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Existence results for nonlinear boundary value problems
with m-point integral boundary condition
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Abstract

In this paper, we investigate the existence of positive solutions for the
nonlinear m-point boundary value problems with integral boundary
condition. By using fixed-point index theorem and Leggett- Williams
fixed point theorem, the existence and multiplicity of positive solutions
are obtained. As an application, two examples are given to demonstrate
our results.
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1. Introduction

Nonlinear boundary value problems for ordinary differential equations (ODEs) with
nonlocal boundary conditions (BCs) have been well studied over the past decades. The
study of nonlocal BCs for ODEs goes back, as far as we know, to Picone [12] and has
been widely developed during the years. We refer the reader to the reviews by Whyburn
[16], Conti [4] and Ntouyas [11]. Some important contributions were given by Bitsadze
and Samarskii [2].

At the same time, boundary value problems (BVPs) with Riemann-Stieltjes integral
boundary conditions include two point, three-point, multi-point and the Riemann integral
BVPs as special cases. Such BVPs have attracted the attention of researchers such as
[14, 15, 1, 5, 6, 7, 9, 10, 13, 17, 18, 3].

In [6], Feng et al. considered the second order differential equation

*Department of Mathematics, Ege University, Tzmir, Turkey, Email: tubasenlik@gmail.com
TCorresponding Author.
iDepa,rtment of Mathematics, Ege University, Izmir, Turkey, Email: nuket.aykut@ege.edu.tr



1522

u” (t) + f(lt,u(t)) =6, tc(0,1),
wm:Agmwwm u(l) =0,

or u(0) =46, u(l):/O g(t)u(t)de.

They investigated the existence and nonexistence of positive solutions for a class of non-
linear boundary value problem of the second-order differential equations with integral
boundary conditions in ordered Banach spaces. The arguments were based upon a spe-
cially constructed cone and the fixed point theory in a cone for strict set contraction
operators.

In [13], Tariboon and Sudsutad considered second-order m-point integral boundary
value problem

u'(t) +a(t)f(t) =0, te€(0,1),

m—1

u(0) = Z a,/

Mi—1
By using the Guo-Krasnoselskii’s fixed point theorem, they obtained the existence criteria
of at least one positive solution if f is either superlinear or sublinear.

In [14, 15], Webb and Infante used fixed point index theory and gave a general method
for solving problems with integral BCs of Riemann-Stieltjes type. In [15], they studied
the existence of multiple positive solutions of nonlinear differential equations of the form

(1) = g(t) f(t,u(t)), 1€ (0,1),
u(0) = afu], (1) = flul,
or u(0)=qafu], uw(l)=p
or u(0) =alu], u'(1)+ Bu] =0,
or v (0)=calul, u(l)=p
o w/(0)+ofu] =0, u(l)= lul.

Here afu], B[u] are bounded linear functionals on C[0, 1] given by

aM:AgmmwM@,ﬂM:Agmwmw@

with A, B functions of bounded variation.
Motivated by the results above, in this paper, we consider the following second order
m-point integral boundary value problem (BVP)

WO+ 1) =0, 1€ 0.1),
() u(0) — ' (0) =0, :Z o[ utspas

Here the boundary conditions of (1.1) are a special case of Riemann-Stieltjes integral.
We get the existence and multiplicity of positive solutions for the BVP (1.1) by using
the fixed point index theorem and the Leggett-Williams fixed point theorem.

We will assume that the following assumptions are satisfied:
(C1) fee(o,1] x RT,RY), Rt =10, +00), 0 =10 < m < c < Nz < N1 =1

(C2) B,v>0,8+~v>0,a; >0fori=1,2,...,m—1, Zal yand d > 0
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where

m—1 m—1
d=p (2 - > aulni — 77?—1)) +2y <1 - > i ﬁil)) :
i=1 i=1

‘We note that the m-point boundary condition is related to m — 1 intervals of the area
under the curve of solution u(t) from ¢t =n;—1 tot =n; for i =1,...,m — 1.

