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1. Introduction

Group rings of finite groups became a rich source for constructing error-correcting codes and investigation, their properties since F.J.
MacWilliams [1] and S.D Berman [2] considered cyclic codes as ideals in the group algebra of finite cyclic groups. R. Ferraz and Polcino
Milies [3] brought the techniques and deep structure of the group algebras into play by studying idempotents which generate codes. In
[4] T. Hurley proved that the group ring RG of a finite group G of order n over a ring R is isomorphic to a ring of G-matrices of size nxn
over R, and this was used in many later papers to construct and analyse codes from units and zero-divisors. When R has an identity and no
zero-divisors (e.g. when R is a field), Hurley used this identification to describe the unit group U (RG) and zero-divisors of RG in terms
of the properties of their corresponding matrices. The first (and main) step towards getting codes from a group ring RG is to choose an
appropriate listing for the elements of G upon which depend other steps namely; finding the matrix of G (relative to the listing), the ring
of matrices of RG and constructing unit-type and zero-divisor-type codes (all this steps are explained in [5]). The types of matrices have
been determined for several classes of finite groups such as cyclic, elementary abelian and dihedral groups [4]. Matrices which appear
in this identification include several types such as circulant, Toeplitz, Walsh-Toeplitz and Hankel Matrices. In this paper the linear group
G = GL(2,q) is considered; we shall use the BN-pair structure of G (see [6], section 69) to choose a listing for its elements suitable for
determining the matrix of G and hence the ring of matrices of RG. Being the first linear group to be considered in this manner we hope this
will lead to constructing new linear (unit-type and zero-divisor-type) codes.

2. The ring of matrices of a group

Let G be a finite group of order n with a given listing G = {g1, g2, ..., gn}, and let R be a ring. Consider the matrix of the group G
relative to its listing, say M (G), which has the following form:

g?:g1 g?:gz g?ign
M(G) = 82.81 32.82 gzlgn
g'gl gn'g2 . &n'gn
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Now letu = Y1 | @, g; be an element in the group ring RG. Then the RG-matrix which corresponds to u in R(41xn)» the ring of (nxn)-matrices,
is given by:
o

(09 [0

o' g gr'e: v Yerlen

o, o, ce O
M(RG,u) = g%‘gl gz_‘gz . g%‘gn

-1 -1 S -l

8n 81 8n 82 .-+ 8n 8n/,,,

Theorem 2.1. [4] Given a listing of the elements of a group G of order n. There is a bijective ring homomorphism & : u — M(RG,u)
between the group ring RG and the ring of (nxn) RG-matrices over R.

There are several types of the RG-matrix which appear as isomorphic to a certain group rings. These types include Toeplitz-type matrices,
Walsh-Toeplitz matrices, circulant matrices, Toeplitz combined with Hankel-type matrices and block-type circulant matrices; see [4] for
more specifics and examples.

3. BN-pair structure of G = GL(2,q)

Definition 3.1. [6] A finite group G = (G,B,N,U,R,W) is said to have a split BN-pair of rank n if the following conditions are satisfied:
* G has a BN-pair of rank n, such that:

- G =<B,N>,
— BNN=H 4N,

— W =N/H, is the corresponding Coxeter (Weyl) group which is generated by involutions, W =< wi,wa,...,wy >.

e There exist a normal subgroup U 4 B such that B =U x H (semidirect product),

» U=0,(G), and H is an abelian p'-group.

We have the Bruhat decomposition ,see[6]
G = ) BwB,
weW

On the other hand U = U,f .Uy, where U} = UnU" and U, = UnU"", where w, is the unique element of the coxeter group W of
maximal length.
Also we have,

BwB = BwU,,, foreachweW.

Therefore,

G = ) BwB = ) BwU,,,
weW weW

and each element in G can be written uniquely in the form bnu, where b € B, u € U,,, n is the coset representative of an element w e W.
Now, for example, if G = GL(n,q) then G has the structure of split BN-pair, where B is the subgroup of an upper triangular matrices, N
is the subgroup of monomial matrices, and H is the subgroup of the diagonal matrices. In fact, the Coxeter group W of G = GL(n,q) is
isomorphic to the symmetric group S;.

W = N/H =8S,.

We shall concentrate on the case when n = 2. From the split BN-pair setting, we have

GL(2,9) = BUBwB, where
U = s |AeFyp, H = x 0 |x,yelF,
0 1 a 0 v € g [

Since we have BwB = BwU,,, Ywe W, where U,, = UnU""", and since the Coxeter group W in this case is isomorphic to S, = {e, (12)}.
Thenw = w, = (12),and U, = UnU"" = U. Thus,

G = B UBw,U = B UBn,U,

where noH = Hn, = w,. The monomial subgroup N in our case have the form;

* 0 0 *
(o Dol d)
0 1 . . .
and for n, € N, take np, = 10 which corresponds to the permutation (12) in S,.

Therefore,
G = GL(2,q) = HU uHUn,U

x O\(1 A\ (& o\(1 oa\fO 1\(1 B .
g (O g [ [ CR ER R



120 Fundamental Journal of Mathematics and Applications

Counting the elements we have,

x 0\(1 A\ (¥ o0\(1 «&\{o 1\(1 B .
696 6 9 96 e pasrmenrr)

=(g-1>.q+ (-1 ¢ = (¢-1). (g+4") = |GL(2.9)|.

Notation :

We write i(x , y) = (g S)eH;x,yeF; and u(A) = ((1) ?)eU;?LeIFq.

4. Multiplications

In the light of the coset decomposition of GL(2,q) = BUBn,U = HU UHUn,U, we shall discuss four cases of element multiplication in
G=GL(2,9):

* HU HUnoU
HU CASE1 | CASE2
HUno,U | CASE3 | CASE4

Proposition 4.1. For each x,x’,y,y’ € IF; and A, A", BB’ € Fy we define the multiplication as the following:
Case 1:
h(x", Y ) u(') -h(x, y) u(2) = h(x'x, y'y) u(A+x7'1"y)

Case 2:

h(x" Y ) u(A") -h(x, y) u(A) no u(B) = h(x'x , y'y) u(A+x""2"y) no u(B)

Case 3:

h(x" Y ) u(A) no u(B') -h(x, y) u(A) = h(xy , y'x) u(y"'A'x) no u(A+ x~'B'y)
Case 4:

R(x' Y Yu(A"Y no u(B’) -h(x,y) u(A) no u(B) = h(-x'yo™ ' ,y'xa) u(-ot—a®y™'A'x) no u(f+a™ ")
where, 0= A+ x~ B'y.

Special case :
Ifoo= A+ xilﬁ'y = 0 the multiplication will be as :
h(x' 3" (2" no u(B') -h(x,y) u(A) no u(B) = h(x'y, y'x) u(B+ y~'2'x)

5. Inverses

The following proposition gives the rule for getting the inverses of the elements of GL(2,q).

Proposition 5.1. For each x,y € ]FZ,r and A, B € ¥y there are two cases for getting the inverse:
1- The element of the form h(x , y) u(1) :

[, ) u ()] =hG!y7h) u(-xay™)
2- The element of the form h(x , y) u(1) no u(f) :

[, ) w(A) no u(B)])™ = h(v™"x7") (=" By) mo u(—xiy™")

6. Elements listing of G = GL(2,q)

The listing of this group depends on the number g and we discuss two cases:
Casel: when ¢g = p is an odd-prime (¢ = p > 3):

-1
In this case, the linear group G = GL(2, p) has (p? 1) blocks, each consists of (pT) matrices each of size (2p), (note that
-1
-1 )(pT)(Zp) = (p—1)2(p*+p) = |GL(2, p)|) obtained by the following listing:
Type (x,x); x € Z}, gives (p+1) blocks:

(1) THE BLOCK B(x,x); x € Zj,, obtained from the following listing subset:

T (x,x):h(x,x), h(p—x,p—x)u(p-1), h(x,x)u(p-2),h(p—x,p—x)u(p-3), -+, =+, h(x,x)u(l), -, -, -, h(x,x)u(2),
h(p—x,p-x)u(1).

such that, x=1,2,---, pT—l

THE BLOCKS B(x,x)(A); A = 0,1,2,---, p—1, obtained from the listing subsets:

T(x,x)nou(A); A= 0,1,2,-- p—1.

