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1. INTRODUCTION 
 

Finite metric spaces can be classified from different points of view. An important classification is based 

on optimal realization types ([1], [2]) and recently another classification based on Gromov-products was 

proposed in [3]. For 𝑛 = 3 and 𝑛 = 4 both classifications coincide and in [3] it was remarked that they 

coincide also in the first non-trivial case 𝑛 = 5. In this note we give an explicit verification of this fact. 

By the way, it is studied the Gromov-product decomposition of seven-point metric spaces in [4].  
 

Let (𝑋, 𝑑) be a finite metric space with 𝑛 elements 𝑥𝑖, 𝑖 = 0, … , 𝑛 − 1 (𝑛 ≥ 3) and let the triple 

(𝑥𝑖, 𝑥𝑗 , 𝑥𝑘) be a “triangle” with vertices 𝑥𝑖, 𝑥𝑗 and 𝑥𝑘. If some of the indices 𝑖, 𝑗, 𝑘 coincide, then we view 

it as a degenerate triangle. Then the Gromov-product of the triangle (𝑥𝑖, 𝑥𝑗 , 𝑥𝑘) at the vertex 𝑥𝑖 is defined 

in [3] as 

Δ𝑖𝑗𝑘 =
1

2
(𝑑𝑖𝑗 + 𝑑𝑖𝑘 − 𝑑𝑗𝑘) 

 

where 𝑑𝑖𝑗 = 𝑑(𝑥𝑖 , 𝑥𝑗). For a generic five-point metric space, it is proved in [3]  there are three Gromov-

product equivalence classes. There are also three optimal realization types for a five-point metric space 

([1], [2]). We will  give below the explicit correspondence between these equivalence classes. 

 

We recall that a split 𝑆 = 𝐴 ∣ 𝐵 is defined to be a partition of 𝑋  into disjoint, nonempty subsets 𝐴 and 

𝐵. The split (pseudo-)metric 𝛿𝐴∣𝐵 associated with any such split is defined by 

 

𝛿𝐴∣𝐵(𝑥, 𝑦) = { 
0     if 𝑥, 𝑦 ∈ 𝐴 or 𝑥, 𝑦 ∈ 𝐵
1 else.

  

 

For a split 𝑆 = 𝐴 ∣ 𝐵, the isolation index 𝛼𝐴∣𝐵 is defined as 

 

𝛼𝐴∣𝐵 =
1

2
min {max {

𝑑(𝑎, 𝑏) + 𝑑(𝑎′, 𝑏′),
 𝑑(𝑎′, 𝑏) + 𝑑(𝑎, 𝑏′),
𝑑(𝑎, 𝑎′) + 𝑑(𝑏, 𝑏′)

  } − 𝑑(𝑎, 𝑎′) − 𝑑(𝑏, 𝑏′)  ∣ 𝑎, 𝑎′ ∈ 𝐴, 𝑏, 𝑏′ ∈ 𝐵} . 
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There are three optimal realization types of a generic five-point space called Type-I, Type-II and 

Type-III as given below ([1], [2]): 
 

Definition: 
 

Let (𝑋, 𝑑) = ({𝑥0, 𝑥1, 𝑥2, 𝑥3, 𝑥4 }, 𝑑) be a generic five-point metric space. 

 

1) If the metric 𝑑 can be expressed as    

        𝑑 = 𝛼𝑥0
𝛿𝑥0

+ 𝛼𝑥1
𝛿𝑥1

+ 𝛼𝑥2
𝛿𝑥2

+ 𝛼𝑥3
𝛿𝑥3

+ 𝛼𝑥4
𝛿𝑥4

+ 𝛼𝑥0,𝑥1
𝛿𝑥0,𝑥1

+ 𝛼𝑥1,𝑥2
𝛿𝑥1,𝑥2

+ 𝛼𝑥2,𝑥3
𝛿𝑥2,𝑥3

 

        +𝛼𝑥3,𝑥4
𝛿𝑥3,𝑥4

+ 𝛼𝑥4,𝑥0
𝛿𝑥4,𝑥0

, 

then the metric 𝑑 is called to be of Type-I.   