The organisation of the paper is as follows. In Section 2, we present some necessary
lemmas that will be used to prove our main results. In Section 3, we apply fixed point
theorems to obtain the existence of solutions for the BVP (1.1) and we give examples to
illustrate our results.

2. Preliminaries
In this section, we will employ several lemmas to prove the main results in this paper.

2.1. Lemma. Let a; > 0 fori =1,2,...m—1, and d # 0. Ify € €[0,1], then the
problem

(2.1) u’(t)+y(t) =0, te(0,1),

i

(2.2) Bu(0) —yu'(a) =0, u(l)=Y_ ai/ u(s)ds,

i—1

has a unique solution

ult) = —/0 (t—s)y(s)ds+w/) (1 = s)y(s)ds

Proof. We have from (2.1),
W(t) = —y(t).
It is easy to see by integration of both sides of (2.1) on [0, t],

u'(t) = u'(0) — /t y(s)ds.
0
Integrating again, we can get
w(t) = u(0) + ' (0)t — / "t — $)y(s)ds.
0
From condition (2.2)

(2.3) u(t) = —/O (t — s)y(s)ds + u’(O)(% +1).

So
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Integrating (2.3) from n;—1 to 7; for 0 < m;—1 <1n; < 1,i=1,...,m — 1 and reversing the

1 ( /O - s)y(s)ds) dr

order of double integrating, we get

M4 i
/ u(s)ds —/
N1 7;

i—

+u/(0)

/m
0

+u’(0)

From condition (2.2), we have

= Wi

i

a
B

7/0 (1 — 8)y(s)ds +u'(0)(L + 1)

B

We obtain,

(771'2 - 771'2—1)

(ni —ni—1) +u'(0) 3

e R

0 2
(n? - 771'2—1)

(i —ni—1) +u'(0)f~

u(t) = 7/0 (tfs)y(s)derQ(’yZﬁt)/O (1 — s)y(s)ds
BRIy RUSROT
P [ e oo

m—1

d

2.2. Lemma. Let Z a; <1andd>0.Ify € €([0,1],]0,+0)), then unique solution

i=1

u of (2.1)-(2.2) satisfies u(t) > 0 for t € [0,1].

Proof. From the fact that u”(t) = —y(t) < 0,
down on [0, 1]. It suffices to prove that u(0) >

we know that the graph of w is concave
0 and u(1) > 0.
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m—1 1
+
> PPN o[ a0 sus)ds
i=1 Nm—2
> 0.
The proof is complete. O
m—1

2.3. Lemma. Assume that 0 < Z a; < 1and d > 0. If y € C([0,1],[0,+00)), then

i=1
unique solution u of (2.1)-(2.2) satisfies
inf wu(t) > Tllull,

te(n1,1]
where,
1 m—2
= 2<?}1m2{771: 5 = 041(771 _777,71) )
i=
s—1 m—2
Zal(’r]z —77171)4' J(n2_777,271)(1_77l)
i=1 i=s i
m—2 ’
(2.4) 2- > il =)
m—2 )
J(nz - 771—1)(1 - 772)
=1 N
m—2 ?
2- Oéi(m? —771'271)
i=1
and ||u|] = max |u(t)].

te(0,1]

Proof. If u(t) is maximum at ¢t = ¢, then ||u|| = u(¢). The proof is divided into four steps.

Step 1. If i[nf . u(t) = u(m), then the concavity of u implies that w(m) > mu(t). Thus,
teln,

inf  wu(t) > T||ull.
it u(®) > Tl

Step 2. If ¢ < and i[nf 1] u(t) = u(1l), then the concavity of u implies
teln,

u(ni) —u(l) > u(t) —u(1) >ul) —u(l), 1<i<m-—2.

= = 1-1 =
So,
u(mi) —miu(l) > (1 —n)u(t), 1 <i<m—2.
Therefore,
12
52 2t = ) () — )
(2.5) =
1 m—2 " _
> 5 30 S —nt) (L= nu@, 1<i<m—2

2

1
We know that u(t) from ¢t = n;_1 to t =n; for ¢ =1,2,...,m — 1 satisfies
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(ni = mi—1) (u(m:) + w(ni-1))-

N | —

(2.6) /;ﬁ u(s)ds >

1
where 5(77, — ni—1)(u(n;) + u(ni—1)) is the area of the trapezoid under the curve u(t).

