gives a characterization of a projective @®-co-coatomi-
cally supplemented module.

3.2. Proposition. Let M be a projective R-module. Then M is co-coatomically semiper-
fect if and only if M is ®-co-coatomically supplemented.

Proof. (=) Let N be a co-coatomic submodule of M. Then M/N is coatomic. By
hypothesis, there exists a projective cover m : P — M/N. Let 0 : M — M/N be
canonical epimorphism. Since M is projective there exists a homomorphism f: M — P
such that the diagram

M
r lg
PZ— M/N

is commutative, i.e. wo f = 0. Since 7 is a small epimorphism, f is epic by [15, 19.2].
Since P is projective, f splits, i.e. there exists a homomorphism g : P — M such that
fog=1p by [9,3.9.3]. Thusm =7o fog = cog. It follows that M = ker f ® g(P)
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and ker f < N, s0 M = N + g(P). Let p =0 |gp): g(P) = M/N. Then 7 = p1o g and
therefore i is epic since 7 is epimorphism. Furthermore, since 7 is a small epimorphism,
w is also a small epimorphism by [15, 19.3]. Therefore ker x = N N g(P) < g(P). Thus
g(P) is a supplement of N.

(<) Let M /N be a coatomic factor module of M. Since M is @-co-coatomically supple-
mented, there exists submodules K and K’ such that M = K ® K', M = N + K and
NN K < K. Since M is projective, K is projective. Therefore o oi: K — M/N is an
epimorphism and kero ot = NN K < K for the inclusion homomorphism ¢ : K — M
and the canonical epimorphism o : M — M/N. O

An R-module M is cofinitely semiperfect or briefly cof-semiperfect if every finitely
generated factor module of M has a projective cover.

A co-coatomically semiperfect module is cof-semiperfect but converse need not be
true by Example 2.7 since the projective R-module R™ in that example is @®-cofinitely
supplemented but not ®-co-coatomically supplemented.

A submodule U of an R-module M has ample supplements in M if, for every sub-
module V of M with U + V = M, there exists a supplement V' of U with V/ < V
(see [5, p- 237]). A module M is called co-coatomnically amply supplemented if every
co-coatomic submodule of M has ample supplements in M. Clearly a co-coatomically
amply supplemented module is co-coatomically supplemented.

Let M be an R-module and N be a submodule of M. N is called lie above a direct
summand of M if there is a decomposition M = K @ K’ such that K < N and K'NN <
K’

3.3. Proposition. Let M be a projective module. Then the following are equivalent:

1) M is co-coatomically semiperfect.

2) M is ®-co-coatomically supplemented.

) FEach co-coatomic submodule of M lies above a direct summand of M.

) M s co-coatomically amply supplemented by supplements which have projective
covers.

(5) M is co-coatomically supplemented by supplements which have projective covers.

(
(
(3
(4

Proof. (1) < (2) By Proposition 3.2.

(2) = (3) Let N be a co-coatomic submodule of M. Since M is @-co-coatomically
supplemented, there exist submodules K and K’ of M such that M = N+ K, NNK < K
and M = K @ K'. Since M is projective there exists a submodule K” < N such that
M=K"&K (see [15, 41.14]).

(3) = (2) Clear.

(1) = (4) Let N be a co-coatomic submodule of M and M = N + L for some submodule
L of M. Let (P, f) be a projective cover of M/N. Since P is projective and M/N =
L/(N N L), there exists a homomorphism ¢ : P — L. Since Ker f < P and g(Ker f) =
ImgNNNL=ImgNN,ImgNN=ImgNNNL <KImg. Img+ (NN L) =L since
f is an epimorphism. Therefore Img is a supplement of NN Lin L. M = N+ L =
N+Img+ (NNL)=Img+ N and IngN N <« Img, i.e. Img is a supplement of N
in M and Im g is contained in L. Since Ker g < Ker f and Ker f < P, P is a projective
cover of Im g.

