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QxXpXp—3 O XnXp—3

Xppl = Xpp1 = —F———, n=0,1,...
ﬁx,,,3 = YXn-2 ’ 7ﬁxn73 + Yxn—2 ’ T

where the constants &, 8, Y€ RT and the initial values x_3, x_», x_; and xq are required to
be arbitrary non zero real numbers. Furthermore, some numerical figures will be obviously
shown in this paper.

1. Introduction

The present paper aims to offer a significant analysis about local asymptotic stability, global attractivity and periodicity of the following
rational recursive equations:

AXpXp—3 X _ A XpXp—3
Bxn—3 — YXn—2 ’ s —Bxy—3+ 5,2 '
where the initial data x_3, x_» x_; and xq are required to be arbitrary non zero real numbers. Moreover, the parameters ¢, 3 and y are
required to be positive arbitrary values.

The theory of nonlinear difference equations has been extraordinarily developed in recent decades. Obviously, this development can be
evidently seen in the studies which have been published on difference equations. Take, for instance, the following ones. Avotina [1]
investigated the periodicity of three special cases from the fractional difference equation given by

Xptl = n=0,1,...,

o+ Bxy + Yxp—1

Xpil = .
il A+ Bxp+Cx;—q

Bajo et al. [2] analyzed the global character of the following second order recursive equation:
X _ Xn—1
T by
Cinar [3] provided the solution of the next fractional recursive relation
axp—1
Xpp] = ———.
ntl = + bxpxy—_1

Din [4] explored some qualitative behaviors such as the stability and the periodicity of the following system:

ayn dy n

b+Cyn’ Yn+1 = e+an'

Xn+1 =
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El-Moneam et al. [5] explored the qualitative behavior of the difference equation

bxy g+ hxp—y

=A Bx,,_ +Cx,_; + Dx;— .
Xn+1 Xn + Bxp g +Cxp—; + Dxy o-+dxn—k+exn71

Elsayed [6] obtained the forms of the solutions of the recursive relations given on the form:

Xn

Xpp] = ————.
ntl Xp—1(xn£1)

Ibrahim [7] examined the global and local stability of the second order recursive relation on the form:

axp—1

Xpp]=———7.
T + bxpx,_q

More details on this aspect can be simply found in refs. [8], [9]-[14], [15].

OXpXp—3

2. On the recursive relation x,, | = T
n—23 n—

This section underlines widely some aspects and properties of the recursive equation

OXpXp—3

— n=0,1,2,..., 2.1)
Bxn—3 — Yxn—2

Xnt+1 =
where the initial values are required to be arbitrary constants. The parameters o, 3 and y are as mentioned above.

2.1. Local stability analysis

The local behaviour of the fixed point of our equation will be proved under an intrinsic hypothesis in this subsection. The equilibrium point
of Eq.(2.1) can be evaluated from the following equation:

oxx oax

Bx—m B-7

¥ =

This implies that
x=0.

Assume that a function 4 : (0,e0)> —» (0,00) is described by the following form:

orz

h t,8,2) = s 2.2
(t,5,2) JE— 2.2)
from which we can obtain that
oh(t,s,z) oz
- 2.3)
oh(t,s,z) aytz
ds  (Bz—ys)?’
dh(t,sz) _ ays
9z - Bz

These partial derivatives can be obviously calculated at X = 0, as follows:

dh(x,x,X) ox o

o T Bi-x B-y *
dh(x,x,X) oyxx oy

a5 BE-wr oy TV
Jh(X,X,X) ayrx ay

= E-w -

Now, the corresponding linearized form of Eq.(2.1) about X = 0, is given by

Yn+1+ P2Yn+ P1Yn—2+ Poyn—3 = 0.

Theorem 2.1. Let
(B—7)*>max{a(B+7), a(3y—B)}.

Then, the fixed point of Eq.(2.1) is locally asymptotically stable.
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Proof. According to Theorem A in [16], Eq.(2.1) is said to be asymptotically stable if

Ipol+|p1]+[p2| < 1.