From the concavity of v and Lemma 2.2, we get

(2.7) wm) 5 ule) 5wy ulm) o w(d)
m 72 Ni—1 i 1
Then, using conditions (2.6) and (2.7), we have
m—1 i
u(l) = ozi/ u(s)ds
i=1 ni—1
1 m—1
> 5 D ailmi = nim) (w(m) + u(ni—1))
i=1
1 m—2
2 3 D ailmi = nim) (w(m) + u(ni—1))
i=1
1 m—2 n
i—1
> 5 D ol —mion)(u(n:) + o)
=1 v
m—2
1 i 2
= 52t aaun)
ie.,
1 m—2
(2.8) u(l) > 3 n%(m —ni)u(n:)
i=1 "
Combining conditions (2.5), (2.8), we get
m—2 )
7771(771 - 77171)(1 - 772)
u(1) > = — u(t).
2- ) ai(n —ni-1)
i=1

Thus, inf w(t) > T|ju|.
t€n1,1]

Step 3. If there exists 2 < s < m — 2 such that n,_1 <t < n,, and inf wu(t) = u(1),

ten,1]
fors<i<m-—2,

So,

w(n) — miw(l) > (1 —n)u(t) for s <i<m-—2.
In addition, in view of (2.7), we get

u(n;) > niu(t) for 1 <i<s—1.
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From (2.2) and (2.8), we have

s—1 m—2
Q;
Zai(nf — 1) + Z 77(7722 — i) (1= n,)
u(1) > = — u().

Thus, inf wu(t) > T|ull.
t€[n1,1]

Step 4. If t > npm—2 and i[nf 1]u(t) =u(l),for 1 <i<m-—2
teln,

Then, we obtain

1 m—2 . 1 m—2
S mu(n) > 5 D ai(n? = mioy)u(t)
2 i—1 'k 2 i=1
From (2.8),
1 m—2
u(l) > 3 3" auln? ()
=1
Thus, inf wu(t) > T||ull. O
t€n1,1]

2.4. Lemma. Assume that (C1) and (C2) hold, then for all t € [0,1], the following
result s true.

Mﬂzgﬁ (1— s)y(s)ds, te0,1],

m—2

where
m—1 m—1

09) a—mm{m <1Zai>,w+ﬁzai(n?m21)}-
=1 =1

Proof. From the fact that v’ (t) = —y(t) < 0, we know that the graph of u is concave
down on [0, 1]. Then, By Lemma 2.2, one can easily prove that,

u(t) > g/ﬂ (1—29)y(s)ds te€][0,1].

m—2

d

Let B = €0, 1] is a Banach space with the norm |u| = max |u(t)|. Define the cone
te[0,1

K C B by
K = {u €B:u(t) >0fort€[0,1] and min u(t) > F|\u||}7
t€[n1,1]

where the number I' be given as in equation (2.4). We can define an operator 7' : K — B
by



1529

Tu(t) = - / (t— )/ ())ds+2(%jﬂ” [ st uteas

yu(s))ds

/ .
/ 525, uls))ds,

for u € K. Obviously, u is the solution of the BVP (1.1) if and only if u is a fixed point
of T.

(2.10) -

_|_

2.5. Lemma. Let (C1) and (C2) hold. Then T : K — K is completely continuous and
T(K)C K.

Proof. Define the operator T': K — K by
Tu(t) = —/Ot(t—s)f(s,u(s))ds—F%}ﬂﬂfol(l—s)f(s,u(s))ds

m—1

(i = 8)* f(5,u(s))ds

for u € K. By Lemma 2.2, for all u € K we have Tu > 0, and Lemma 2.3, T(K) C K.
Next, by standard methods and Arzela-Ascoli theorem, one can easily prove that operator
T is completely continuous. ]

Now for convenience, we introduce the following notations. Let
= \r+8 [ )
2+ o | ——— 1—s)ds
(e 5] 25 [0

-1
1t §

NMm—2

M =

We assume 0 < ¢ <T' < 1. The numbers I" and § are given by (2.4), (2.9).
In order to follow the main results of this paper easily, now we state the fixed point
theorems which we applied to prove Theorems 3.1 and 3.3.