Type (x,y);x # y gives the following (p — p —2) blocks:

THE BLOCKS B;(x,y); i=1,2,---, p—2, obtained from the listing subsets:
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-1
Ti(x,y)(j); 1<i<p-2,1<j< pT;where,

Ti(xy) () = h(jyi(p=10)), h(j(p=1), ji)u(@), h(j,j(p—0))u(2),h(j(p 1), jD)u(3i), -, -, h(j(p=1),ji)u((p=3)i),
h(j,j(p=))u((p=2)i), h(j(p—1),j)u((p—1)i).

THE BLOCKS B;(x,y)(A);x+y, i=1,2,--,p—2, 0< A < p—1, obtained from the listing subsets:

-1
T(ey) (nou(A): 1<i<p=2, 1< < Fm
The total number of blocks in this case:

(p+1)+(p*-p-2)=p°-1.

Case2, when ¢ is a power of p (¢ =p"),and (n>2, p>2):
In this case we take Fj = < ala?"" =1 >, then the matrix of G = GL(2,q) has (¢*> - 1) blocks each block consists of (ﬁ) matrices each of
p

size p(q—1) (note that (¢* - 1)(g)p(q— 1) = (¢—1)*(¢* +q) = |GL(2,4)|) obtained by the following listing:
p

Type (ai,ai) gives the following (¢ + 1) blocks:

THE BLOCK B(d',d'); i=1,2,-,q~ 1 obtained by the following listing subset:

T(alval)v T(alval)(l)v T(alaal)(z)v ) T(alval)((q/p)fl)'

Where,

T(d,a"): h(1,1), h(a?™%, a®?) u(a®?) , h(a?™> , a®3) u(2(a?7?)) , -, -+, - h(@?? , a?P) u((p-1)(a??)),
n(a® ) @0y (@D ) u(@72) s h(a s @) u((p=2)(@2)) A1 1) u((p= 1)),
h(aq_zvaq_2) [T h(a,a)u((p— 1)(aq—2)).

Such that, T(a',a")(s) = T(a',d Yu(d®); s=1,2,-,(q/p) -1, and d* € {a,a*,-,a?3}.

THE BLOCKS B(d',a')(1); A =0,1,2,-+,a%"?, obtained by the following listing subsets:
T(d',a")nou(2), T(a',a")(1)nou(2), -, T(a',a")((q/p) - nou(A).

Type (ai,aj ); i # j gives the following (q2 —¢-2) blocks:

THE BLOCKS B,A(a",aj); r=1,2,---,q -2, obtained from the listing subsets:
T”(alvaj)v Tr(alva])(l)7 Tr(alvaj)(z)v ] Tf(alva])((q/p)_1)7 such that:
T.(da’)(s) = Tr(d',a’u(d"); s = 1,2, (q/p) - 1.

Where:
T’(ai7aj): h(17ar) ) h(aq_27ar_l)u(ar_l) ) h(aq_3var_2)u(2ar_l) ) h(aq_47ar_3)u(3ar_l) y Ty T h(aq—pja(q—[?)'””)u((p_ l)ar_l) )
h(a(qu)fl7a(q7p)+(r71)) 7 h(a(qu)fz,a(qf"’”(r*z))u(a“l) RS h(a7ar+1)u((p— a"h).

THE BLOCKS B, (d',a’)(A); r=1,2,--,q=2, 0< A <a? %, obtained from the listing subsets:

T (d',a) nou(r), Tr(d',a’ ) ()nou(R), Tr(a',a’)(2)nou(A), - - , Tr(d',a’)((q/p) — )nou(R).
The total number of blocks in this case:

(g+1)+(¢*-q-2)=¢" - 1.

Example 6.1. The special case when (q=3, G=GL(2,3)) :

From the general theory, the matrix of this group has 3% — 1 =8 blocks each block consists of % = 1 matrix of size 2 x 3 = 6 obtained from
the following listing:

Block B(x,x):

h(1,1), h(2,2)u(2), h(1,1)u(1), h(2,2), (1, Du(2), h(2,2)u(1),

Block B(x,x)(A =0):

h(1,D)no, h(2,2)u(2)no, h(1,1)u(1)ne, h(2,2)no, h(1,1)u(2)ns, h(2,2)u(1)n,,

Block B(x,x)(A =1):

h(1, Dnou(1), h(2,2)u(2)nou(1), h(1,1)u(1)nou(1l), h(2,2)nou(1), A(1,1)u(2)nou(1),
h(2,2)u(1)nou(1),

Block B(x,x)(A =2):

h(1, Dnou(2), h(2,2)u(2)nou(2), h(1,1)u(1)nou(2), h(2,2)nou(2), h(1,1)u(2)nou(2),
h(2,2)u(1)nou(2),

Block By (x,y):

h(1,2), h(2,1)u(1), h(1,2)u(2), h(2,1), A(1,2)u(l), h(2,1)u(2),

Block B (x,y)(A =0):

h(1,2)n0, h(2,1)u(1)no, h(1,2)u(2)n0, h(2,1)n0, h(1,2)u(1)no, h(2,1)u(2)no,

Block By (x,y)(A =1):

h(1,2)nou(1), h(1,2)u(1)nou(1), h(2,1)u(2)nou(1), h(2,1)nou(1), A(2,1)u(1)nou(1), h(1,2)u(2)nou(1),
Block By (x,y)(A =2):

h(1,2)nou(2), h(1,2)u(1)nou(2), h(2,)u(2)nou(2), h(2,1)nou(2), h(2,1)u(1)nou(2), h(1,2)u(2)nou(2).
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7. The matrix of G = GL(2,q)

Now we shall determine the G-matrix of the group GL(2,q) with respect to the listing which obtained in the previous section:

their inverses. Then the resulting matrix will have the following form:

81 82 83 84 85 .-+ 82p-3 82p-2 82p-1 82p
82p 81 82 83 84 .- 82p-4 82p-3 82p-2 82p-1
82p-1 82p 81 8 8 .- 82p-4  82p-3  82p-2
82p-2  82p-1 82p g 8 .- cee e 82p-4  82p-3
82p-3 82p-2 82p-1 82p &1 82p-4
85 81 82 83 84
84 85 e 8 81 82 83
83 84 85 cee e 82p-1 82p 81 82
82 &3 84 8 .- oo 82p-2 82p-1 82p 81

This is a circulant matrix type.