This expression leads to

oy oy o
— + + < 1.
‘ (B—7)* ‘(ﬁﬂ/)z ‘ﬁ—)"
o If B > 7, then
2ay a
+—<1,
(B-7? B-v
which can be easily simplified as
aB+7)<(B-1* 24)
* If B < 7, then
2ay o
+ <1
B-7* v-B
Therefore,
a(3y-B) < (B 2.5)

Combining condition (2.4) with condition (2.5) gives us

(B> max{a(B+7), a3y—B)}.
This achieves the proof completely. O

2.2. Global stability analysis

Here, we will present an approach to determine the global behavior of Eq.(2.1). In this equation, two different cases will emerge as illustrated
in the following fundamental theorem.

Theorem 2.2. The fixed point of Eq.(2.1) is said to be a global attractor if o # .

Proof. Suppose that r, r, € R and let & : [rl,r2]3 —> [r1,r2] be a function defined by Eq.(2.2). Then, we take into consideration the
following situations.

Case 1: Let z < s be true. Then, equations (2.3) tell us that Eq.(2.2) is nondecreasing in s and nonincreasing in ¢ and z. Next, let (¢, x) be
a solution of the following system:

2
oy
= h I &) = . .0
¢ X, 9,%) Br—710
2
o
= hQ,x,¢)=—-—".
X (0,2.9) Bo—12
Or,
Box —v9* = ax?, (2.6)
Box —vx* = ap®. @2.7)

Subtracting Eq.(2.6) from Eq.(2.7) gives

v -9 =a (22— 9?).
Now, if ¥ # o, we have
=X

As claimed by Theorem B in [17], the fixed point of Eq.(2.1) is a global attractor.
Case 2: This case shows the global behaviour when 8z > ys. The proof of this case is similar to the previous one. O

Remark 2.3. Eq.(2.1) is not prime period two.
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2.3. Special case of eq.(2.1)

In the following paragraph, we will specify an effective theorem to verify the periodicity of the solution of the following fourth order
recursive relation:

XnXp—3

a1 = 2.8)

7
Xpn—3 —Xp-2

where the initial values are as illustrated above.

Theorem 2.4. Each solution of Eq.(2.8) is periodic with period eighteen.

Proof. We assume that {x, },__5 is a solution of Eq.(2.8), then

X o XnXn—3
, = o=
" Xp—3 —Xn-2 ’
XnXn—3 X,
Xp1Xn—2 Xy —Xn2 ) M2 Xp—3Xp—2Xn
xn+2 = = = )
Xp—2 —Xn—1 Xp—2 —Xn—1 (xn73 _xn72) (xn72 _-xnfl)
32X ) Xn1
N Xp+2Xp—1 (Xn-3=%n2)(Xy2—Xp1) ) 71T
T =
" Xn—1 —Xn Xpn—1 —Xn
_ Xn—3Xn—2Xn—1%n
- )
(xn73 _xan) (xn72 _xnfl) (xnfl _xn)
Xn—3Xn—2Xn—1Xn X
o Xp3%n () (2 —Xa 1) (o1 —xa) )
Xntd = o —x = Y _ ndaa
n n+1 n Xpn—3—Xp-2
_ Xn—3Xn—1Xn
- - ’
(xan - xnfl) (xnfl - xn)
_ Xn—3Xp—1Xn ) ( XnXn—3 )
. Xp+4Xn+1 (xn—2—Xp—1) (Xn—1—Xn) Xn-3=Xn-2 ) Xp—3Xn
n+5 = _ = XnXn—3 Xn—3Xn—2Xn - _ ?
Kbl = Xnt2 X3 =2 (3 —Xn—2) (Va2 —Xu1) (n—1 = xn)
Xy = Xnt+5%n+2
" Xn4+2 — Xn+3
Xn 3% Xn 3% 2% )
_ Xn—1—Xn (¥n—3—Xn—2) (Gn—2—Xn—1) _
= X 3Xn 2% — X302 %n_1%n = X3,
(n-3=Xn—2)(Xn2—%0-1)  (n—3—%0-2) (n—2—Xpn—1) (Xn—1 —Xn)
X _ Xn+-6Xn+3
7 = e
" Xn+3 — Xn+4
—x, 3 Xn—3Xn—2Xn—1%n
. 172\ (nm3=x—2) (2 —u—1) (a1 —X) -
= X 3% 2% 1%, T Xn 3% 1% = -2,
(on—3=Xn—2) n2 =20 1) (1 —X) (o2 =X 1) (Kum1 —Xn)
—Xpa (— Xn—3Xn—1Xn )
N - (Xn—2=%p-1)(Xn1—Xa) )
*n+8 - Xptd —X, - _ Xn—3Xn—1Xn _ _Xn3Xn = —Xn-1,
nt n+5 Con 2= 1)@ 1—X) (K1)
_ Xn—3%n
s e (55)
X9 = = T Xt = ",
Xn5 — Xnt6 oo TXn-3
_ Xn4+9Xnt6  —Xn (—x4—3) o XnXp—3
Xp+10 = - - - 3
Xnt6 —Xnt7  —Xp—3 +Xp—2 Xp—3 —Xp—2
__XnXn3 _
X Xn4-10Xn+7 ( an3*xn72> ( xniz)
n+11 = =
Xn+7 —Xn+8 —Xp—2 +Xp—1