2.6. Theorem. ([8]) Let K be a cone in a real Banach space B. Let D be an open bounded
subset of B with Dk = DNK # 0 and Dx # K. Assume that T : D — K is completely
continuous such that u # Tu for w € 0Dk. Then the following results hold:
@) If |[Tull < |lull, w € 0Dk, then ix(T,Dk) = 1;
(it) If there exists e € K\ {0} such that u # Tu+ Ae for all u € Dk and all X > 0,
then ik (T, Dk ) = 0;
(iii) Let U be open in K such that U C Dy. If ix (T, Dk) = 1 and ix (T, Uk) = 0,
then T has a fized point in Dk \UK. The same result holds if ix (T, Dg) = 0
and ix (T, Uk) =1
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We define
K, = {ueK:|ul<p}
Q, = {ueK: min u(t)<Dp}t={ue K :T|u]| < min u(t) < p}.
t€[n1,1] t€[m,1]

2.7. Lemma. Q, has the following properties:
a) Q, is open relative to K.
b) Kr, C Q, C K,.

c) u€ N, zf and only if n[mnll u(t) =Tp.
€ln1,

d) If u € 99Q,, then T'p < u(t) < p fort € [m,1].
2.8. Theorem. ([8]) Let B be a Banach space, K C B a cone of B. Set

N~ A~

K, = {ueK:|ul|<r}
P(p,a,b) = {ue K:a<p(u),llul| <b}.
Suppose T : K, — K, be a completely continuous operator and ¢ be a nonnegative,

continuous, concave functional on K with o(u) < ||lu]| for all w € K,. If there exists
0 < p<q<d<r such that the following conditions hold:

(i) {u € K(p,q,d) : p(u) > q} # 0 and p(Tu) > q for all u € K(p,q,d);
(i) |[Tul| <p for all [[ul| < p;
(7it) o(Tu) > q for u € K(p,q,r) with ||Tul| > d.

Then T has at least three positive solutions w1, uz and us in K, satisfying

[lui]] < p, o(uz) >q, p < ||us|| with p(us) < q.

3. Main results

In this section, we will prove the existence of at least two and three positive solutions
of the BVP (1.1). The following theorems we will make use of the fixed-point index
theorem and the Leggett-Williams fixed point theorem, respectively.

We define,
: D) }
P =min{ min tu € [Ip, ,
I, {te[m,l] ) [Tp, o]

ft,w)

:ue[o,p}}.

f& = max { max
tefo,1]  p

3.1. Theorem. Suppose (C1) and (C2) hold.
(C3) There exist p1, p2, ps € (0,00) with p1 < Tp2 and p2 < ps such that
I'Mm
fpl < L prQ > 6
Then the BVP (1.1) has at least two positive solutions w1, uz with u1 € Qpy \ Kpy, uz €
Kp3 \ Q.
(C4) There exist p1, p2, p3 € (0,00) with p1 < p2 < Tps < p3 such that

FM FM
frpl_ , f8? < L,u#Tu for u € 0K,, and prg— 5

Then the BVP (1.1) has at least two positive solutions u1, us with u1 € Ky, \ Qp,, u2 €
Qps \ Kp,-

—— u#Tu for u € 0Q,, and f§* < L.
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Proof. We only consider the condition (C3). If (C4) holds, then the proof is similar to
that of the case when (C3) holds. By Lemma 2.5, we know that the operator T': K — K
is completely continuous.

