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ABSTRACT
We determine the Gromov-product types of five-point metric spaces in terms of optimal realization types.
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1. INTRODUCTION

Finite metric spaces can be classified from different points of view. An important classification is based
on optimal realization types ([1], [2]) and recently another classification based on Gromov-products was
proposed in [3]. For n = 3 and n = 4 both classifications coincide and in [3] it was remarked that they
coincide also in the first non-trivial case n = 5. In this note we give an explicit verification of this fact.
By the way, it is studied the Gromov-product decomposition of seven-point metric spaces in [4].

Let (X,d) be a finite metric space with n elements x;, i =0,..,n—1(n = 3) and let the triple
(x;, xj, X;) be a “triangle” with vertices x;, x; and x;.. If some of the indices i, j, k coincide, then we view
it as a degenerate triangle. Then the Gromov-product of the triangle (x;, x;, x;.) at the vertex x; is defined
in[3] as

1
Aijie = 5 (dij + di — dji)

where d;; = d (xl-, xj). For a generic five-point metric space, it is proved in [3] there are three Gromov-
product equivalence classes. There are also three optimal realization types for a five-point metric space
([1], [2]). We will give below the explicit correspondence between these equivalence classes.

We recall that asplitS = A | B is defined to be a partition of X into disjoint, nonempty subsets A and
B. The split (pseudo-)metric §,45 associated with any such split is defined by

0 ifx,ye Aorx,y €B
6 g — ) )
a5 (%) {1 else.
For asplitS = A | B, the isolation index ayp is defined as

1 d(a,b) +d(a’,b"),
Qup = Emin maxs d(a’,b) + d(a,b"), } —d(a,a’) —d(b,b") |a,a’ € A,b,b' €B
d(a,a’")+d(b,b")
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There are three optimal realization types of a generic five-point space called Type-I, Type-Il and
Type-Ill as given below ([1], [2]):

Definition:

Let (X,d) = ({xg,x1, %2, x3,x4 },d) be a generic five-point metric space.

1) If the metric d can be expressed as

d =y Ox, + Ay, Ox, + U, 0x, + Ay Oy, + Ay, Oy, + U 2, Oxp ey T Xy 2, Oy T Xy s Oy s

+ax3,x45x3,x4 + ax4‘x06x4:x0’
then the metric d is called to be of Type-I.
2) If the metric d can be expressed as

d = ay b, + Ay Oy, + A, 0x, + Ay Ox, + Ay, Ox, + Ax 3, 0x0 1, T Ugx0x0,05 T Xy 2,01 x,
!
0y, 2, 0x, 0, T €A

where

, ifa=>b

0
d'(a, b) =12 i if {a'b} € {{XOJxl}ﬁ {xZ,X3}, {XZ,X4,}, {X3,X4}}
1 , else

then d belongs to Type-II class.
3)  If the metric d can be expressed as

d= ax05x0 + “x15x1 + axZsz + ax36x3 + ax46x4 + “xo,x25xo,xz + Ay x, 5x0,x3 + axl_x46x1,x4
!
+ay, x, 8x1_x3 + cd

then the metric d is of Type-III.

The coefficients a,,, U, above are isolation indices in short-notation:
Oy = Opx} 1 x-(y AN Xy = Qg 3 X0}
And &y, Sxi,x]. are split metrics in short notation:
Ox; = Oayyix—{ay AN Oy = O, 3| X—{axy )

On the other hand, there are three Gromov-product types called A, B, and C for a five-point metric space

(see [3]):
A= {A014, A102) A213' A324-' A4-03}

B= {Ag23,A123, 8201, A301, Ag01}

C= {A023, A134-) A201' A301' A4-01}'
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This means for example for A that the least Gromov-product at the vertex x, is Ag14; at the vertex x;
IS Aq,; at the vertex x, is A, 3; at the vertex x5 is Az,, and at the vertex x, is Aygs.

We now give the following proposition regarding the correspondence between the two classifications:

Proposition: Let X = {xq, X1, X,, X3, X, } be a generic five-point metric space. Then, a Type-1 metric has
Gromov-product type A, a Type-lIl metric has Gromov-product type B and a Type-lIl metric has

Gromov-product type C.

