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Abstract 

In this study, we investigate nematic-isotropic phase transitions in liquid crystals using fractionally 

generalized form of the Maier-Saupe Theory (MST). MST is one of the mean-field theories commonly used 

in the nematic liquid crystals which proved to be extremely useful in explaining nematic-isotropic phase 

transitions. Fractionally obtained results compared with those of the experimental data for p-azoxyanisole 

(PAA) in the literature. In this context, the dependence of fourth rank order parameters on second rank order 

parameters is handled by being a measure of fractality of space. It is observed that the variation of second-

rank and fourth rank order parameters versus temperature are in accordance with some values of fractal 

dimensions. As a result, we can conclude that there is a close relationship between temperature and fractional 

derivative order parameters. 
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1. Introduction 

Fractional mathematics is a highly valued area by 

researchers due to its widely used in many applications 

in science and engineering in recent years. A variety of 

studies in recent years in many fields like anomalous 

diffusion, biophysics, polymer science and chaos were 

explained using fractional calculus [1, 2]. One of the 

common usage is in systems with issues such as the 

long-distance interaction [3]. When we look at the 

literature, statistical formulation works for 

nonextensive physical systems has always continued. 

Verification of the theory of blackbody radiation 

problem also was obtained by studying the problem in 

a fractal formalism [4, 10]. Again, entropy functions 

were studied by Ubriano (2009) by using fractional 

calculus and as a result a new entropy function which 

is similar to a Shannon entropy without additives was 

suggested [5]. Hamley et al. (1996) studied MST to 

examine the fourth rank order parameter (P4) with 

second rank order parameter (P2) for PAA. It has been 

observed that the obtained results are in agreement with 

the experimental data [6].  

Hilfer mentioned in his work in 2000 [13] that the 

development is very clear, since fractional mathematics 

is a very new subject, and special work on this subject 

has been going on for almost thirty years.  

In the study conducted by Gabano et al. (2015), the 

ultra-capacitor impedance was determined by using 

fractional modelling and experimentally explained the 

voltage dependence of fractional model parameters 

[11]. In their study in 2018, Sun et al. reported that new 

aspects of fractional modelling and their applications 

are still being discovered, and these innovations are 

extremely useful in physics and engineering [12]. 

 In general, fractional calculus methods used to 

understand certain physical events where mathematical 

foundation given by standard mathematics was not 

enough [7, 8]. On the other hand, many differential 

equations that are used to examine the physical systems 

can be generalized in a way that derivative 

measurements are fractional [7, 8, 14]. There are many 

fractional derivatives and definitions based on different 

mathematical origins in the literature [15]. Studies on 

fractional mathematics show that this theory is open to 

development and can be used in different fields [9]. 

In this study, we investigate features of liquid crystals 

using fractional calculus. To this end, we use 

fractionally generalized MST to explain phase 

transitions. More precisely, we examine Riemann-

Liouville (RL) fractional integral and derivative 

processors and then we use fractional methods within 

RL fractional integrals to obtain a self-consistent order 

parameter equation. As a result, we obtain solution 

parameters of the interaction potential functions 

performed by the MST and we investigate dependence 

of parameter α (the fractal dimension of space) on 

temperature. 
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2. Materials and Methods 

2.1. Maier-Saupe Theory (MST) 

MST is one of the molecular field theories commonly 

used in the nematic liquid crystals, and it is a theory that 

it is proved to be extremely beneficial in explaining the 

phase transitions in nematic liquid crystals [16,17].  To 

start with, we perform the following. 

𝑑

𝑑𝑡
→

𝑑𝛼

𝑑𝛼𝑡
        (2.1) 

Thus, instead of the standard derivative operator in the 

fractional form of the standard kinetics equation, above 

fractional derivative operator has been used. Here, α is 

the measurement of the fractional derivative. 

According to the MST, interaction potential energy of a 

molecule U_i is given by; 

𝑈𝑖 = −
𝐴

𝑉2
𝑠̅ (

3𝑐𝑜𝑠2𝜃𝑖−1

2
)               (2.2) 

where A is a constant which is independent from the 

pressure, volume and temperature, V is the molar 

volume and θi is the angle between the long molecular 

axis and the preferred axis.  Here, s is the order 

parameter is given by, 

𝑠̅ =
1

2
〈3𝑐𝑜𝑠2𝜃𝑖 − 1〉             (2.3) 

The internal energy of the i-th molecule is, 

𝑈𝑖 =
𝑁

2

∫ 𝑢𝑖exp⁡(−𝑢𝑖/𝑘𝑇)𝑑(𝑐𝑜𝑠𝜃𝑖)
1

0

∫ exp⁡(−𝑢𝑖/𝑘𝑇)𝑑(𝑐𝑜𝑠𝜃𝑖)
1

0

 

⁡⁡⁡= −
1

2
𝑁𝑘𝑇𝐵𝑠2      (2.4) 

where N is the Avogadro number, T is the temperature 

and B=A/(kTV2), (A=13.10-9 erg cm6, V=225 cm3 for 

PAA). 

The partition function z_i of a single molecule is given 

by, 

𝑧𝑖 = ∫ 𝑒𝑥𝑝(−𝑢𝑖/𝑘𝑇)
1

0
𝑑(𝑐𝑜𝑠𝜃𝑖)      (2.5) 

Finally, entropy is given below. 