Firstly, we show that ix (T, K,,) = 1. In fact, by (2.10) and f5' < L, we have for
u € 0K,,,

ITu@l = max / (t-5)f >>ds+% | = atnas
Z / ; f(s,u(s))ds
+ 14 Z / (1 = 5)2 (s, uls))ds

IN

WJFﬁt / (1 —38)f(s,u(s))ds

m—

1 —35)f(s,u(s))ds

< ( Z )”Zﬁ [ 0= ats.unas

< pl

o || Tu|] < ||lu|| for u € 0K, . By (i) of Theorem 2.6, we obtain that ix (7T, K,,) = 1.
Secondly, we show that ix (T,€,,) = 0. Let e(t) = 1. Then e € 9K1. We claim that

u#Tu+ e, u € 0Qp,, A>0.
Suppose that there exists uo € 9€,, and Ao > 0 such that

(3.1) uo = Tuo + Aoe.
Then, Lemma 2.4, (2.10) and (3.1) imply that for ¢ € [, 1]
up = Tuo+ Xoe
t 9 N[l
- - / (t = ) (s, u())ds + ”%5’ [ a =95t utsnas
0 0
(s,u(s))ds
m 1—8) 2f(s7u(s))ds + Aoe

> g (1= 8)f(s,u(s))ds + Ao

= TI'pa+ Ao,
i.e., [pa > I'pa + Ao, which is a contradiction. Hence by (i3) of Theorem 2.6, it follows
that ix (T, Q) = 0.

Finally, similar to the proof of ix (7T, K,,) = 1, we can prove that ix (T, K,;) = 1.
Since p1 < I'p2 and Lemma 2.7 (b), we have K,, C Kr,, C ,,. Similarly with ps < p3
and Lemma 2.7 (b), we have Q,, C K,, C K,,. Therefore (iii) of Theorem 2.6 implies
that BVP (1.1) has at least two positive solutions w1, u2 with ui € Q,, \ K,,, u2 €
Ko \ . o
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3.2. Example. We consider the following m-point integral boundary value problem

u (t) + f(t,u(t) =0, t€(0,1), . .
(3:2) u'(O) =0, u(l)= é/oﬁ u(s)ds + i /; u(s)ds + é/: u(s)ds,

sint
— .02 < 0.0204
200—&—00, u < 0.0204,

sint 4400 B 8962

200 7“7 700
sint 5 65917

200 " 6" " 1500

Set =0, vy=1,m="7mn =% for i=0,.,6,a; =0 for j= 24,6, and
o1 = %, a3 = 1, a5 = §. By simple calculation, we get d = 7, L = 13, M = 126,

§ = 2L, T = 22 It is clear that conditions (C1) and (C2) are satisfied. Taking

p1 = 0.0204, p2 = 3.308, p3 = 169.02, we can obtain that

0.0204 < u < 0.0904,

u > 0.0904.

=

p1 <Tps and p2 < ps.
Now, we show that (C3) is satisfied:

fo0204 < 0,025 < L,
M

Cona > 44.02> —,

fo899% < 184.794 < L.

Then, (C3) condition of Theorem 3.1 holds. Hence, we get the BVP (3.2) has at least
two positive solutions.

We now give the sufficient conditions to have at least three non-negative solutions
for the BVP (1.1). Firstly, we define the nonnegative, continuous, concave functional
¢: K —[0,+00) by

o(u) = min |u(t)|, Yu € K.
t€[m,1]

It is obvious that ¢(u) < ||ul| for all u € K.

3.3. Theorem. Suppose (C1) and (C2) hold. Moreover there exist nonnegative numbers
0<p<qg<min{y,¥L}r such that
(i) ft,u) < Lr for t€[0,1] and uwe€[0,7];
(i) f(t,u) > % for t € [m,1] and u € [q, %],
(i) f(t,u) < Lp for t€0,1] and u € [0,p].