Proof:

First we assume that d is of Type-1. Then d is written as follows:

d= “x05x0 + ax18x1 + ax26x2 + ax38x3 + ax46x4 + axo,x16x0,x1 + “xl.xz‘sxl,xz +ay, x, sz_x3

+CZX3,X48.X'3,X4 + ax4,x06x4_,x0 (1)
Using the equality (1) we can obtain the distances between all points as below.
dor = Qyy T Ay, + Ay, T Ay,
Aoz = Qxy + Ay + Qg pey + QU x, + 0y xy + 0y, x
d03 = axO + a.X3 + axO,xl + axz,X3 + (XX3,X4, + (XX4,XO
dog = Qxy + Ay, + Ay x, + Axyx,
dig = Ay, + Uy, + Ay g, + Ay, i,
i3 = Qy, + Uy + Ay, + Ay x, + Uy g + Ui,
dig = Qx, + Uy + Ay + Ay + Ay, T Ay
dyz = Ay, + Axy + Ay, + Ay,
dpa = Qx, + Uy, + Uy x, + 0,y + 0y x, + 0y, x
d3g = Ay, + Ay, + Ay, + Ay, 5,
Denoting these numbers as
a = axo'.B =0y,,V = ax2'6 =0y, €= ax4:7-9 = axo,xl'( = Ayl = Axy 00 K= Ay xys
N = Qx,xy
the following table given in the article [1] is obtained.
Table 1. Distances that belong to the Type-I metric
Type | X X1 X2 X3 X4
Xo 0 a+n+{+p | a+n+{+I9+t | a+n+I a+9+Kk+e
+y +i+Kk+4
X1 a+n+{+p 0 B+I9+i1+y B+{+9 B+n+<¢
+i+Kk+46 +9+Kk+¢
Xy atn+{+9+t| f+I+i+y 0 y+{+k y+n+d{+u
+y +4 trkte
X3 a+n+9+1 B+{+09+1 y+{+Kk+4 0 §+n+i+¢
+Kk+6 +K+46
X4 a+9+Kk+e B+n+{+9 |y+n+{+1+k d+n+i+e 0
+tKk+e¢ +e
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We now evaluate the Gromov-products at each vertex as below.

Gromov-products at the vertex x, Gromov-products at the vertex x,
Bo1z2 = Axy + Uxy 3, T Axy x, A102 = Ay,

Bo13 = Axy T Ao x, D103 = Ay, + Ay, x,

Ag1a = Ay, Ajpq = Ay, + Ay ,x5 + Ao,

Doz3 = Axy T Uy, T Ay s T Ay, D123 = Oy, + A ey T Ay xs

Doz4 = Axy T Uy x, D124 = Ay, + Ay x,

Doz = Axy + Ay, T Axyx, D134 = Ay, + Ay, T Axp e, T Ay x,
The minimal Gromov-product is Agq4. The minimal Gromov-product is A4 .
Gromov-products at the vertex x, Gromov-products at the vertex x;
Ayo1 = Ay, T Ay T Ayxes Azp1 = Ayy t+ Ay, T Axyey T Ay x,
Doz =y, + Ay, x, D302 = Ay, + Ay, x,

Dy = Ay, T Ay, x, T Ay ey T A x, Azp4 = Ay Ay, ey T A x,

Az13 = Ay, Az = Ay, T Ay, T Ay x,

Br14 = Oy, + A, x, D314 = Ay, + Axy

Dopza =y, +ay i, + Aeqxy Azzy = Ay,

The minimal Gromov-product is A, 5. The minimal Gromov-product is Az,,.

Gromov-products at the vertex x,

Ayo1 = Ay, * Ay, T Axyx,
Ayop = Ay, T Ay, x,

Ayo3 = Ay,
Ayqp = Ay, t Uy, x, T Ay, T Axyx,
A3 = Ay, t+ 0y x,

Ayp3 = Ay, T Ay, s T Ay x,

The minimal Gromov-product is A,gs.