2) If the metric 𝑑 can be expressed as  

         𝑑 = 𝛼𝑥0
𝛿𝑥0

+ 𝛼𝑥1
𝛿𝑥1

+ 𝛼𝑥2
𝛿𝑥2

+ 𝛼𝑥3
𝛿𝑥3

+ 𝛼𝑥4
𝛿𝑥4

+ 𝛼𝑥0,𝑥2
𝛿𝑥0,𝑥2

+ 𝛼𝑥0,𝑥3
𝛿𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
𝛿𝑥1,𝑥2

 

        +𝛼𝑥1,𝑥3
𝛿𝑥1,𝑥3

+ 𝑐𝑑′ 

where 

𝑑′(𝑎, 𝑏) = {

0 , if 𝑎 = 𝑏

2 , if {𝑎, 𝑏} ∈ {{𝑥0, 𝑥1}, {𝑥2, 𝑥3}, {𝑥2, 𝑥4}, {𝑥3, 𝑥4}}

1 , else

 

 

then 𝑑 belongs to Type-II class. 

3)  If the metric 𝑑 can be expressed as   

     𝑑 = 𝛼𝑥0
𝛿𝑥0

+ 𝛼𝑥1
𝛿𝑥1

+ 𝛼𝑥2
𝛿𝑥2

+ 𝛼𝑥3
𝛿𝑥3

+ 𝛼𝑥4
𝛿𝑥4

+ 𝛼𝑥0,𝑥2
𝛿𝑥0,𝑥2

+ 𝛼𝑥0,𝑥3
𝛿𝑥0,𝑥3

+ 𝛼𝑥1,𝑥4
𝛿𝑥1,𝑥4

 

         +𝛼𝑥1,𝑥3
𝛿𝑥1,𝑥3

+ 𝑐𝑑′ 

 

then the metric 𝑑 is of Type-III. 

 

The coefficients 𝛼𝑥𝑖
, 𝛼𝑥𝑖,𝑥𝑗

 above are isolation indices in short-notation: 

𝛼𝑥𝑖
= 𝛼{𝑥𝑖 } ∣ 𝑋−{𝑥𝑖}  and    𝛼𝑥𝑖,𝑥𝑗

= 𝛼{𝑥𝑖 ,𝑥𝑗} ∣ 𝑋−{𝑥𝑖,𝑥𝑗}. 

And 𝛿𝑥𝑖
, 𝛿𝑥𝑖,𝑥𝑗

 are split metrics in short notation:  

𝛿𝑥𝑖
= 𝛿{𝑥𝑖}∣𝑋−{𝑥𝑖} 𝑎𝑛𝑑 𝛿𝑥𝑖,𝑥𝑗

= 𝛿{𝑥𝑖 ,𝑥𝑗} ∣ 𝑋−{𝑥𝑖,𝑥𝑗}. 

On the other hand, there are three Gromov-product types called A, B, and C for a five-point metric space 

(see [3]): 

A= {Δ014, Δ102, Δ213, Δ324, Δ403} 

 

B= {Δ023, Δ123, Δ201, Δ301, Δ401} 

 

C= {Δ023, Δ134, Δ201, Δ301, Δ401}. 
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This means for example for A that the least Gromov-product at the vertex 𝑥0 is Δ014; at the vertex 𝑥1 

is Δ102; at the vertex 𝑥2 is Δ213; at the vertex 𝑥3 is Δ324 and at the vertex 𝑥4 is Δ403. 
 

We now give the following proposition regarding the correspondence between the two classifications: 

 

Proposition: Let 𝑋 = {𝑥0, 𝑥1, 𝑥2, 𝑥3, 𝑥4} be a generic five-point metric space. Then, a Type-I metric has 

Gromov-product type A, a Type-II metric has Gromov-product type B and a Type-III metric has 

Gromov-product type C. 
 