Then the BVP (1.1) has at least three non-negative solutions u1, uz and us satisfying

[Juill < p, @(uz) >q, p <|lus|| with p(us) < g.
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Proof. The conditions of Theorem 2.8 will be shown to be satisfied. If v € K, then
|lu||] < r and assumption (i) we have

ITu@ll = max |- / <t—s>f<s,u<s>>ds+@ | = unas
_ Z / )2 f(s, u(s))ds
+2 Z / (11— )£ (s, u(s))ds

d
'y—i—ﬁt / (1 —38)f(s,u(s))ds

<

+1 d Z ; (1—8)f(s,u(s))ds
< <2+ ZO”) L/O (1 —3s)f(s,u(s))ds
<

Therefore, T : K, — K,. By (iii) and the argument above, we can get that T : K, — K.

Now, we show that the condition () of Theorem 2.8 is satisfied. Since % € K(y,q, %)
and () = © > ¢ {u € K(p,a,0) + 9(w) > a} # 0. I w € K(p,,0), then

g <u(t) < L for te [71,1]. From assumption (ii), we have f(¢,u) > % for ¢ € [ni,1],

and by the conditions of ¢ and the operator 7', we have to distinguish two cases,

(i) @(Tu) = (Tw)(m), and
(i) o(Tu) = (Tu)(1).

In Case (i), we have

o(Tu) = (Tu)(m)
1 n m—1 m—1
= E/ [2(y + Bs)[(1 —m) = Y calni —mia) + D> mai(mi —ni-1)]
0 1=2 =2

+mpPBais(m — 5) yaa (i — Sg)]f( u(s))ds

m m—2
'Y +dﬂ771 Z / 2(1— s) Z a;(n; — 5)2

+ 3 a1 — )l u(s))ds
j=it1
+M/l (1—s8)f(s,u(s))ds
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2(y+ Bm) [

O
2v(1 - 7%) )

> =t /nm?zu—sv(s,u(s))ds
5 1

> 2 / A=) uteds

> q

In Case (ii), we get

p(Tu) = (Tw)(1)
> T Tt —at) [ ot ue)s
) 1
> o] =g uas
> q

ie.,

p(Tu) > ¢, for all u € K(yp,q, %)

Hence, condition (z) of Theorem 2.8 is satisfied.
Finally, we show that condition (ii7) of Theorem 2.8 is also satisfied. If u € K(p,q,r)

and ||Tul| >% then

p(Tu) = min_ [Tu(t)| > T||Tul| >TL > ¢
ten1,1] P

Therefore, condition (iii) of Theorem 2.8 is also satisfied. Since all conditions of Theorem
2.8 are verified, the BVP (1.1) has at least three non-negative solutions such that

lluall <p, g < @(u2) and p < [[us]| with ¢ (us) < g.

3.4. Example. We consider the following second-order boundary value problem,

y 2005u*
t R
v+ 9006

(3.3) , 1
u(0) —u (0) =0, wu(l)= ; /o u(s)ds + é/; u(s)ds.

Whenwetake,@z'yzl,m:4,no:O,m:i,ngzé
as =13, weobtaind=301, [ =30 M =30 T=1 4=,

96 2727 120 647 301
() = flu) = 20054
T T ut 42006

is continuous and increasing on [0, +00). Now, we check that the conditions of Theorem
3.3 are satisfied. When we choose r = 2720, from limy— oo f(u) = 2005, we obtain
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f(u) <2005 < Lr = 3010, w€[0,r].
Consequently, the condition (i) of Theorem 3.3 is satisfied. As f(10) ~ 1669.99, we get

q q
fu) > = =1752.5, welq—|
() >3 9,35
It means that condition (ii) of Theorem 3.3 is satisfied. Finally , let p =1, as f(1) ~ 0.999,
we get

f(u) < Lp~1.106, w € [0,p],

so that condition (iii) of Theorem 3.3 is satisfied. Therefore, there exist numbers p =
1, ¢ =10, r = 2720 satisfying

O<p<g<min{,L}rand 0 <y <I'<1

such that all the conditions of Theorem 3.3 hold. So the boundary value problem has at
least three positive solutions u1, uz and us satisfying

[luir]l <1, 10 < min wus(f) and 1 < ||us|| with min wus(t) < 10.
t€[n1,1] t€[n1,1]
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