Now for any subset in the the block B(x,x). Consider the elements of T(¢,1): gz,,81, """ 18hp-1 581, With the inverses of the elements in
T(1,1), then we will get the following matrix:

8n 8t 81 8ty 8ts - 8tz 8tpo  8hp-i 8ty
8h, 8n 8n 8 8ta - 8hpa 8hps  8hpo  8hpoi
8trp-1 8y 8n 8n 8 .- e 8tp-4 8trp-3  8hp-
8hpo  8hyp1  8byp 8y 8n .- e e 8trp-a 8trp-3
8trp-3  8trp-a  8trp-1  8nhp 8t s s s s 8trp-a
815 8h 8t 8t3 8t
81 8ts Ce . e e gfzp 8t 8t 813
813 8ty 8ts cee e e 8y 8ty 8n 8n
8n 8t 8ty 8ts - oo 8hp o by 8t 8t

Furthermore, if we get the elements of 7'(z,7) as above with inverses of an arbitrary subset in B(x,x), say T (j, j), we will get the following
matrix:

8k 8 8 8k 8ks - 8kys 8kyo Sk 8k
8ky 8k 8ky 8k &k -+ Skypos  Skops  8kapr  8kypy
8kopt  8kyy 8k 8k 8k o 8kyps  8kops  8kapoo
8kopr  Skypr 8k 8k 8ky e e o &kopy 8kapos
8kops  8kypnr 8kopy  8kap 8k e e “e N
gks gkl ng gk3 gk4
8ky 8ks e 8y, 8Ky 8k, 8ks
8ks 8ky 8ks o e o 8k 8k 8K 8ks
8ky 8k 8ki  8ks - - Sk Skopt 8k 8k

Where, g, *gj,._l =gk > 1 <i<2p, such that:
8= h(' ') gl = G (p=0). 5 (p=1) u(p=1) , 8k, = ('t ) u(p-2)
8k = h(G (p=0),7 " (p-1)) u(p-3) . gis = (™'t 7' ) u(p-4),

Sls = hGT =10, (p=1)) u(5) , gy, = A1) u(4)
gkzp_z = h(j_l(p_t)vj_l(p_t)) u(3) ) gkzp_l = h(j_ltvj_lt) M(Z) )
8y = h(GT (p=1),5 (p=1)) u(1),

This obtained using these tow following equations :
W (p=j) "t =j " (p=1)
@ (p-j) (p-1) =j 1.
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h b I3 Iy Is .. bps3 hpo by Dy

by I L Ly ... o bhp3 bhpo by
bp-1 by I L I3 ... bp-3 bpo
bpo bpr by L Db

lZp—3
bp-3 bpa bp1 by h

I SR b I Iy

Iy Is o e e by b I
I3 Iy 15 lZp—l lgp I 15
I I L s .o oo by by by L

Where, g;. *g]_-Jl =y, 1<s<2p.

Also, for another matrix in the same Block. We can get the elements of T;(x,y)(n)(A = w) from the Block B;(x,y)(A = w) with the
inverses of the elements of Tj(x,y)(n)(A = k) in the block B;(x,y)(A = k). Then we will get the same circulant matrix which we obtained
when we take the elements from the first subsets of these certain blocks. We find in this case the G — matrix of the group GL(2,q) with

respect to the above proposed listing form (q2 -1 x q2 - 1)— Block Circulant matrix.
Now, for the other case when q is a power of p :

of the elements in each subsets in this type, and a is the generator of the multiplicative group of the field IF; ). Together with the inverses of
elements in T (a',a") from the block B(a',a'). The resulting matrix will have the following form:

by by by by bs ... by3 byp by b
bs by by by by ... - byy byy by
bs_1 by by by by ... ... o bgz byp
bys bey bs by by ... oo i e by
bs-3 bsn bs—1 bs Dy s
bs i i i el By by by by
by bs P /1 by by b3
by by bs .. oo ... by by b by
by bs by bs ... ... byy bgy by by

The same matrix will appear when we take the elements of T,(a',a’)(n) from the block By,(a',a’), with the inverses of elements in
T(d',a')(n) from the block B(d',d"). o o

Finally for the elements from the double coset (BnoU) consider Tx(a',a’ ) (A = a®) from the block By(a',a’)(A = d®), c1,cp,+,++,C5_1,Cs,
with the inverses of elements of Ty(a’,a’)(A = aﬁ) from the block By(a',a’)(A = aﬁ) ditdy' -, d7}|  dy". Then the matrix will be as
the following :

21 22 23 4 5 ..o g3 g2 sl s
s 21 22 3 4 ... Zs-3 Zg—2 Zs—1
Zs—1 s 21 2 3 - Zs-3  Zs-2

Ts—2  Zs—1 s 21 ... Z5-3
Zs-3  Zs-2 Zs-1 s 2

Z5 21 22 23 24
24 25 s 21 22 23
23 24 25 FE o | s 21 22
2 23 24 I R e s 21

Where, ¢ * d; "=z, 1<k<s. The same matrix will obtained when we take the elements of Tx(d',a’)(m)(A = a®) from the block
Bx(d',a’)(A = a*), with the inverses of elements of T;(a',a’ ) (m)(A = aP) from the block By(d',a’)(A = aP).

Note that :

When the matrix is appear again in a certain block (with the same elements) the order of the element maybe change (they permute) not
always the same (as in the example of GL(2,5)) .

We find the G-matrix of the group GL(2,q) with respect to the above proposed listing using the multiplication table as well as the rule for
getting the inverses explained above. It turns out that the G-matrix (and hence the coding matrices) is a (q2 —-1x q2 - l)—block circulant
matrix.

Remark 7.1. When g =2, the general linear group G = GL(2,q) = S3 and the matrix of this group is actually a block circulant matrix as
well. Also, when q =3, the matrix of GL(2,3) with respect to the listing given in [example (6.1)] is a block circulant matrix.

Summarizing we have the following,

Theorem 7.2. : With respect to the elements listing for the group G = GL(2,q), the G-matrix has the form of block circulant matrix.
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8. Examples of the G-matrices

Here we have two examples of the matrix of G = GL(2,q) :
1- The listing of elements of GL(2,5) :
|GI(2,5)|=480. This will divide in to 24 blocks with 20 elements in each block .

Type (x, x) :

Block B(x,x):

T (1,1):

L=h(1,1), b= h(4,4) u(4) , 3 =h(1,1) u(3) , Iy = h(4,4) u(2) , Is = h(1,1) u(1) ,
lo=h(4,4) , I =h(1,1) u(4) , Is = h(4,4) u(3) , lo = h(1,1) u(2) , Lo = h(4,4) u(1).

T 22):

h=h(2,2) , hip=h(3,3) u(4) , hz =h(2,2) u(3) , ha=h(3,3) u(2) , is =h(2,2) u(1),
lie=h(3.3) . l7=h(2,2) u(4) , hg = h(3,3) u(3) , Lo = h(2,2) u(2) , by = h(3,3) u(1).
Block B(x,x)(A =0):

T (1,1)(A =0):

Iy = h(1,1) no , by = h(4,4) u(4) no , b3 = h(1,1) u(3) 1o , lag = h(4,4) u(2) no ,

125 = h(l, 1) u(l) no , 126 = h(4,4) no , 127 =h(17 1) u(4) no , 128 :h(4,4) u(3) no ,

Lo =h(1,1) u(2) no , l3o =h(4,4) u(1) ne.

T (2,2)(A =0):

I31 = h(2,2)10, L33 = h(3,3)u(@)n0, 133 = h(2,2)u(3)n0, 134 = h(3,3)u(2)n0, las = h(2,2)u(1)no,
136 = h(373)ng, 137 = h(2,2)u(4)n0, 138 = h(3,3)u(3)no, l39 = h(272)u(2)n0, l40 = h(3,3)u(1)n0, .
Block B(x,x)(A =1):

T (1,DA=1):

Loy =h(1,D)nou(1), lap = h(4,4)u(4)nou(1), lyz = h(1,1)u(3)nou(1), lag = h(4,4)u(2)nou(1),
Iys = h(1, Du()nou(1), lye = h(4,4)nou(1), ly7 = h(1, 1) u(4)nou(1), lag = h(4,4)u(3)nou(1),
Iy = h(1, D)u(2)nou(1), Isg = h(4,4)u(1)nou(1).