(4) = (5) Clear.

(5) = (1) Let N be a co-coatomic submodule of M and L be a supplement of N in M.
Then L is a small cover of L/(N N L). Therefore every projective cover of L is also a
projective cover of L/(N N L). Since M/N = L/(N N L), M/N has a projective cover.
Thus M is co-coatomically semiperfect. (]



1424

3.4. Proposition. FEvery homomorphic image of a co-coatomically semiperfect module
is co-coatomically semiperfect.

Proof. Let f: M — N be a homomorphism and let M be a co-coatomically semiperfect
module. Let f(M)/U be a coatomic factor module of f(M). There is an epimorphism

o: M — f(M)/U, mw— f(m)+U.
Since M is co-coatomically semiperfect,

M/ (U) = f(M)/U

that is f(M)/U has a projective cover. Thus f(M) is co-coatomically semiperfect. O

3.5. Corollary. FEvery factor module of a co-coatomically semiperfect module is co-
coatomically semiperfect.

3.6. Corollary. Let M be a projective module. If M is ®-co-coatomically supplemented
then every factor module of an ®-co-coatomically supplemented module is also ®-co-
coatomically supplemented.

Proof. By Corollary 3.5. O

3.7. Proposition. Ewvery small cover of a co-coatomically semiperfect module is co-
coatomically semiperfect.

Proof. Let N be a co-coatomically semiperfect module, f : M — N be a small epimor-
phism and L be a co-coatomic submodule of M. Then N/f(L) is an epimorphic image
of M/L under the epimorphism

f:M/L — N/f(L), f(m+ L) = f(m) + f(L)

Note that ker f < M/L since ker f < M. Therefore N/f(L) is coatomic since M/L is
coatomic. By hypothesis, N/f(L) has a projective cover, say = : P — N/f(L). Since P
is projective there exists a homomorphism ¢ : P — M/L such that the following diagram
is commutative

L iw
M/L ——= N/f(L)

i.e. fog=m Thus g is epic by [15, 19.2] and since r is small, g is small by [15, 19.3].
Hence P is a projective cover of the module M/L. (]

3.8. Corollary. If K <« M and M/K is co-coatomically semiperfect then M is co-
coatomically semiperfect.

3.9. Corollary. Letm: P — M be a projective cover of a module M. Then the following
statements are equivalent:

(1) M 1is co-coatomically semiperfect.
(2) P is co-coatomically semiperfect.
(3) P is ®-co-coatomically supplemented.

Proof. (1) = (2) By Proposition 3.7.
(2) = (1) By Proposition 3.4.
(2) < (3) By Proposition 3.2. O
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Let M be an R-module. Then an R-module N is called (finitely) M-generated if it is
a homomorphic image of a (finite) direct sum of copies of M (see [5, 1.1.]).

3.10. Lemma. Let M be a projective module. If M 1is semiperfect then every finitely
M -generated module is co-coatomically semiperfect. The converse holds if M is finitely
generated.

Proof. Let N be a finitely M-generated module. Since M is semiperfect, M is &-
supplemented. Therefore M is @-co-coatomically supplemented. By Proposition 2.9,
a finite direct sum of M, i.e. for any finite set A, M) is also @-co-coatomically supple-
mented. Therefore M) is co-coatomically semiperfect by Proposition 3.2. By Corollary
3.5, N is co-coatomically semiperfect. Conversely, suppose that M is finitely generated
and so it is coatomic. By hypothesis, M is co-coatomically semiperfect. Therefore M is
semiperfect. O

3.11. Proposition. For a ring R, the following statements are equivalent:

(1) R is semiperfect.
(2) Ewvery finitely generated free R-module is semiperfect.
(3) Ewvery finitely generated free R-module is co-coatomically semiperfect.

Proof. (1) < (2) By [10, Lemma 1.2] and [11, Theorem 2.1.].
(1) < (3) By Lemma 3.10. O
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