_ Xn—3Xn—2Xn
(xn73 _xn72) (xn72 _xnfl) 7
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_ Xn—3Xn—2Xn _
- ( (%4*%4)(%4*%4))( Xn—1)

Xpiy = Xn+11%n+8
n+ - -
Xn48 — Xnt+9 —Xp—1+Xpn
_ Xn—3Xn—2Xn—1Xn
- - )
(Xp—3 = Xp—2) (Xn—2 = Xp—1) (Xn—1 — Xu)
(_ X 3Xn—2Xn— 1% ) (—x)
X Xn+12Xn49 (Xn-3=Xn—2) (Xn—2—Xn—1) (Xn—1—X5) n
13 = =
" Xn+9 — Xn+10
_ Xn—3Xn—1Xn
- 7
(xn—Z —Xn—1 ) (xn—l 7xn)
( Xn3%n 1% ) <7 Xn X3 )
0 Xn13%n410  \ Gu2—X—1) (Xu—1—Xu) Xn—3—Xn—2
Xnt14 = X e R 7 Xn—3%n—2%n
n+10 — Ant11 Xu3—Xn—2 | (Xn3—Xp2)(Xn—2—Xu_1)
_ Xn—3Xn
- N
(xnfl _xn)
X _ Xn+14Xn+11
n+15 =
Xn+11 — Xn+12
_ Xn3Xn _ Xn—3Xn—2Xn >
o Xp—1—Xn (Xn—3—2n—2)(Xn—2—Xn—1) _
= = T3 X2 T X3 %n—2Xn—1%n = Xpn—3,
(n—3=Xn—2) Cn2—2n-1) " (n—3—20-2) (Xn—2—Xn—1) (Xn—1—%n)
X _ An+15%n+12
n+16 —
Xn+12 — Xn+13
X, _ Xn—3Xn—2Xp—1Xn )
. 13\ 7 G320 2) (Con2 =X 1) (in1 %) -
- Xn—3Xn—2%n—1Xn — X 3% 1% =Xn-2,
(n-3=Xn—2) Cn—2=20—1) (n—1—Xn)  (n—2=Xp-1) (Xn—1—Xn)
X, o ( Xn 3% 1 )
_ An+16%n+13 - (a2 =%n—1) (=1 =) _
Xn+17 = X —x = X 3%, 1%, X3k, Xn—1
n+13 ntl4 (Xn—2—Xp—1 )(x/x—] —X,) (xn—l _X;x)
X <7 Xy 3% )
o Xp17Xers I T ) )
Xp+18 = — T Xn3Xn = Xn.
Xn+14 —Xn+15 Co—xy) =3

The proof has been completely done.

2.4. Numerical confirmation

To confirm our theoretical outcomes in the previous subsections, we will provide some concrete numerical examples in this subsection.

Example 2.5. Figure 2.1 is sketched according to the following values: o =y=1, B =6, x_3=x0=0.2,and x_; = —x_» =0.1.

Example 2.6.