T 22)(A = 1):

Is1 = h(2,2)nou(1), Isp = h(3,3)u(4)nou(1), lsz = h(2,2)u(3)nou(1), lsg = h(3,3)u(2)nou(1),
Iss =h(2,2)u(1)nou(1), lsg = h(3,3)nou(1), ls7 = h(2,2)u(H)nou(1), Isg = h(3,3)u(3)nou(1),
Isg = h(2,2)u(2)nou(1), lgo = h(3,3)u(1)nou(1).

Block B(x,x)(A =2):

T (1,LD(A =2):

lo1 = h(1,D)nou(2), lgp = h(4,4)u(4)nou(2), lgz = h(1,1)u(3)nou(2), les = h(4,4)u(2)nou(2),
les = h(1, Du(1)nou(2), leg = h(4,4)nou(2), le7 = h(1,1)u(4)nou(2), leg = h(4,4)u(3)nou(2),
lgo = h(1,D)u(2)nou(2), lzg = h(4,4)u(1)nou(2).

T (2,2)(A =2):

Iy = h(2,2)nou(2), b1z = h(3,3)u(4)nou(2), bz = h(2,2)u(3)nou(2), l4 = h(3,3)u(2)nou(2),
ls = h(2,2)u(1)nou(2), lze = h(3,3)nou(2), ly7 = h(2,2)u(4)nou(2), lzg = h(3,3)u(3)nou(2),
lig = h(2,2)u(2)nou(2), Iy = h(3,3)u(1)nou(2).

Block B(x,x)(A =3):

T (1,1)(A =3):

Ig1 = h(1,1)nou(3), lgy = h(4,4)u(4)nou(3), lgy = h(1,1)u(3)nou(3), lgs = h(4,4)u(2)nou(3),
Igs = h(1, Du(1)nou(3), lge = h(4,4)nou(3), ly7 = h(1,1)u(4)nou(3), lgg = h(4,4)u(3)nou(3),
Igo = h(1,1)u(2)nou(3), log = h(4,4)u(1)nou(3).

T (2,2)(A =3):

lo1 = h(2,2)nou(3), loy = h(3,3)u(4)nou(3), loy = h(2,2)u(3)nou(3), log = h(3,3)u(2)nou(3),
los = h(2,2)u(1)nou(3), log = h(3,3)nou(3), lo7 = h(2,2)u(4)nou(3), log = h(3,3)u(3)nou(3),
log = h(2,2)u(2)nou(3), lioo = h(3,3)u(1)nou(3).

Block B(x,x)(A =4):

T (1,LD(A =4):

Lior = h(1, D) nou(4), Lo = h(4,4)u(4)nou(4), ligs = h(1,1)u(3)nou(4), Lios = h(4,4)u(2)nou(4),
lios = h(1, Du(1)nou(4), lioe = h(4,4)nou(4), o7 =h(1,1)u(4)nou(4), Log = h(4,4)u(3)nou(4),
liog = h(1, Du(2)nou(4), l110 = h(4,4)u(1)nou(4).

T (2,2)(A =4):

li11 =h(2,2)n0u(4), li12 = h(3,3)u(4)nou(4), l113 = h(2,2)u(3)nou(4), li14 = h(3,3)u(2)nou(4),
liis = h(2,2)u(1)nou(4), line =h(3,3)nou(4), Ly = h(2,2)u(4)nou(4), liig = h(3,3)u(3)nou(4),
Lo =h(2,2)u(2)nou(4), lizo = h(3,3)u(1l)nou(4), .

Type (x, y) :

Block By (x,y) :

Ti(x,y)(1):

ha1 = h(1,4), liop = h(4, Du(1), li23 = h(1,4)u(2), liog = h(4,1)u(3), l125 = h(1,4)u(4),
lioe = h(4,1), Loz = h(1,4)u(1), lizg = h(4, D)u(2), Liog = h(1,4)u(3), l130 = h(4, u(4).
Tl (x,y)(Z):

hi31=h(2,3), liz2 = h(3,2)u(l), haz =h(2,3)u(2), liza = h(3,2)u(3), I35 =h(2,3)u(4),



Fundamental Journal of Mathematics and Applications

lize = h(3,2), l137 = h(2,3)u(1), l13g = h(3,2)u(2), l139 = h(2,3)u(3), l140 = h(3,2)u(4).

Block By (x,y)(A =0) :

T1(x,y)(1)(A =0):

har = h(1,4)n0, Ligp = h(4, 1)u(1)no, liaz = h(1,4)u(2)n0, liag = h(4, 1)u(3)no, liss = h(1,4)u(4)no,
liag = h(4,1)no, liaz = h(1,4)u(1)no, liag = h(4,1)u(2)n0, liag = h(1,4)u(3)n0, liso = h(4, Du(4)n,.
Ti(x,y)(2)(A =0):

1151 :h(2,3)n0, l]52 =h(3,2)u(l)no, 1153 :h(2,3)u(2)n0, 1154 = 1’1(372)14(3)}’107 1155 2]1(2,3)14(4)}’107
llS6 = h(3,2)n07 1157 = h(273)u(1)n07 1158 = h(372)u(2)ng, 1159 = h(2,3)u(3)n07 1160 = h(3,2)u(4)no.
Block By (x,y)(A=1):

Ti(x,y)(1)(A =1):

1161 = h(174)n0u(1)a 1162 = h(47 l)u(l)nou(l)v 1163 = h(174)u(2)n0u(1)7 1164 = h(47 1)14(3)11014(1),
lLies = h(1,4)u(4)nou(1), liss = h(4, Dnou(1), lis7 = h(1,4)u(1)nou(1), ligg = h(4,1)u(2)nou(1),
1169 = h(1,4)u(3)nou(1), 1170 = h(4, 1)u(4)n0u(1).

Ti(xy)(2)(A =1):

1171 = h(2,3)n0u(1), 1172 = h(3,2)u(1)n0u(1), 1173 = h(2,3)u(2)n0u(1), 1174 = h(3,2)u(3)n0u(1),
hi7s = h(2,3)u($)nou(1), lize = h(3,2)nou(1), liz7 = h(2,3)u(1)nou(l), li7g = h(3,2)u(2)nou(1),
1179 = h(2,3)u(3)n0u(1), l]g() = h(3,2)u(4)nou(1).

Block By (x,y)(A =2):

T (x,y)(1)(A =2):

ligt = h(1,4)nou(2), ligo = (4, 1)u(1)nou(2), ligz = h(1,4)u(2)nou(2), liga = h(4,1)u(3)nou(2),
ligs = h(1,4)u(4)nou(2), ligs = h(4,1)nou(2), Ligz = h(1,4)u(1)nou(2), ligg = h(4,1)u(2)nou(2),
1189 = h(1,4)u(3)nnu(2), 1190 = h(4, 1)14(4)}'1014(2).

T1(x,y)(2)(A =2):

Lot = h(2,3)nou(2), ligz = h(3,2)u(1)nou(2), lioz = h(2,3)u(2)nou(2), lios = h(3,2)u(3)nou(2),
Lios = h(2,3)u(4)nou(2), ligs = h(3,2)nou(2), ligy = h(2,3)u(1)nou(2), liog = h(3,2)u(2)nou(2),
1199 = /’l(2, 3)u(3)ngu(2), 120() = h(3,2)u(4)n0u(2)

Block By (x,y)(A =3):

71 (x,y)(1)(4 =3):

bot = h(1,4)nou(3), b = (4, 1)u(1)nou(3), oz = h(1,4)u(2)nou(3), bos = h(4,1)u(3)nou(3),
1205 = /’l(1,4—)11(4—)}1014(3)7 1206 = /’1(4-7 l)nou(3)7 1207 = h(174)u(1)ngu(3), 1203 = /’l(4, 1)14(2)}101/[(3)7
1209 = h(1,4)u(3)n,,u(3), 1210 = h(4, 1)14(4)}’101,{(3).

