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1. Introduction

In this article we investigate the IBVP

ug — Au= f(t,z,u,Du), t>0,z1>0,(za,...,1,) € R"L,
u(0, ) = ug(z), x1 >0, (z2,...,2,) € R" (1.1)
u(t, 0,20, ...,20) = v(t,z2,...,2n), t>0,(xa,...,2,) € R

where n > 2, Au = S0 Upy, Du = (Ugy,Ugyy. .. Ug,), w2 R™M — R is unknown function, f :

RXxR"xRXR"+— R, up : R — R and v : R" —— R are given functions which satisfy the following
conditions
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(H1)
f eCR,R", R,R"),
£t Du)| < 7 (a0t @) ult, )P + ab (k) (¢ )Pt
e A @), (8 )P,
where a'g(t, ) : R R i=1,...,ma,7 = 0,1,...,n, are positive continuous functions on R

for which supg,p» al (¢, 2) < oo,pg e NU{0},m2 € N.

(H2)
Uy € CQ(Rn),

|luolle2mny < P for Vz e R",
v e CHRY, C2(R™ D)),
vl c2@n-1y) < P for Y (t,22,...,2,) € R",

v(0,29,...,2,) = up(0,29,...,2,) for V(za,...,2,) € R L

Here P is a fixed positive constant.

For O; C [0,00) and Oy C R™ with C'(01,C?(0s)) we denote the space of all continuous functions u :
01 x Oy — R such that uy, ug,, ug;s,, ¢ € {1,...,n}, exist and are continuous on O; X Os.

As an example for the function f that satisfies (H1) we consider the function f = A|u[P~'u,p € N, X € R.
With RY, we will denote the space {(x1,22,...,2,) 21 > 0,2; € R,i =2,...,n}.

The main question which we consider here is local existence of classical solutions to the problem (1.1).

A lot of articles have been devoted to the investigation of initial boundary value problems for parabolic
equations and systems (see, for example, [I]-[12] and the references therein). We note that in the references
the IBVP is connected with the dimension n, Fujita exponent, Sobolev critical exponents, bounded
and unbounded domain. In this article we propose new idea which tell us that the local existence of classical
solutions of the IBVP is connected with the integral representation of the solutions, it is not connected with
the dimension n and if the domain is bounded or not.

At this moment the problem for existence of classical solutions for the problem for arbitrary dimension
n > 2 was opened. Here we propose its proof.
Our main results for local existence are as follows.

Theorem 1.1. Let n > 2 be fized, f satisfy (H1), ug and v satisfy (H2). Then there exist positive constants
m, A1, ..., A, so that there exists a solution u € C'([0,m],C?([0, A1] x --- x [0, A])) to the problem (1.1]).

Theorem 1.2. Let n > 2 be fized, f satisfy (H1), ug and v satisfy (H2). Then there exist positive constant
m such that there exists a solution u € C*([0,m],C*(R},)) to the problem (1.1)).

Example 1.3. Consider the IBVP problem

g — Au = —|ufPu, t>0, x>0, (x2,...,2,) € R
1
u(0,z) = —, 1 >0, (29,...,2,) ER"L
V2
1
u(t,0,z9,...,0,) = ————, t>0, (22,...,2,) € R"1

20t + 1)
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Then

1 1

u(t,x) = —=——=

¢ 2) V2VEFT
is a C* ([0,1],C*(RY,))-solution to the considered problem. Really, for u(t,z) = % t1+1, we have
1
2V2(t+1)2
up — Au = —|u*u =
1 1 1

S22+ 1E 20+ D) VRVERT

The paper is organized as follows. In Section 2 we prove Theorem [I.1} In Section 3 we prove Theorem [I.2]

2. Proof of Theorem [I.1]

Let e € (0,1) be fixed and G = MaX;e(1,....mo},je{0,1,...n} SUPRn+1 a{(t, x). We choose the positive constants
m, A;, i=1,2,...,n, in the following way