0.2r

0.15r

0.1r

x(n)

0.051

plot of x(n+1)=(a x(n)x(n—3))/(b x(n—-3)—c x(n-2))

We consider o =10, =2, y=1,

10 20 30 40 50
n
Figure 2.1
x_3=0.5,x_92=x9=1and x_1 = —1, to depict the Figure 2.2.
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x 10°% plot of x(n+1)=(a x(n)x(n-3))/(b x(n-3)-c x(n-2))
15 T T T T

n
0.5
e
x
of
-0.5
1 ‘ ‘ ‘ ‘
0 10 20 30 40 50
n
Figure 2.2
Example 2.7. This example illustrates the periodicity of the special case equation when we take x_3 =x_| = —0.1 and x_p = xy = 0.1.
See Figure 2.3.
plot of x(n+1)=( x(n)x(n—3))/( x(n—-3)— x(n-2))
0.15 : ‘ ; ‘

x(n)

10 20 30 40 50
Figure 2.3

OXnXp—3

3. On the recursive relation x, | = o FRE
n— n—

This section will offer various mathematical aspects of the following recursive form:

QXpXn—3

s 0,1, @3.1)
_ﬁxn—3+yxn—2

Xptl =

The initial data and the arbitrary constants are as mentioned above.
3.1. Local stability analysis

In this part, the behaviour of the solutions in the neighbourhood of the fixed point will be established via a key theorem. The fixed point of
Eq.(3.1) can be simply found from the equation given by

oxx  OX
—Bx+yx  —B+y

X =

This gives us

x=0.

Assume that a function & : (0,00)> — (0, 0) is described as follows:

otz

M) T

3.2)

Then,
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dh(t,s,z) _ az 33)
ot T —Bz+ys’ '
dh(t,sz)  — apz
s (Parwr
oh(t,s,z) ayts
9z  (=Bztys)?
Finding these partial derivatives at X = 0, yields
oh(x,x,X) ax  a
ot T TBx+@ y-p %
oh(x,X,X) oyxx oy »
T = T — =—pi,
(—Bx+v%)*  (v—B)?
oh(x,%,X) ayxx ~_ay
oz (BxrmP (B
Following, the corresponding linearized scheme of Eq.(3.1) about x =0, is
Yn+1+ P2Yn + P1Yn—2+ poyn—3 = 0.
Theorem 3.1. Assume that
(y=B)*>max{a(B+7), a3y—B)}.
Then, the point X = 0, is locally asymptotically stable.
Proof. As stated by Theorem A in [16], Eq.(3.1) is said to be asymptotically stable if
Ipol +[p1l+Ip2| <1,
which implies that
oy oy o
+ |- + <1
‘ (r=B)? ‘ (r=B)? ‘ 7B ‘
o If B <7, then
2oy a
— <1
(v=B2 v-B
Therefore,
a(3y-B) < (r=PB)*. (34)
o If B > 7, then
2oy a
-—— <1,
(v=B2 v-B
which can be easily reduced to
aly+PB) < (r—B)* (3.5)

Finally, combining condition (3.4) with condition (3.5) leads to

(v=B)* > max{a(B+7), a(3y—B)},

which is what we require to prove. O
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3.2. Global stability analysis

We now turn to analyze the global attractivity of Eq.(3.1), in which two various cases are arisen.
Theorem 3.2. The fixed point of Eq.(3.1) is a global attractor.
Proof. Assume that r, r, € Randleth: [ry, r2]3 — [r1, 2] be a function defined by Eq.(3.2). Then, we examine the next two cases.

Case 1: Let Bz < ys be true. Then, from equations (3.3) we observe that Eq.(3.2) is nondecreasing in ¢ and z and nonincreasing in s. Now,
suppose that (@, %) is a solution of the following rational system:

2
o
¢ = h((PX> (p) = T o
—Bo+vx
2
ax
X = hxox)=—F"—.
( ) —Bx+re
Obviously, this system can be written as
—Bo* +rox = ag?, (3.6)
—Bx*+yox =ax’. (3.7)
Subtracting Eq.(3.6) from Eq.(3.7) leads to
B — ) = ale’—27).
Hence,
B+r(x—0)(x+9)=0.
This implies that
=X
As claimed by Theorem B in [17], the point X = 0, is a global attractor.
Case 2: In this case we consider 3z > 7s. The proof can be achieved in a similar way to the previous one. O

Remark 3.3. Eq.(3.1) is not prime period two.
3.3. Special case of eq.(3.1)
Now, we will formulate the solution of the recursive equation which is given as follows:

XnXn—3
Xpp1 = ——, n=0,1,.... (3.8)
Xn—2 —Xp-3
The initial values are required to be nonzero real numbers.