𝑆 = −𝑁𝑘 [
1

2
𝐵𝑠(2𝑠 + 1) −

𝑙𝑜𝑔 ∫ 𝑒𝑥𝑝 (
3

2
𝐵𝑠𝑐𝑜𝑠2𝜃𝑖) 𝑑(𝑐𝑜𝑠𝜃𝑖)

1

0
]              (2.6) 

 

2.1.1. Fractional Model of MST 

 

In this section we will develop fractional versions of the 

tools of MST given in introduction. Then we use these 

new tools in experiments in the literature to confirm 

theory validity. To start with, we rewrite the entropies 

given by Eq (2.6) based on fractal dimensions as 

follows: 

𝑆𝛼(𝑃) = ∑ (− ln𝑃𝑖)
𝛼𝑃𝑖𝑖     (2.7) 

We will obtain order parameters as follows. For 

generalization the Eq (2.7) with Right Riemann 

Derivative and Lagrange multipliers, 

𝐿 = 𝑆𝛼(𝑃) − 𝜆∑𝑃𝑖
𝑖

− 𝛽∑𝑃𝑖𝜀𝑖
𝑖

 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡= ∑ (− ln𝑃𝑖)
𝛼

𝑖 𝑃𝑖 − 𝜆⁡𝑃𝑖 − 𝛽⁡𝑃𝑖𝜀𝑖       (2.8) 

And if, 

𝜕𝐿

𝜕𝑃𝑖
= 0   =>  

 (− ln𝑃𝑖)
𝛼 − 𝛼(− ln𝑃𝑖)

𝛼−1 = 𝜆 + 𝛽𝜀𝑖     (2.9) 

When α=1 and Ω = ⁡𝜆 + 𝛽𝜀𝑖   , 

𝑃𝑖can be written as Eq. 10; 

   𝑃𝑖 = 𝑒𝑥𝑝 {−
1

2
[1 + Ω1 𝛼⁄ + √Ω2 𝛼⁄ + 2Ω1 𝛼⁄ + 2𝛼 −

1]}                                                    (2.10) 

 

∑ 𝑃𝑖 = 1𝑖  ;    ∑ 𝑃𝑖𝜀𝑖 = 𝐸𝑖    ;            Ω = ⁡𝜆 + 𝛽𝜀𝑖 ,      

𝜆 = 1  ,   𝛽 =
1

𝑘𝐵𝑇
 

 

〈𝑃𝑖〉  is given by ,       (𝑖⁡𝑎𝑠⁡2,4)  

〈𝑃𝑖〉 =
∫
(3𝑐𝑜𝑠2𝜃𝑖−1)

2
.𝑃(𝑐𝑜𝑠𝜃𝑖).𝑑(𝑐𝑜𝑠𝜃𝑖)

∫ 𝑃(𝑐𝑜𝑠𝜃𝑖).𝑑(𝑐𝑜𝑠𝜃𝑖)
⁡⁡⁡(2.11) 

3. Results and Discussion 

 We examined order parameters P4 and P2 with 

fractional calculation methods and compared these 

results with previous experimental data for p-

azoxyanisole. Previous data mentioned due to the 

experiments is based on work Hamley et al. (1996) [6]. 

Our results show that calculations made by different 

fractal dimensions of space are in harmony with the 

experimental data given in this source. In this study, we 

used the Maple software program when we used to 

calculate the order parameter in fractal dimensions and 

then the results have been obtained by opening into 

series and graphics of these data are drawn. 

If we interpret these results for different α parameters, 
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Figure 1. The graphic of order parameter versus for α=1.04, α=1.06, α=1 and α=1.1.

In the Fig 1. solid lines show the theoretical 

calculations, and the dotted lines show the experimental 

data.  As seen, the experimental results are between the 

α=1.04 and α=1.1 of fractional dimension of space. Red 

line shows the Maier Saupe theory when α=1. It is clear 

from this Figure that the results we obtained are 

compatible with MST. In order to be able to fit the 

theoretical results with experimental results, the 

calculations are remade for α=1.07 and α=1.08. 

Figure 2. The graphic of order parameter versus for α=1.07 and α=1.08. 

In the study, changing of P2 and P4 with temperature has 

been investigated by using fractional calculus methods 

for different alpha parameters (fractality of space). This 

graph shows the difference of P2 with P4. Calculations 

were made for many alpha parameters (from 0.9 to 

1.09), but it was seen that when the fractal dimensions 

of space is at 1.07 and 1.08, it is in agreement with 

experimental findings and supports the Maier-Saupe 

theory. 

When we compare theoretical calculations with 

experimental results, it is possible to say that theoretical 

predictions are in good agreement with experimental 

results when α=1.07 and α=1.08. 
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Figure 3. The graphic of phase transition temperatures with different α parameters. 

 

In different α parameters, when we look at phase 

transition temperature, it is seen that temperatures 

gradually drop as we increase the fractal dimension of 

space. On the other hand, when (fractality of space) 

α=1.04, the results are between 330-390 K, but when 

α=1.06, obtained results are between 304-370 K. When 

α=1.1, temperatures are between 276-356 K. So, we 

have observed that as you increase α, phase transition 

temperatures falls towards lower temperatures. We can 

interpret that the results that have been obtained are 

compatible with results in literature. We think that are 

the results fill a gap in the literature. 

4. Conclusion 

It seems that with fractional calculus by using MST, 

one might be able to explain some of the experimental 

data in the nematic-isotropic transition. When 

searching for the solution for different α parameters, it 

can be seen that the temperature values are different 

from each other. This is also useful to explain the phase 

transitions of the condition. It is observed that the 

variation of second-rank and fourth rank order 

parameters with temperature are in good agreement for 

some fractal dimension value. 

On the other hand, fractal mathematics can be used for 

where standard mathematical approaches is inadequate 

[3, 4]. Studies on fractal mathematics shows that this 

theory can be developed and can be applied in many 

fields. So we think that are the results fill a gap in the 

literature. 
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