A2
€P+2(A1A2An)2p+2P(A2An)2 (1—|—A1—|—21>m

2
230, (A1 A 1Ay Ap) (1 + A; + %) Pm (2.1)
+(Ar.. AP Gm Y™ (pp? + PPi 4. +pp?) <P

2
6P+(A1A2...An)2P+2P(A2...An)2 <1—|—A1+/;1>

2
+23 00 o (A1 A Aig -An)2 (1 + A; + AT) P (2.2)
+ (A ARG (pp? + ppi +..._|_pp?> <P

2
€P+241 (Ay.. . A2 P+2(Ay... Ay)? (1+A1+él> mP

25 AL Ay A Ay L Ay (1 A+ %) mP (2:3)

FAL(Ay o An) Gm ST (PP 4 PP PPE) < P,
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eP +2A4; (Al e Ai—lAi+1 e An)2 P

2
+2 (A2 e Ai—lAi—l—l cee An)2 (1 + A1 + %) mPA;

n A2
+2 Zj:2,j7éi Ai (Al - Ai—lAi_i,_l c.. Aj—lAj—H A An)2 (1 + Aj + 2J> mP

2
+2(A1 - Ai—lAi—f—l . An)2 (1 + A; + %) mP
+Ai (Al ... AiflAfL'+1 A An) mG Zinfl (Pp? + szl 4+ 4 PP?) < P’
1=2,...,n,
A2
€P+2(A2An)2p—|- (AQAn)2 <1—|—A1 —|—2l> mP
2
+2m Yo (Ag . Air Ay - Ap)? <1 T A+ AT) P (2.5)

(A ARG (PP PR < P,

eP + 2(A1 - Aj_lAj_H - An)zp

2
124y Ay Ay A (14 A+ 5 mP

2
+2 Z?zQ,i#j(Al e A1 Ay Aj—lAj-H ... An)2 (1 + A; + %) mP (26)

2
—|—2(A1 ... Aj—lAj-H .. An)2 <1 + A]’ + %) mP

+(Ar. A Ajr . AR)PmG YT (PP? + ot PP?) <P
Example 2.1. The constants m = /1 — €,

R/1— e

n(L+P)(1+G) (1457 (PP 4+ P)) (14 X0, A+ 3 Y0, A7)

A=

i €{1,...,n}, satisfy the conditions ({2.1)-(_2.6).
For fixed positive constants m, Ay, As, ..., A, that satisfy (2.1))-(2.6) we denote the set

By ={(z1,x9,...,2p) eR":0<2; < A4;, i=1,...,n}.
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In this section we will prove that the IBVP

— Au = f(t,x,u, Du), te€][0,m], x€ By,

u(0,z) = up(z), x € By,

(2.7)
u(t,0,z9,...,2,) = v(t,z2,...,2,), te€[0,m], 0<uz <A,
1=2,...,1m,
has a solution u € C1([0,m],C%(By)).
The main key of our proof is the following lemma.
Lemma 2.2. Let u € C([0,m],C%(B1)) satisfies the integral equation
0 = [y J5ult,o)dods — [y [5 uo(o)dods
— [y 5 IS (u(r,61) — v(r, 1)) dordsrdr
(2.8)

Do 2f0 i S’ u(T, 6;)do;ds;dr

— Jy S5 J3 £(r,0,u, Du)dodsdr.
Then u satisfies the IBVP (2.7).

Here

T 1 Tn
C c1 Cn
T; T1 Ti—1  [LTit1l Tn
— ... e ,
c c1 ci—1 Jeipr Cn

c = (c1,...,¢p),
S, = (51,...,Si,1,8i+1,...,8n),
5'1' = (0'1,...,Ui_l,Ii,Ui+1,...,Un),
do = dopdop_1...doq,
do; = do,.. .dUi_:,_ldUi_l ...doq,
1 = 1,...,n.