Theorem 3.4. Suppose that {x,},__ is a solution of Eq.(3.8) and satisfying x_3 = a, x_y = b, x_ = c and xo =d. Then, forn=0,1, ...

. (=1)"Yabed
3 (18— fu2b)(fu1b = fu20) (fa-1¢ = fu2d)’
32 (—1)"abcd
8 (fna*fnflb)(fnflb*fanC)(fnflC*fand)7
(=" abed
X3p—1

(fna7ﬁiflb)(fnbffnflc)(fnflc7fn72d) '

where { fu},—_s , is called Fibonacci sequence.

Proof. It can be clearly seen that the solution is confirmed for n = 0. Next, we assume that n > 0 and the above-mentioned results hold for
n— 1. This leads to that

R (=1)" ' abed
" (fa—2a— fu—3b)(fu—2b — fu—3¢)(fu—3c— fu—4d)’
R (=1)"2 abcd
" (fn—Za_fn—3b)(fn—2b_fn—SC)(fn—ZC_fn—Sd) ’
B (=1)" Y abcd
ST alia— fab) (n2b— fu3) fa2e — fuzd)’
(—1)"abcd
X3n—4 =

(fnfla - fn72b)(fn71h - fn72c)(fn72c - fnde) ‘
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Next, from Eq. (3.8) we have

Yy = X3p—4X3n—7
oy 2= ——rntl
X3p—6 —X3n-7
( (—1)"abed )
(fa1a—fu-2b)(fa1b—fu20)(fu—20—fa—3d)
(=1)"""abcd

<fn—2(17f;tf3b) (fn—befthC) (f;t—3cffn—4d)

(—=1)" "abcd
(fa2a—fu3b)(fa-2b—fu3¢)(fu-3c—faad)

(=" (abed)? (fa-2a— fu-3b) (fu-2b — fu-3)
(fn—2¢ = fn—3d)(fn—2a — fu—3b)(fu—2b — fu—3¢)(fu—3¢ — fu—ad)
(fam1a = fu—2b)(foo1b = fu—20)(fa—2¢ = fu—3d)(fu—2a — fu—3b)
(fu—2b— fa3¢)(fu—3¢— fuad) (abed)
[ (=12 (fy2a— fou3b) (fy2b — fo_36) fose — foad)
— (=" (fac2a — fa3b) (fu—2b — fu—3¢) (fa—2c — fu—3d)
(=1)*""" (abed) (fu—2a = fu—3b)(fa—2b— fo-30)
(fam1a = fu—2b)(fao1b = fu—20)(fu—2a = fu—3D)(fa—2b — fn—3¢)
(1" (aese—famad) = (=1 (fa2e = fu-3d)]
(=1)>"~! (abed)
(fa—1a— fa—2b)(fu—1b— fo—20) (=1)" [(fu—3¢ = fu-ad) + (fu—2¢ — fu—3d)]
(=" (abcd)
(fa—1a— fo2b)(fa—1b = fo—20) [(fu—1¢ = fu—2d)]’

(—1)"abcd _
(fn—Za_fn—3b)(f;x—Zb_f;nf.?C) (fa2c—fo-3d)

‘We now turn to prove the second solution of our equation. Again, from Eq. (3.8) we have

X3n—3X3n—6

X3p—2 =
8 —X3p—6 T X35

( (=1)""'abcd )

(fa1a—fo2b)(fo1b—fr2¢) (fa1c—fu—2d)

< (=1)"*abed )
(fa2a—fn—3b)(fa2b—fr3¢) (fu—20—fu-3d)

- (=1)"2abcd
|: ( (fu—Zaff;tf?}b)(fn—befn—f‘C)(ﬁt*ZCffn—3d))+ ]