T (x,)(2)(A =3):

bitr=h(2,3)nou(3), bia = h(3,2)u(1)nou(3), b1z = h(2,3)u(2)nou(3), bis = h(3,2)u(3)nou(3),
bis =h(2,3)u(4)nou(3), lie = h(3,2)nou(3), b7 =h(2,3)u(1)nou(3), big = h(3,2)u(2)nou(3),
1219 = /’1(27 3)14(3)11{;1,{(3), 1220 = h(3,2)u(4)n0u(3).

Block B (x,y)(A =4):

Ti(x,y)(1)(A =4):

bt =h(1,4)nou(4), by = h(4,1)u(1)nou(4), loz = h(1,4)u(2)nou(4), bos = h(4,1)u(3)nou(4),
Ins =h(1,4)u(4)nou(4), log = h(4,1)nou(4), ln7 = h(1,4)u(1)nou(4), log = h(4,1)u(2)nou(4),
g =h(1,4)u(3)nou(4), lrso = h(4,1)u(4)nou(4).

T1(x,y)(2)(A =4):

b3t =h(2,3)nou(4), bas = h(3,2)u(1)nou(4), sz = h(2,3)u(2)nou(4), bas = h(3,2)u(3)nou(4),
I35 = h(2,3)u(4)nou(4), lze = h(3,2)nou(4), sy = h(2,3)u(1)nou(4), bag = h(3,2)u(2)nou(4),
1239 = h(2, 3)14(3)11,;14(4), 1240 = h(3,2)u(4)n0u(4).

Block B;(x,y):

L (x,y)(1):

a1 = h(1,3), by = h(4,2)u(2), bz = h(1,3)u(4), g = h(4,2)u(1), lras = h(1,3)u(3),

D = h(4,2) , bz =h(1,3)u(2), lag =h(4,2)u(4), by = h(1,3)u(1), lso = 1(4,2)u(3).

T (x,y)(2):

bs1=h(2,1), bsy =h(3,9)u(2), bsz =h(2,1)u(4), lsa = h(3,4)u(l), lss =h(2,1)u(3),

bse = h(3,4), bsy = h(2,1)u(2), lasg = h(3,4)u(4), so = h(2,1)u(1), Leo = h(3,4)u(3).

Block B, (x,y)(A =0) :

T (x,y)(1)(A =0):

b1 = h(1,3)n0, lagy = h(4,2)u(2)n0, ez = h(1,3)u(4)n0, s = h(4,2)u(1)n0, bes = h(1,3)u(3)no,
1266 = h(4,2)n0, 1267 = ]’1(1,3)14(2)}'107 1268 = h(4,2)u(4)n(,, 1269 = h(1,3)u(1)n,,, 127() = h(4,2)u(3)n0.
T (x,y)(2)(A =0):

71 = h(2,1)no, byp = h(3,4)u(2)n0, Ir73 = h(2,1) u(4)n0, 74 = h(3,4)u(1)no, lyzs = h(2,1)u(3)no,
Iy76 = h(3,4)n0, ly77 = h(2,1)u(2)n0, Iy78 = h(3,4)u(4)n0, Ir79 = h(2,1)u(1)no, lgo = h(3,4)u(3)no.
Block By (x,y)(A=1):

L(xy)(1)(A=1):

1281 = h(1,3)ngu(1), 1282 = h(4,2)u(2)n0u(1), 1283 = h(1,3)u(4)n0u(1), 1284 = h(4,2)u(1)n0u(1)7
lgs =h(1,3)u(3)nou(1), hse =h(4,2)nou(1), by =h(1,3)u(2)nou(1), bss = h(4,2)u(4)nou(1),
1289 = h(1,3)u(1)nuu(1)7 129() = h(472)u(3)nou(1).

L(xy)(2)(A=1):

loy =h(2,1)nou(1), lhoy =h(3,4)u(2)nou(1), loz =h(2,1)u(4)nou(1), log = h(3,4)u(1)nou(1),
hos = h(2,1)u(3)nou(1), hoe = h(3,4)nou(1), lor = h(2,1)u(2)nou(1), los = h(3,4)u(4)nou(1),
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lhog =h(2,1)u(1)nou(1), lz00 = h(3,4)u(3)nou(1).
Block B (x,y)(A =2):
T (x,y)(1)(A =2):

Lot = h(1,3)nou(2), Lo = h(4,2)u(2)nou(2), 1303 = h(1,3)u(4)nou(2), los = h(4,2)u(1)nou(2),
Los = h(1,3)u(3)nou(2), l306 = h(4,2)nou(2), l3o7 = h(1,3)u(2)nou(2), log = h(4,2)u(4)nou(2),

1309 = h(1,3)u(1)n0u(2), l3|() = h(4,2)u(3)nou(2)
T (x,y)(2)(A =2):

l311 = h(2, 1)1’!014(2), 13]2 = h(3,4)u(2)n0u(2)7 1313 = }1(27 1)u(4)ngu(2), l314 = h(3,4)u(1)nou(2)7
s =h(2,1)u(3)nou(2), 316 = h(3,4)n0u(2), l317 = h(2,1)u(2)nou(2), li1s = h(3,4)u(4)nou(2),

I319 = h(2,)u(1)nou(2), lpo = h(3,4)u(3)nou(2).
Block B, (x,y)(A =3):
T (x,y)(1)(A =3):

o1 = h(1,3)nou(3), I = h(4,2)u(2)nou(3), 1323 = h(1,3)u(4)nou(3), lpa = h(4,2)u(1)nou(3),
I3ps = h(1,3)u(3)nou(3), l3o6 = h(4,2)nou(3), l3o7 = h(1,3)u(2)nou(3), g = h(4,2)u(4)nou(3),

1329 = h(1,3)u(1)ngu(3), 133() = h(4,2)u(3)n0u(3)
T (x,y)(2)(A =3):

I3 = h(2,1)nou(3), laz = h(3,4)u(2)nou(3), 1333 = h(2, 1)u(4)nou(3), las = h(3,4)u(1)nou(3),
I35 = h(2,1)u(3)nou(3), l336 = h(3,4)nou(3), l337 = h(2,1)u(2)nou(3), g = h(3,4)u(4)nou(3),

l339 = h(2, 1)1/[(1)}1014(3), l34() = h(374)u(3)n0u(3)
Block B, (x,y) (A =4) :
T (x,y)(1)(4 =4):

Bar = h(1,3)nou(4), ap = h(4,2)u(2)nou(4), l3a3 = h(1,3)u(4)nou(4), las = h(4,2)u(1)nou(4),
345 = h(173)”(3)n0u(4)7 346 = h(4>2)”0”t(4)7 347 = h(173)u(2)nou(4)7 348 = h(472)”(4)nou(4)>

1349 = h(1,3)u(1)nou(4), 1350 = h(4,2)u(3)n0u(4).
T (x,y)(2)(A =4):

Bsy = h(2,1)nou(4), sy = h(3,4)u(2)nou(4), l3s3 = h(2,1)u(4)nou(4), lsa = h(3,4)u(1)nou(4),
I3ss = h(2,1)u(3)nou(4), lzse = h(3,4)nou(4), l3s7 = h(2, u(2)nou(4), lisg = h(3,4)u(4)nou(4),

l359 = h(2, l)u(l)ngu(4), l360 = h(3,4)u(3)nou(4)
Block Bj3(x,y):
T3(x,y)(1):

Be1 = h(1,2), liez = h(4,3)u(3), le3 = h(1,2)u(1), laes = h(4,3)u(4), les = h(1,2)u(2),
g6 = 1(4,3), l3e7 = h(1,2)u(3), 368 = h(4,3)u(1), l3go = h(1,2)u(4), l370 = h(4,3)u(2).