Proof. For t € [0,m], x € By, after we differentiate once in ¢, then twice in x1, twice in z9 and etc., twice in

Zn, the equation (2.8) and we obtain

— Au = f(t,x,u, Du).
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Now we put ¢ = 0 in the equation (2.8) and we obtain

x S
/ / (u(0,0) —up(0)) dods = 0,
o Jo
which we differentiate twice in z1, twice in xo and etc., twice in z,,, and we get
u(0,x) = up(z).

We put z; = 0 in the equation (2.8)) and we obtain

t T2 Tn
// / (u(7,0,892,...,8,) —0(T,82,...,8n)) dsy,...dsadT = 0.
0o Jo 0

The last equality we differentiate once in ¢, twice in x9, and etc., twice in x,, and we find

u(t,0,x9,...,2n) = v(t, 2, ..., Ty).

The above lemma motivate us to define the operator

Lu@)(tz) = u(t.z)+ /0 ' /0 " ult, o)dods — /0 ' /O " wo(0)dods

t T S1
_/ / / (u(r,61) —v(1,71)) do1ds1dT
0 JO 0
n t (T 5
_Z/ / / u(’i', &i)dﬁid@dT
—Jo Jo Jo

t T s
- / / / f(r,0,u, Du)dodsdr,
0 JO 0

(t,z) € [0,m] x By, wu € C([0,m],C*(By)),

Note that every fixed point of the operator L satisfies the equation ([2.8) and from here it follows that every
fixed point of the operator Li; is a solution to the IBVP (2.7)).
To prove that the operator L1 has a fixed point we will use the following fixed point theorem.

Theorem 2.3 ([13], Corollary 2.4, pp. 3231). Let X be a nonempty closed convex subset of a Banach space
Y. Suppose that T and S map X into Y such that

1. S is continuous, S(X) resides in a compact subset of Y.
2. T : X — Y 1is expansive and onto.

Then there exists a point x* € X with Sx* + Tx* = x*.
Here we will use the following definition for expansive operator.

Definition 2.4 ([I3], pp. 3230). Let (X,d) be a metric space and M be a subset of X. The mapping
T : M+ X is said to be expansive, if there exists a constant h > 1 such that

d(Tz,Ty) > hd(xz,y) for Vz,ye€ M.



S.G. Georgiev and Z.Khaled, Adv. Theory Nonlinear Anal. Appl. 2 (2018), 202-216. 208

We represent the operator Li; in the following way
LH(U) (t, 1‘) = Mu(u)(t, $) + Nn(u) (t, JJ),
where

My (u)(t,z) = (1+e€)u(t,x),

Ju(
N (u)(t,z) = —eult,z)+ /OI /OS u(t,o)dods — /Ox /05 up(o)dods
/ / / u(7,61) = v(7,01)) dordsidr
_é/ot /Ox /OSi u(r, 6;)do;ds;dr
- /0 t /O ’ /0 Sf(T, o,u, Du)dodsdr,

(t,x) € [0,m] x By, u€CY[0,m],C*(By)).
We define the sets

= 1 2 : <
K = {uec'(0,m),c3(By) ol )| < P

max _ |ug, (t,x)| <P, i=0,1,...,n,
te[0,m],z€B1

max  |Ug,s, (8, )| < P, izl,...,n},
te[0,m],z€B1

Ky = {uecl([o,m],c2(31)): max  |u(t,z)| < (14 ¢)P,
t€[0,m],z€B1

a (tx)<(1+e)P, i=0,1,...,n,
s e ()| < (L OP, n

max o Juse(t2)] < (1P zzln}
te[O,m],;(eBl’ wiwi (6 2)] < ( €)

where ug, = u;.
In these sets we define a norm as follows

= su max t,x max t
HUH S p{tE[O,m?:xEBl |u( ’ )" tG[O,m?::BEB1 ’ut( ,a;)|,
max (t max (T
tE[O,m?,xEBl ‘uxl( ,1‘)’, tG[O,m?,xEBl ‘umlxl( ,JZ‘)’,

iE{l,...,n}}.