< (=1)""abed
(fnflaffnﬂb)(fnflbffnﬂc) (frw?c*fn%d)
(=1 (abed)* (fu—2a — fu-3b)(fa-2b— fu-30)
(fn—2C - fn—Sd) (fn—la - fn—Zb) (fn—Zb - fn—SC) (fn—ZC - fn—3d)
(fnfla - fn72b)(fn71b - fn72c)(fnflc - fn72d) (fn72a - fn73b)
(fn72b - fn73c) (fn72c - fn73d) (ade)
—(= l)n_2 (fu—1a— fa—2b)(fu—2b — fu—3¢)(fu—2c — fu—3d)
+ (1" (fam2a = fo3b) (fam2b = fu-3¢) (fa—2¢ = fr-3d)

(=1)** > (abed) (fu—2b — fu-3¢) (f—2¢ = fu_3d)
(fa1b— fu—2e)(fu—1€ = fu—2d)(fu—2b — fu—3¢)(fu—2c — fu_3d)
— (=" (fam1a= fu2b) + (=)' (20— fuab)]
(—=1)*"3 abed
(fa-1b = fu2€) (fao1 = fa2d) (—=1)" " [(faa— fu_1b)]
(—1)"abcd
(fnflb_fn72c)(ﬁlflc_fn72d)(fna_fnflb) ’

Finally, we will show the last part of the solution. Eq.(3.8) leads to



Fundamental Journal of Mathematics and Applications 203

Xani = X3n—2X3n—5
—X3p—5 + X34
< (—1)"abed )
(fuo1b—fu—a2¢)(fu—1c—fu2d)(fua—fu_1b)
(—1)" ' abed

(fa1a—fa-2b)(fu-2b—fu3¢)(fu20—fu3d)

[ (=1)"abed N ]
_ (fa1a—fu—2b)(fu—2b—fu3¢)(fu—20—fa—3d)
(=1)"abed
(fnflaffrHZb)(fnflb*fnf2c) (f,,,chf;l,_;d)
(=1)*"" (abed)* (fa-1a = fu-2b) (fa-2b = fu-30)
(fn—2C - fn—3d) (fn—la - fn—Zb) (fn—lb - fn—ZC) (fn—ZC - fn—3d)
(fnflb - fanC)(fnfl c— fn72d)(fna - fnflb)(fnfla - fn72b)
(fn72b - fn73c) (fn72c - fn73d) (ade)
{ — (=" (fumra= fu-2b) (fu-1b = fo2)(fu-2¢ = fr-3d)
+ (_1)n (fa—1a— fn72b) (fu—2b— fn73c) (fn72c — fu—3d)
(=1)*""" (abed) (fu-10 = fo-2b)(fo-2¢ = fo_3d)
(fna 7fn—lb)(fn—lc - fn—Zd)(fn—la - fn—Zb)
(fn72c - fn73d) (_l)n [(fn72b - fnfSC) + (fnflb - fnfzc)]
(=1)"'abed
(fna - fn—]b)(fn—lc - fn—Zd) [(fnb _fn—lc)]
(=112 abed
(fna = fu—1D)(fu—1¢ — fo—2d) [(fub — fu-10)]
(=" abcd
(fa@ = fu1D)(fu-16 = fa2d)(fub — fa—1€)

O
3.4. Numerical confirmation
This subsection is included to verify and confirm the results we obtained in this work.
Example 3.5. This example pictured the stability of the fixed point when we take c = =1, y=7,x_ 3=-3,x =3, x_1=—5and

xo = 5. See Figure 3.1.

plot of x(n+1)=(a x(n)x(n-3))/(=b x(n-3)+c x(n-2))
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n

Figure 3.1

Example 3.6. In Figure 3.2, we consider a =15, B =1, y=14, x_ 3=0.1, x_, =—-0.5, x_| = 1 and xy = —1.
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plot of x(n+1)=(a x(n)x(n-3))/(=b x(n-3)+c x(n-2))
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Example 3.7. The stability of Eq.(3.8) is shown in Figure 3.3, when we let x_3 =5, x_» = —8, x_1 = 10 and xo = —10.

plot of x(n+1)=( x(n)x(n—3))/(- x(n—-3)+ x(n-2))
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