T3(x,y)(2):

I371 = h(2,4), l372 = h(3,1)u(3), l373 = h(2,4)u(1), l374 = h(3,1)u(4), l375 = h(2,4)u(2),
I376 = h(3,1), I377 = 1(2,4)u(3), l378 = h(3, u(1), lz79 = h(2,4)u(4), l3g0 = h(3, 1)u(2).

Block B3 (x,y)(A =0):
T3(x,y) (1) (A = 0):

I3g1 = h(1,2)n0, l3g2 = h(4,3)u(3)no, l3g3 = h(1,2)u(1)no, l3g4 = h(4,3)u(4)no, lags = h(1,2)u(2)no,
I3g6 = h(4,3)n0, 387 = h(1,2)u(3)no, l3gg = h(4,3)u(1)no, l3gg = h(1,2)u(4)no, l300 = h(4,3)u(2)no.

T3(x,y)(2)(4 = 0):

o1 = h(2,4)n0, l390 = h(3,1)u(3)no, 1303 = K(2,4)u(1)no, l3o4 = h(3, )u(4)no, 395 = h(2,4)u(2)no,
396 = h(3, )10, 1397 = h(2,4)u(3)no, l308 = h(3, Du(1)no, log = h(2,4)u(4)no, laoo = h(3,1)u(2)n,.

Block B3 (x,y)(A =1):
T3(x,y)(1)(A =1):

laor = h(1,2)nou(1), laoa = h(4,3)u(3)nou(1), laoz = h(1,2)u(1)nou(1), lyos = h(4,3)u(4)nou(1),
lyos = h(1,2)u(2)nou(1), lags = h(4,3)nou(1), lao7 = h(1,2)u(3)nou(1), lyog = h(4,3)u(1)nou(1),

l409 = h(1,2)u(4)nou(1), ly1o = h(4,3)u(2)nou(1).
T3(x,y)(2)(A = 1):

Ig11 =h(2,48)nou(1), lg12 = h(3, D)u(3)nou(1), ly1z = h(2,4)u(1)nou(1), lyyg = h(3,1)u(4)nou(1),
l415 = h(2,4)u(2)n0u(1), l416 = /’1(37 l)nou(l), l4]7 = h(2,4)u(3)nou(1), l418 = h(3, l)u(l)ngu(1)7

I419 = h(2,4)u(4)nou(1), lypo = h(3,1)u(2)nou(1).
Block B3 (x,y)(A =2):
T3(x,y)(1)(4 =2):

lyp1 = h(1,2)n0u(2), a2 = h(4,3)u(3)nou(2), lanz = h(1,2)u(1)nou(2), laog = h(4,3)u(4)nou(2),
lyas = h(1,2)u(2)nou(2), laog = h(4,3)nou(2), laaz = h(1,2)u(3)nou(2), lyog = h(4,3)u(1)nou(2),

lypg = h(1,2)u(4)nou(2), lyzo = h(4,3)u(2)nou(2).
T3(x,y)(2)(A =2):

lyz1 = h(2,4)nou(2), lyzp = h(3,1)u(3)nou(2), lyzz = h(2,4)u(1)nou(2), lyzg = h(3, 1) u(4)nou(2),
lyzs = h(2,4)u(2)nou(2), luzs = h(3, Dnou(2), lazz = h(2,4)u(3)nou(2), lyzg = h(3, u(1)nou(2),

luzo = h(2,4)u(4)nou(2), lyap = h(3,1)u(2)nou(2).
Block B3 (x,y)(A =3):
T3(x,y)(1)(A =3):

l441 = h(l,Z)ngu(3), 1442 = h(473)u(3)n0u(3)7 1443 = h(l72)u(1)ngu(3), l444 = h(4,3)u(4)nou(3)7
lags = h(1,2)u(2)nou(3), lase = h(4,3)nou(3), laaz = h(1,2)u(3)nou(3), laag = h(4,3)u(1)nou(3),

l449 = h(1,2)u(4)nou(3), lyso = h(4,3)u(2)nou(3).
T3(x,y)(2)(A =3):
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las1 = h(2,4)n0u(3), lasz = h(3, D )u(3)nou(3), lasz = h(2,4)u(1)nou(3), lyss = h(3,1)u(4)nou(3),
lass = h(2,4)u(2)nou(3), lase = h(3,1)nou(3), las7 = h(2,4)u(3)nou(3), lass = h(3,1)u(1)nou(3),
1459 = h(2,4)u(4)ngu(3), 1460 = h(3, 1)14(2)71014(3).

Block B3 (x,y)(A =4):

T3(x,y)(1)(A =4):

lagt = h(1,2)n0u(4), lagr = h(4,3)u(3)nou(4), lagz = h(1,2)u(1)nou(4), lags = h(4,3)u(4)nou(4),
lyes = h(1,2)u(2)nou(4), lyge = h(4,3)nou(4), lygy = h(1,2)u(3)nou(4), lygg = h(4,3)u(1)nou(4),
l469 = h(l,Z)u(4)nDu(4)7 l47() = h(473)u(2)n0u(4)

Ty(0y) (2) (A = 4):

Ly = h(2,8)nou(4), ly7o = h(3, D)u(3)nou(4), lyz = h(2,4)u(1)nou(4), lyz4 = h(3, 1) u(4)nou(4),
lazs = h(2,4)u(2)nou(4), luge = h(3,1)nou(4), laz7 = h(2,4)u(3)nou(4), lazs = h(3,1)u(1)nou(4),
ly79 = h(2,4)u(4)nou(4), lago = h(3,1)u(2)nou(4).

The matrix of GL(2,5) :
We will discuss some blocks of the G — matrix for G = GL(2,5) .
First we take the first block B(x,x). That is :

L h L I 5 Il L g - ||In ha hs ha Ls Le Lz lis
o h b &L I 5 lg L |l 1 ho Ly ha hLs hLe U7
ly Lo h b B Iy Is5 lg -~ |lho by i Lo Ly hs hs hLe
lg lo ho L b I Iy Is |l hs ho ho I Ly hs ha Ubs
L lg o ho L L I Iy |l hs hs ho by In Ly Lz L
le L lg b Lo L L L - |lhe h7 hs Lo by i hy b3
Is g L Lk vy Lo L' b - |lhs hLe L7 hg Lo by L1 I
Iy s s L g b I UL - |llus hLs he Lz hLs Lo ho I
he I hs ho hbo In L Ly || 4L L L L Ik I 7 I3
his he L7 hs lio ho In Lo ~|ho L L &L L 5 I L
ha his he Ly hg Lo by In ||l Lo L L L I4 s I
3 hy hLs hLe liz hsg Lo by |68 o Lo L L L Iy I
o hs ha hLs he Ly hg ho || &z &g lo Lo L L B L
In hz Lz ha hs hLe L hs ||l L I8 b Lip LI bL L
bo I hy hs ha bLs hLhe hr || & L lg L Lo L b
o bo hn ha by ha hs he ||l 5 lg L g b Lo L

Now for another block we take the elements of block B, (x,y)(A = 2) with inverses of the elements of the block B(x,x). So, we get :