Here D% = (80‘0 ,8§‘fu .. Oo‘"u) The sets K11 and K1, are completely normed spaces with respect to

this norm. Let K1, and K] i1 denote the sets of all equi-continuous families in K71 and K11, respectively. Let

also, D11 = K11 and D1y = K}, where Ku and K1 are the closures of K}, and K}, respectively. Note that
that Dq; and Dy; are compact sets in C1([0,m],C%(By)).
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Lemma 2.5. The operator My : D11 — DH s an expansive operator and onto.

Proof. Let u € D11. Then u € C1([0,m],C?(By)). From here, (1 + €)u € C*([0,m],C?(B1)) and Mi(u) €
C1([0,m],C?(By)). Also,
maXtc(0,m],z€By ’u(tv x)| <P,

MaXe(o,m),zeB, |Uz; (L T)| <P, i=0,1,...,n,
MaXye(0,m],ze B |ug,z; (£, )| < P, i=1,...,n.
Therefore
maX¢e[0,m],z€B; |M11(u)(t,x)] < (1 + E)Pv
maX¢ec(0,m],z€ By |M11(u)36z (t7 $)| < (1 + E)Pa 1=0,1,...,nm,
maXie[0,m],z€ By |M11(u)xixi(t7$)’ < (1 + 6)P7 i = 17 ceey T
Consequently

M11 : Dll — DH.

For u,v € Dq; we have that
[Mi1(u) = My (v)[| = (1 + €)]|lu — o],
from where it follows that the operator Mj; is an expansive operator with constant 1+ e. Also, for v € Dy,

we take u = 7. Then |u(t,z)| < P,|ug, (t, )] < P, |ug,q,;(t,2)| < P,i=0,1,...,n, j =1,...,n, for every

t € [0,m] and x € By, i.e., u € D13 and Mj;(u) = v. Consequently My : Dyj — Dy is onto. O

Lemma 2.6. The operator
NH : Dll — DH

18 continuous.

Proof. First, we will prove that
NH : Dll — DH

Let v € Dq1.

1.
INu(u)(t, )] < elult,z)| + [y [y [u(t, 0)|dods + [ [y [uo(o)|dods

+f0 |’LL T, O'1)| + |U(T O'1)|)d51d§1d7’
+y 0, fO f |u(T,6;)|do;ds;dr
Jo S S 2 (a0(m, ), ) P+ b (7, ), (7, )P

+- -4 al (7, 0)|ug, (T, a)|P?)dadsdT

< eP+2(A1.. . A))?P +2P(Ay.. . Ap)*m

F (A Ay Aiyy . Ag)2Pm

+(Ar... A)2Gm Y™ (PP? + PPy PP?>
< P, (t,x)€[0,m] x Bj.
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In the last inequality we have used the conditions (H1) for the function f and the inequality ({2.1)).

. (N (u)e(t, 2)] < elur(t,2)| + fy fy |ue(t, 0)|dods
+Jot o (u(t, 60) + [o(t,71)]) dords:
Yoo Jo f lu(t, 6;)|do;ds;
I Jo A (ad(t o)t o + ak (¢, 0) |z, (1, 0) P
o a0, (1 0P ) dods
< ePH+ (Ar... AP +2(Ay... AP
+ 30 (A1 A1 Air . AY)PP
(AL ARG YT (Pp? YPP g Pp?)
< P, (t,x)€[0,m]x Bj.
In the last inequality we have used the inequality and the conditions (H1) for the function f.
’ [N (e (t,2)| < elua, (¢, )
+ I S JS u(t, o) dods,
+ 0 5 - J5™ Juo(0)|dodsy

+fo f |ug, (T,01)|do1d51dT

. le Titl . [Tn [T1 [S2
+212fo 0 o Jo Jo

TS S Tu(T, 64) | doidsy, - - - dsipadsiy - - dsadT
IS S g S s (@) o)

+az1 (1,0)|ug, (T, U)\pz1 + 4 al (7, 0)|ug, (T, U)]p?>dad§1d7

IN

eP + 2A1(A2 e An)QP + (A2 S An)QPm
+ 2?12 Al (A2 .. Al',lAiJrl e An)QPm
+AL(Ay. . A)2Gm T, (pp? Lpel gy Pp?)