Thus we obtain the Gromov-product structure equivalent to type A as given in [3]:

{A014: A102! A213! A324: A403}'
If d is of Type-Il then

d= “x05x0 + axl5x1 + ax25x2 + ax36x3 + ax45x4 + axo,x26x0,x2 + axo,x36xox3 + “xl,xz5x1.xz
!
+ax1,x35x1,x3 + cd

where
0 , ifa=>»b
d,(a'b) =142 ) if {a,b} € {{xOJxl}' {XZ,Xg}, {x2'x4-}' {X3,X4}}.
1 , else
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Now, we give all d;;’s to be used in Gromov-products:

dor = Ay T Ay, + Ay, + Ay T Ay, T Axy e, + 2c

Aoz = Ay, + Ay, + Ay x, + Ay 0, €

Aoz = Ay, + Ay, + Ay x, T Ay 0, T €

dog = Ay, + Ay, + Ay x, T Ay x, T €

Aig = Ay, + U, + Ay, + Ay x, T C

diz = Ay, F Apy + Ay, + Ay x, T C

ig = Qy, + Uy, + Ay, + Ay o, FC

dyz = Ay, F Ay + Ay, + Aoy T Ay e, T Ax e, + 2c

dyy = Ay, + Ay, + Axppe, + Uy x, 2c

dsy = Qyy + Ay, + Ayp ey + Ay x, T 2C

Denoting these numbers as

A=, B =,V = Uy, 6 = Uy € = Uy § = Qe e,y N = Qg agr L= Ay ¥ = Uy e K= C

we obtain Table 2 for Type-1l metrics:

Table 2. Distances that belong to the Type-I1 metric

Type“ X X1 X2 X3 X4
Xo 0 a+f+{+n | a+y+n+ 1+k a+6+{ |a+te+{+n
+ 1+9+ 2k +9+k +k
X4 a+L+(+n 0 B+y+{+I9+k B+6+n |[BH+e+ 1+9
+ t+9+ 2k +(+k + kK
Xy a+y+n+t | B+y+7+9 0 y+6+¢ y+e+l+ 1t
+ K + kK +n++9 | + 2k
+ 2k
X3 a+6+{+Y | f+o+n+ 1| y+5+{+n+ 1 0 S+e+n+9Y
+K + K +9 + 2k + 2K
X4 a+e+{+n | f+e+1+9 |y+e+]{+ 1+ 2K §+e+n 0
+ K + K +9 + 2k

Let us now compute the Gromov-products at each of the vertices:

Gromov-products at the vertex x,

Gromov-products at the vertex x;

Ag23 = Ay,

Dp2q = Axy T Uy xs
Ap3q = Ay, T Uy x,

A012 = axo + axo'x3 + axl’xz +c
A013 = axo + axo'xz + axl’x3 +c
A014 = axo + axo'xz + axo’x3 +c

Ajop = ay, + Qxox, T Axyxy T €
Aoz = Ay, + Axgry T A x, T €
Ajgq = Ay, + Ay x, T Ay, T C
Aqz3 = Ay,

Aiz4 = Ay, t Ay, x,

Ajzq = Ay, + Ay ,x,

The minimal Gromov-product is Ay,5.

The minimal Gromov-product is A; 5.
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Gromov-products at the vertex x, Gromov-products at the vertex x;
Az01 = ay, A3p1 = Ay,

A203 = CZXZ + axolx3 + axl'xz +c A302 = ax3 + axo'xz + axl,x3 +c
Ayoy = Ay, + Ay x, T C Azgy = Ay, + Ay x, T C

A213 = CZXZ + axolxz + axl'x?’ +c A312 = ax3 + axo,x3 + axpxz +c
Dpra=ay, Ty , +¢C Azqy = Ay, + Axyx, T+ €

A234 = CZXZ + axllxz + axo'xz +c A324 = ax3 + axo,x3 + axl,x3 +c
The minimal Gromov-product is A,y;. The minimal Gromov-product is Azp;.

Gromov-products at the vertex x,

A1 = Ay,

Nygp = Ay, + Qx x, T C
Ayoz = Ay, + Ay x, +C
Ayip = Ay, tay 5, +¢C
Ayq3 = Qx, t Ay 5, +C
Aypz = ay, +c¢

The minimal Gromov-product is A,g;.