Bor  Box oz loa Bos los Bor || B Bz Bz B Bis B Bir
Lo ot o2 o3 o os los v || B0 B Bz Bz Bia Bis Bie
l3og Lo ot Loz Bos oa Los || BBl o B Bz Bz Bia Bis
ls 1300 310 ot o2 o3 o v || Bis Bie Do B Bz Bz B
I3 Bos oo o Lot oz Loz || Bz s By o B Bz bz
los 1307 l3os o9 3io ot oz v || Bie Bz Bis By B B Bz
los  Bos o7 s oo 3o Lot || Bis Bie Bz Bis By oo B
B Bz s B B B Bz || Bot Boz oz Boa Bos  los oz
Bis Bie Bz bis B oo B || Bio Bot Boz Bos  Boa Bos  Doe
Bis Bis Bie iz Bis o B || B Bio Bor Boz oz Bos Bos
Bz L Bis B Bz Bis o || Bos Boo Bio Lot Boz Bos b
By Bz B Bis Bie iz Bis || ot Bos Boo B Bot Loz 03
LBy B Bz B Bis Bie Bz || Bos Bor Bos Boo B0 Lot B
lzo B Bz Bz Bia Bis Bie || Bos kos oz s Boo  Bio ot
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Now, if we take the elements of block By (x,y) with the inverses of the elements of block B, (x,y) (A = 0) we get the following :

ls  lant laze  last laze l3or late - || Bsr laoe  lazt lage  last  Bse  laoi
lo;y s lant e st Iy ot - || lase  B3s1 laoe  lazt lage  last  ID3se
laise  la;n laos  lann laze  last laze - || laar  lase  D3s1 laoe  lazt lass  lasr
Izt lase o los  lant lze  last - || laze  laar  lase  D3s1 laoe  lazt lage
lse Izt lase o Bos  lann lze - || laor  laoe  laar  laes D381 laoe a2
I late  lazt lase Lo o lann - || Bse  laor  laze  laar  lase  D3s1  laoe
Iy Bor late  lz1 lase L los - || laer  lse  laor  laoe  laar  laee D381
l3gs  laor  lae  lasr  laes  [3g1 laos - || Bos  larn  laze  last laze Dot late
lasr  Bss  laor  laoe  laar laee  Bs1 - || la;m los  lan laze  last laze Do
Iy laer  l3ge  laor  laoe  lasr laes - || lase  lamn loe  larn  laze  lasi laze
Iy laas  lasr lge  laor  lae  laar - || las1 lase  lamt l3oe Lt laze  las
laoos  lao1 laae  laer 38 laor  lae - || late  last lase  lamn Dos  lann lase
l3g1 laos Lot laae  lasr  3ge  laor - || Bor  late  lazt lase Lt Bos L
lass 1381 laos  laor laas  laer l3ge - || lave  Do1  late  lazt lase  lan Do

2- The listing of elements of GL(2,4) :
|GI(2,4)|=180, and this will divide into 15 blocks with 12 elements in each block .

Type (a', d'):
Block B(d',a'):
T(d',a"):

81 :h(17 1)» g22: h(azvaz)u(az)v 83 = h(ava)v 84 :h(17 1)u(a2)7 85 :h(a27a2)7
86 =,h(,a7a)u(a )

T(d',a")(1): -

87 :h(]7;)u2(a)7 gs=h(a",a )u(])7 g9 =h(a,a)u(a), 1o :h(]vl)”(])>

g =h(a”,a")u(a), g12 = h(a,a)u(1).

Block B(d',a")(A = 0):

T(d',d')(1 =0): ) g ,

g13 = h(lél)gw gla=h(a",a )u(az)no, g15 = h(a,a)no, g16 = h(1,1)u(a”)no,
g17=h(a",a")no, g8 = h(a,a)u(a”)no.

T(d',a")(1)(A=0): L

819 = h(lv l)u(a)n07 820 = h(a a4 )M(l)l’lg, 821 = h(a,a)u(a)ng,

g2 =h(1,1)u(1)no, g23 = h(a®,a®Yu(a)no, g24 = h(a,a)u(1)n,.

Block B(a',a"')(A = 1):

T(d',a)(A=1): s 0

825 = h(] 1 )noug 1 )7 826 = h(a a )’;(az)nou(l)a 827 = h(a,a)ngugl )7

828 =h(1,1)u(a”)nou(1), g29 = h(a”,a”)nou(1), g30 = h(a,a)u(a”)nou(1).
T(d',a")(1)(A=1): ,

831 = h(lv l)u(a)nou(l)v 832 = h(azvaz)u(l)nﬂu(l)v 833 = h(a,a)u(a)nou(l),
834 =h(1, Du(1)nou(1), g3s = h(a”,a”)u(a)nou(1), g36 = h(a,a)u(1)nou(1).
Block B(a',a")(A = a):

T(d',a")(A=a): s s,

837 = h(lv l)nou(a)7 838 = h(a a )u(a )ngl/l((,l)7 839 = h(a,a)ngu(a),

g40 = h(l, Du(a®)nou(a), ga1 = h(a*,a*)nou(a), g4 = h(a,a)u(a®)nou(a).
T(d',a")(1)(A=a): .,

53 = h(1, Du(@nou(a), gas = (a0 Dnou(a), gss = h(aa)u(anou(a)
216~ h(1 1 u(Dnou(a), g7 = h(a®.a>Yu(a)nou(a). gas = h(a,a)u()nou(a).
Block B(d',a') (A =a®):

e el g~ ), 851 N

g49 =h(1,1)nou(a”), gso =h(a”,a” )u(a )nou(a”), gs1 =h(a,a)nou(a”),
gs2=h(1, 1)M(a2)gou(a2)» gs3 =h(a®,a*)nou(a’), gsa = h(a,a)u(a*)nou(a®).
T(d,d)(1)(A=a"): , , , ,
gss =h(1, Du(a)nou(a’), gs6 =h(a ,a Ju()nou(a ), gs7=h(a,a)u(aynou(a’),
gss = h(1,)u(1)nou(a”), gso = h(a”,a”)u(a)nou(a”), geo = h(a,a)u(1)nou(a”).

Type h(ai , Aaj)_ :

Block By (d',a’):

Ty (d',a’):

861 =h(1,a), ger = h(a®, 1)u(1), ge3 = h(a,a*), ges = h(1,a)u(1), ggs = h(a’,1),
866 =h(a,a”)u(l).

Ty (d',a’)(1):

867 = h(l,a)u(az), 868 = h(a27 l)u(a)7 869 = h(avaz)u(az)v 870 = h(lva)u(a)v
g7 =h(a*, Du(a*), gn =h(a,a*)u(a).
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Block Bl(a a’)(A =0):

Ty (d',a’)(A =0):

873 = Zglza);lm 874 = h}(z? 1)?(2);107 g75 = h(a,a*)no, g76=h(1,a)u(1)n,,

g77 =h(a”,1)no, g78 a,a” u(1)n,.

Ti(d, aJ)(l)UL 0):

879 = h(1,a)u(a*)no, ggo =h(a*,1)u(a)no, gsi =h(a,a*)u(a*)no,

g2 = h(1,a)u(a)ny, gg3 =h(a,1)u(a*)no, gss = h(a,a*)u(a)no.

Block B, (a',a’)(A =1):

T(d,a')(A=1):

gs5 = h(Laynou(1), gs6 = h(a®, u(1)nou(1), gg7 = h(a,a>)nou(1),

gs??h(jl)y(ca))u((;)n;);t(l)v g89 = h(a”, 1)nou(1), goo = h(a,a” )u(1)nou(1).