< P, (t,xz)e€[0,m]x Bj.
In the last inequality we have used the conditions (H1) for the function f and the inequality ({2.3]).
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4. For j =2,...,n, we have

Sj+1
Ny ()| <e\uxjtx\+// / // / u(t, o)|dods;

Zj S1 Sj—1 Tj Sj+1 Sn,
—i—/ / / / / / lup(o)|dods;
0 0 0 0 0 0
t T2 Tj—1 Tjt1 Tn 52 Sj—1 T Sj+1 Sn
0 JO 0 0 0 0 0 0 0 0

(‘U(T,xl,dg, ey 0§-1,04,0541,- - - ,Jn)‘ + ”U(T, 02y.-.705-1,05,0j41,- - - ,Jn)‘)

dordsy, . ..dsjq1dsj—1 ... dsadT

S A A A A A

i=2,i#]

/81 /Si—l /$i+1 /Sj—1 /ﬂ?j /5j+1 /Sn
0 0 0 0 0 0 0

t rZ; s,
|u(7‘, 6¢)|dﬁid5n . d8j+1d8j71 ... dS@'JrldSl;l ...dsidr + / / ’ / ’ |uxj (7’, 5‘j)|d§jd§jd7’
0 JO 0

t fj S1 Sj—1 Tj Sj+1 Sn
—I—/ / / / / / / |f(7,0,u, Du)|dods;dr
0 JO 0 0 0 0 0

< eP+2A;(Ar.. Aj1Ajr . AP +2(As. . Aj1Ajrr .. Ay)PmP

+ Z A, 1Al+l Aj—lAj+l e An)QA]mP + (Al ce Aj—lAj+l ce An)2mP
1=2,i#]

m2
+(A1 e AjflAj+1 e An)QAijZ (Pp? 4+ 4 pr) <P, (t,$) S [O,m] X Bj.
=1

In the last inequality we have used the inequality (2.4)) and the conditions (H1) for the function f.
5.

N1y (W)r0y (6 2)] < elttarnn (£ 2 |+/ / u(t, &1 |d01d31+/ / o (51)|dF1d51

t rx1 [S1 n t a2 Ti—1  [Tit1 Tn 82 Si—1  [Sit1l Sn
A T o S A Y A A A |
oJo Jo —Jo Jo 0 0 o Jo 0 0 0

|u(T, 21,00, ...,0i-1,Ti, Oit1,...,0pn)|doy ... dojy1doi—y ...doadsy, ... ds;y1ds;—1 ...dsedT

t Ty 51
+/ / / |f(1,61,u, Du)|do1ds dr
0 JO 0
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§€P+2<A2..

+m A2

An)2P+(A2 mP+mZ A lAH—l

An)ch (Pp? T +Pp?) <P (t,z)e0,m]x B.

Ay)RP

In the last inequality we have used the inequality (2.5 and the conditions (H1) for the function f.

6. For j =2,...

,n, we have

N1 (W), | < et (1)) + / / u(t, 5;)\dods;

IN

<

+f f()s] o ( 0j |dUJ‘fJ

t rxo x T T
+f0 0o - f()] ' ]+1' : 0"
fSQ Sj—1 Sj4+1 Sn
o - Jo oy
(|u(7’,x1,02,...,le,%-,aj“,...,an)\
+|v(7‘,02,...,aj,l,xj,aj+1,...,an)|>

doy, ...doji1doj—1...doadsy, ... dsji1dsj—1 ..., dsadT
i o Jo e ST T T S
Jot o J S T Ly

|U(T, 01, o s i1 Ty Tigedy e ey Oe1, Tjy O gy - - - Op)|
doy, ...doji1doj_1 ... .dojpidoi—q ... doy

dsp ...dsji1dsj—1...dsjp1ds;—1 ... dsydr

+ f(; 0@ fogj |ta;a; (T, 0;)djd5;dT

+f0t Oij fogj |f(7,65,u, Du)|do;ds;dr

eP+2(A1... Aj_1Aj41 ... Ap)*P

+2(As.. . Aj1Ajr .. Ay)PmP

+ 2?227#].(141 c A Ay A1 Ajrr - AY)PmP
+(Ar. . Aj 1 Aj . AR)PmP

F(Ar A1 Ay A)PMG T (PP? +ot Pp?)