As a result we obtain the Gromov-product structure that is equivalent to type B in the sense of [3]:

{AOZSJ A123! A201! A301' A4-01}'

For the metric of Type-I1l we obtain the distances using the following equality.

d= ax06x0 + ax15x1 + ax25x2 + ax36x3 + ax45x4 + “xo,Xz‘ng,xz + axo,x35x0,x3 + 0(,51,,(45,51‘,54
!
+“x1,x35x1,x3 + cd

dor = Ay, + Ay, + Ao, x; + Axo,x3 + Xy x4 + @y %3 +2¢c
doz = @y, + Qx, + Ay x, +C

d03 = Uy, + Ay, + Oxo,x, + Aoxy,x3 tc

dos = Qxy +Qx, + Ay x, T Oy g T A, TC

dip = Gy, + Uy, + Uy, + 0y, + 0y xy HC

diz = Ay, + Uy + Uy, T Ay 5, T C

e e O

daz = Qy, F 0y, + Qo , + Uy + Uy, + 20

daa = Qx, + Aoy + Ao, + Uxy i, + 20

d3q = Ay, + Ay, + Ay x, + Ay x, T 2C

Denoting these numbers as

A=y, = )V = Uy 6= Q) €= Uy, § = U N = QgL = Uy )0 = Ay K= C
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we obtain Table 3 for Type-IlI metrics:

Table 3. Distances that belongs the Type-I1I metric

Type-IlI X X1 Xy X3 X4
Xo 0 a+pf+{+n a+y+n+k a+d+¢ at+e+d+n
+9+1+ 2k +i+k +9 +k
X, a+pf+7+n 0 Bty +{+9+1 p+d6+n ptet+titk
+9+1+ 2k +k +9+k
Xy aty+n+k | f+y+{+9 0 y+6+¢ y+e+{+9
+i1+k +n+1+ 2k | + 2k
X3 a+é6+{+t | f+o+n+I | y+5+{+n+1 0 §+e+n+9
+k + K + 2k + 2k
X4 a+e+{+n | f+e+i+k y+e+{+9 §+e+n 0
+9+k + 2k + 9+ 2k

We now give all Gromov-products at each vertex.

Gromov-products at the vertex x,

Gromov-products at the vertex x,

Ag1p = Ay, + Axyx, T €

Apq3 = Oxy + Uxpx, T A, + €

Ng1g = Oxy + Uxpx, T Uppes T g x, T €
Ag23 = ay,
Doz = Axy T Uy xs
Ap34 = Axy T Uy x,

Aoy = Ay, + Axpx, T Ay T Uy, T €

A3 = Ay, + Axpxy T A x, T €
Ajgq = Ay, + Ay x, T C

Aiz3 = Ay, + Ay, x,

D124 = Ay, T Ay, x,

A134 = @y,

The minimal Gromov-product is Ay,3.

The minimal Gromov-product is Aq 3.

Gromov-products at the vertex x,

Gromov-products at the vertex x;

Az01 = ay,

Aygz = Ay, + Ay x, +C

Dyos = ay, +c

Ayqz = Oy, + Axyx, T Oy 5, T C
Ayqy = Ay, + Axyx, T Oy 5, T C
Az, = Ay, + x5, + €

Azp1 = ay,

Azgp = Oy, + Axpx, T Ay, T C
Azgq = Ay, + Ay, x, T C

Azqp = Ay, + Axyx, T+ C

Azq4 = Oy, + Axyx, T A, T €
Azpy = Ay, + Aypxy T A, T C

The minimal Gromov-Product is A, ;.

The minimal Gromov-product is Az,

Gromov-products at the vertex x,

g1 = Ay,

Ayor = Ay, + Axyx, T Oy, T C
Ayoz = Ay, + Axyxy T Uy x, T C
Ay =ay, +c

Ayq3 = Ay, + Ay, x, T C

Aypz = Ay, + 0y x, T C

The minimal Gromov-product is A4g4.
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Hence we obtain the Gromov-product structure equivalent to type C according to the classification in

[3:
{A023' A134-' A201' A301I A4-01}'
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