Ti(a',a =1):

891 :h(lva)u(az)nou(l)a 892 =h(62127 l)u(g)nﬂu(1)7 893 :h(avaj)u(az)nou(l)v

§914 =kh(17(a)u(ja))("/{zu(1))7 895 =h(a”, Du(a”)nou(1), gos = h(a,a”)u(a)nou(1).
ock By (d',a =a):

Ty(a',a’) (A =a):

897 = h(lva)nou(a)7 898 = h(azv l)u(l)nOM(a)’ 899 = h(avaz)nou(a)a

g10(0 ?hj()l(yla))(uﬂfl)n;u(a), gi01 = h(a®, Dnou(a), gi02 = h(a,a®)u(1)nou(a).

T (d',a =a):

2103 = h(1,@)u(a*)nou(a), go4 = h(le 1)“(“)”0'4(0) 8105 = h(““ Ju(a*)nou(a),

8106 = h(l( a)ul(;t()izou(a;7 g107 = h(a*, 1)u(a*)nou(a), gios = h(a.a*)u(a)nou(a).

Block By (a',a a

Ti(d',a’) (A =a’):

2109 = h(1,a)nou(a®), 8110 = h(a, 1)"(1)"0“(0 ): g1 =h(a,a )"o"(a );

gn(z h]()l(a))(uﬂfl)nol)d(a) g113 = h(a®, Dnou(a®), gi14 = h(a,a®)u(1)nou(a®).

Ti(d',a’)(1 a

guis = h(1,a)u(a® )"o”(d )s 8116 = h(g 1)'4(0)"0'4(0 )s g117 =h(a,a )u(a )nou(g )

f;]llgkh(l( a)uj()a)nou(a ), g119 = h(a*, Vu(a®)nou(a®), giro = h(a,a®)u(a)nou(a®).
ock By(a',a

T (d',d’):

g121 = Zglza ;7 g1 IZEaziC)l)'Z(f;)v g123 = h(a,1), g4 =h(1,a*)u(a),

8125 =h(a”,a), gia6 =h(a,1)u(a).

Tz(a',a])(l):

8127 = Zglza §ME1§ glzsh(h(a) ﬁ(l)tztga ), 8129 = h(a,1)u(1), gi30 = h(1,a*)u(a®),

a”,a)u(l a,u(a

%llf)lcsz(a a’)(A g(;;Z

T (d',a’)(A =0):

8133 :Zghzaz;nm 8134 = 220276)1)?(5)1)710, 8135 = h(a, o, g136 = h(1,a*)u(a)n,,

8137 =h(a”,a)no, g138 = h(a,1)ula)no.

T (d',a’)(1)(A =0):

£139 =h(17a§)u(1%ng7 £140 :h(azéa)u(az)no7 2141 =h(a,1)u(1%no7

illztz;h(l(v‘? );4)(&)’1(;»)8143 =h(a”,a)u(1)no, g144 = h(a, u(a”)n,.
ock By (d',a =1):

T(d,a')(A=1):

8145 = h(lﬁz)nou(l)&% = h(az,a)uz(a)"oMU% 147 =h(a,)nou(1),

glts ?hj,()l(vla)()li(a)l’;ou(lh g1a9 = h(a”,a)nou(1), g150 = h(a, u(a)nou(1).

T (a',a =1):

8151 = h(l,az)u(lgnou(l), g152 = h(a®,a)u(a®)nou(1), g153 = h(a, 1)'4(12"0“(1)7

%1154;h(l(vé?z);!)((a/l)"olg(l)y 8155 = h(a*,a)u(1)nou(1), gis6 = h(a, u(a*)nou(1).
ock B, (d',a =a):

T (d',a’)(A =a):

8157 = h(1,a)nou(a), g155 = h(a,@)u(@)nou(a), 150 = h(a, Dnou(a),

10 -1 (0. 11~ o). = (e

T (a',a =a):

8163 :h(lvaz)u(l n(’u(a)v 8164 :h(az,a)u(az)nou(a), 8165 :h(a7 l)u(lgnou(a),

s h(he >7)<a>nou§a> 8167 = h(a®,a)u( ngu(a), gies = h(a, u(a® nou(a).
ock By (d',a a

Iy (d', a’)(7L a):

8169 =h(1,a )"o”(a ), 8170 = h(a® a)u(a)”ou(a ), g171 = h(a, nou(a®),

g17(2 hj()l(la)();t(a)";u(a ), 8173 = h(a2 aynou(a®), gia = h(a,u(@)nou(a’).

T (d'a a

g175s=h(l,a )M(lg”ou(a ). 8176 = h(a*,a)u(a*)nou(a®), 8177=h(071)u(1)nou(0227

g17s = h(1,a*)u(a*)nou(a*), gi7o = h(a*,ayu(1)nou(a®), giso = h(a,1)u(a*)nou(a*).
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Where, F4 is the unique field (up to the isomorphism) with four elements such that;

B[]

Bz —2
<x2+x+1>’

where (x* +x+1) is an irreducible polynomial in F>[x]. o
Now we examine some blocks of the G — matrix of GL(2,4). For the first block in the G-matrix we get the elements in the block B(a',a')
with its inverses and we get the following :

81 82 83 84 85 86 87 88 89 810 811 812
86 81 82 83 84 85 812 87 88 89 810 811
85 86 81 82 83 84 811 812 87 88 89 810
84 85 86 81 82 83 810 811 812 &7 838 89
83 84 85 86 81 82 89 810 811 812 87 88
82 83 84 85 86 81 88 89 810 811 812 &7

87 88 89 g10 811 812 81 82 83 84 85 86
812 &7 88 89 810 811 86 81 82 83 84 85
g1 812 &7 88 89 810 85 86 81 82 83 84
g0 811 812 &7 88 89 84 85 86 81 82 83
g 8o 811 812 &7 88 83 84 85 86 81 82
88 g 8o 811 812 &7 82 83 84 85 86 81

Now, if we consider the elements of block B, (a',a’)(A = 0) with the inverses of the elements of block B; (a',a’), we will get the following
matrix:

873 880 875 882 877 884 876 883 8718 879 874 881
884 873 880 8715 882 877 881 876 883 878 879 874
877 884 873 880 875 882 874 881 876 883 8718 879
882 877 884 873 880 875 879 814 881 876 883 878
875 882 877 884 873 880 878 879 874 881 876 883
880 875 882 871 884 873 883 878 879 874 881 876

876 883 878 879 874 881 873 880 875 882 877 884
881 876 883 8718 8719 874 884 873 880 875 882 871
874 881 876 883 8718 879 877 884 873 880 875 882
8719 874 881 876 883 878 882 877 884 873 880 875
8718 879 874 881 876 883 875 882 877 884 873 880
883 878 879 874 881 876 880 875 882 871 884 873

Also, if we get the elements of block By (a',a’)(A = a) with the inverses of the elements of block B, (a',a’)(A = a*), then the resulting
matrix will have the following form:

871 8111 867 8113 869 8109 8139 834 8141 836 8143 832
8109 871 8111 867 8113 869 832 8139 834 8141 836 8143
869 8109 871 8111 867 8113 8143 832 8139 834 8141 836

8113 869 8109 871 8111 867 836 8143 832 8139 834 8141
867 8113 869 8109 871 8111 8141 836 8143 832 8139 834
8111 867 8113 869 8109 871 834 8141 836 8143 832 8139
8139 834 8141 836 8143 832 871 8111 867 8113 869 8109
832 8139 834 8141 836 8143 8109 871 8111 867 8113 869
8143 832 8139 834 8141 836 869 8109 871 8111 867 8113

836 8143 832 8139 834 8141 8113 869 8109 871 8111 867
8141 836 8143 832 8139 834 867 8113 869 8109 871 8111
834 8141 836 8143 832 8139 8111 867 8113 869 8109 871
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