P, (t,x) € [0,m] x Bj.
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In the last inequality we have used the inequality (2.6 and the conditions (H1) for the function f.

Consequently
N11 : D11 — D11.

From the above estimates it follows that if u, — u, u, € D11, u € D11, as n — 00, in the sense of the
topology in Dij, since f is a continuous function of its arguments, we have Nij(uy) — Nii(u), as n — oo,
in the sense of the topology of the space Dy1. Therefore Ny1 : D13 — D11 is a continuous operator. O

From Lemma Theorem , Lemma and Lemma it follows that the IBVP (12.7) has a solution
u <€ Cl([oa m}acQ(Bl))

3. Proof of Theorem [1.2]

Let u'! is the solution which is obtained in the previous section.
Now we define the set

Bgz{$€R”:A1§x1§2A1, OS-T@SAz, i:2,...,n},
the operators

Lip(w)(t,z) = u(t,z)+ [} [Lut,o)dods — [} [} uo(o)dods
— Jo Jat L3 (u(r, 61) — @t (7, 61)) doydsidr

> 2f0 o SZ (1,6;)do;ds;dr — fo fA fA T,0,u, Du)dodsdr,

Mis(u)(t,z) = (1+e€)u(t, ),
Nip(u)(t,z) = —eu(t,x)+ [} [Lu(t,o)dods — [ [} uo(o)dods
—Jo ST I3 (ulr,60) — @' (7.61)) drdsidr
Sy 3 [ u(r, 6 dadsidr — [3 [3 [5 f(r,0,u, Du)dodsdr,
Lio(u)(t,r) = Mia(u)(t,x) + Niz(u)(t,z), (t,2) € [0,m] x Bz, u € C([0,m],C*(Bs)),

A = (Alvov"'70)7

at(t,x) = wM(t, A ao, . @) + (v — ADull (8 Arza, L )
the sets
Ko = {ueCh(0,m),C3(B2)) : maxye(o macs, lu(t. z)] < P,
MaxX¢e[0,m],z€ B ‘U:pl(t,x” <P +=0,1,...,n,
MaXye(0,m],z€ B |ug,z; (t, )| <P, i=1,... ,n},
Ko = {uech(0,m),C3(B2)) : maxyeomac, lu(t, 2)| < (1+€)P,
MmaxX¢e[0,m),z€ B ‘uxz (tv .CL‘)| < (1 + €)P7 1=0,1,...,n,

mAXicio mne s [t (6:2)| < L+ P, i=1,...n},
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which are completely normed spaces with the norm
HUH = Sup{maxte[o,m],xEBz |u(t7$)’7 MmaX¢e[0,m],z€ B ’ut(tvx”?
mMaXte(0,m],x€ B2 |uw7, (tv SL‘)|, maX¢e[0,m],z€Ba |uxzxz (t> ZL')|,

ie{l,...,n}}.

Let K], and K}, denote the sets of all equi-continuous families in K72 and K19, respectively. Let also,

Dy = K12 and Dyy = K12v where K12 and KIQare the closures of K{, and K12, respectively. Note that that
Di2 and D1y compact sets in C1([0,m],C?(Bz)). As in the previous section we prove that the IBVP

— Au= f(t,x,u,Du), tel[0,m], x€ By,
u(0,z) = uo(z), « € By,

u(t, Ay, 9, ..., Tpn) = ull(t, A1, 9, ... xy), te]0,m],

has a solution u'? € C1([0,m],C?(By)). For it we have

// tadads—//uo )dods
t T S1

/ / / (UIZ(T,a'l)*aH(T,&l)) do1dsidr
0 JA A

(3.1)
n t T; S
— Z / / / u12(7', o;do;ds;dr
—Jo Ja Ja
t x s
- / / / f(r,0,u*?, Du?)dodsdr = 0.
0 JA JA
We put 1 = A; in the last equality and we obtain
S e 11
/ / / (u (1,A1,09,...,00) —u (1,A1,09,... ,an)) doidsidT = 0.
0JA Ja
We differentiate the last equality once in ¢, twice in x9, and etc., twice in x,, we obtain
12(t,A1,ZIJ2,...,l‘n):uu(t,Al,IEQ,...,SCn), t e [O,m], 0<x; <A,
i €{2,...,n}, from here,
u%2(t7"417$23"'7$ )_ut (t Alaan"wxn)’ te [Ovm]v OSIzSAz; (31)

ie{2,...,n}.
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Now we differentiate the equality (3.1) in z;, then we put z; =

// / 2(r,03,....

on) =

11(

T, A1,0'2,...

n)) dﬁldgldT = 0.

Aq, we get

The last equality we differentiate once in ¢, twice in xo, and etc., twice in x,,, we get

ug(t,Al,aﬁg,...,mn)

ie€{2,...,n}.

Now we differentiate (3.1) twice in x;, i € {2,...,

/t/u’vz /Iil /Iz‘+1 /In /82 /Sil /Si+1 /Sn
0 Jo 0 0 0 0 0 0 0

11
= um(t, Al,xg, cee

73771)7

n}, then we put z; =

t € [0,m],

Aq, we get

12
(U (1,A1,02,...,0i-1,%i, Tit1,...,0p)

11
—Uu (T,Al,ag,...

doy, ..

dsy,

.. dSiJrldSi,l e

. dO’i+1dO'i71 e dO‘Q

dSQ = 0,

O 15T O 1y e - s Un))

which we differentiate once in ¢, twice in z9, and etc., twice in x;_1, twice in z;41, and etc, twice in z,, we

get

12
u (t,A1,$2, PN

0<uz; <A;ie{2,...,n}. Hence,

12
uxi(t,Al,xQ, cee

0<z; <A;,ie{2,...,n}, and

12
uxiwi (t, Al, To,...

0<3:Z§Al,z€{2 ,n}.

From and (| we get

f(t7A17x27"'7$n7u (t7A17x27"'7

= f (t, A, xo,. .. ,:L‘n,uu(t, A, xo,. ..

G[O,m],OSJJiSAi,iE{Q,...

$1w1(

Ogl‘iSAi,iG{Q,...,n}.

In this way we obtain that the function

t A1,$2,...

,xn) =u

,Tp)

’xn)

11
= uxi(t,Al,xQ, ce

’

11
uxiwi (t7 Al, To, ...

l‘n), Dull(t, Al, L2y .- -

11(t,A1,$2, PN

l’n) = wlwl(t Al,SCQ,...

x € By,
T € Ba,

7xn)a

7$n)a

,xn)v

)

fL‘n),DUIZ(t, Al,ZL‘Q, ey

,n}. Hence, (3.1) and (3.4)) we obtain

n),

€ [0,m],

t € [0,m],

t € [0,m],

l'n))v

t € [0,m],
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is a solution to the IBVP
up — Au = f(t,z,u,Du), t€[0,m], =€ ByUDBs
u(0,x) = up(z), = € ByU Bo,
u(t,0,29,...,2,) = v(t,z2,...,2y), t€[0,m], 0<z; < A;i=2,...,n.
Repeat the above steps in z1, x2, and etc., in x, we obtain that the IBVP
u — Au = f(t,xz,u, Du), te[0,m], xR,
u(0,z) = uo(x), x€RY,,
u(t,0,z9,...,2,) = v(t,x2,...,2,), t€[0,m], (2o,...,2,) € R

has a solution u' € C'([0, m], C*(R},)).
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