Proof:  

First we assume that 𝑑 is of Type-I. Then 𝑑 is written as follows: 

        𝑑 = 𝛼𝑥0
𝛿𝑥0

+ 𝛼𝑥1
𝛿𝑥1

+ 𝛼𝑥2
𝛿𝑥2

+ 𝛼𝑥3
𝛿𝑥3

+ 𝛼𝑥4
𝛿𝑥4

+ 𝛼𝑥0,𝑥1
𝛿𝑥0,𝑥1

+ 𝛼𝑥1,𝑥2
𝛿𝑥1,𝑥2

+ 𝛼𝑥2,𝑥3
𝛿𝑥2,𝑥3

 

        +𝛼𝑥3,𝑥4
𝛿𝑥3,𝑥4

+ 𝛼𝑥4,𝑥0
𝛿𝑥4,𝑥0

                                                                                                                         (1)  

Using the equality (1) we can obtain the distances between all points as below.  

𝑑01 = 𝛼𝑥0
+ 𝛼𝑥1

+ 𝛼𝑥1,𝑥2
+ 𝛼𝑥4,𝑥0

 

𝑑02 = 𝛼𝑥0
+ 𝛼𝑥2

+ 𝛼𝑥0,𝑥1
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥2,𝑥3
+ 𝛼𝑥4,𝑥0

 

𝑑03 = 𝛼𝑥0
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥1
+ 𝛼𝑥2,𝑥3

+ 𝛼𝑥3,𝑥4
+ 𝛼𝑥4,𝑥0

 

𝑑04 = 𝛼𝑥0
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥1
+ 𝛼𝑥3,𝑥4

 

𝑑12 = 𝛼𝑥1
+ 𝛼𝑥2

+ 𝛼𝑥0,𝑥1
+ 𝛼𝑥2,𝑥3

 

𝑑13 = 𝛼𝑥1
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥1
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥2,𝑥3
+ 𝛼𝑥3,𝑥4

 

𝑑14 = 𝛼𝑥1
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥1
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥3,𝑥4
+ 𝛼𝑥4,𝑥0

 

𝑑23 = 𝛼𝑥2
+ 𝛼𝑥3

+ 𝛼𝑥1,𝑥2
+ 𝛼𝑥3,𝑥4

 

𝑑24 = 𝛼𝑥2
+ 𝛼𝑥4

+ 𝛼𝑥1,𝑥2
+ 𝛼𝑥2,𝑥3

+ 𝛼𝑥3,𝑥4
+ 𝛼𝑥4,𝑥0

 

𝑑34 = 𝛼𝑥3
+ 𝛼𝑥4

+ 𝛼𝑥2,𝑥3
+ 𝛼𝑥4,𝑥0

 

Denoting these numbers as  

𝛼 = 𝛼𝑥0
, 𝛽 = 𝛼𝑥1

, 𝛾 = 𝛼𝑥2
, 𝛿 = 𝛼𝑥3

, 휀 = 𝛼𝑥4
, 𝜗 = 𝛼𝑥0,𝑥1

, 휁 = 𝛼𝑥1,𝑥2
, 𝜄 = 𝛼𝑥2,𝑥3

, 𝜅 = 𝛼𝑥3,𝑥4
,

휂 = 𝛼𝑥4,𝑥0
, 

 

the following table given in the article [1] is obtained.  

 
Table 1.  Distances that belong to the Type-I metric 

 

Type I 𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 

𝑥0 0 𝛼 + 휂 + 휁 + 𝛽 𝛼 + 휂 + 휁 + 𝜗 + 𝜄
+ 𝛾 

𝛼 + 휂 + 𝜗
+ 𝜄 + 𝜅 + 𝛿 

𝛼 + 𝜗 + 𝜅 + 휀 

𝑥1 𝛼 + 휂 + 휁 + 𝛽 0 𝛽 + 𝜗 + 𝜄 + 𝛾 𝛽 + 휁 + 𝜗
+ 𝜄 + 𝜅 + 𝛿 

𝛽 + 휂 + 휁
+ 𝜗 + 𝜅 + 휀 

𝑥2 𝛼 + 휂 + 휁 + 𝜗 + 𝜄
+ 𝛾 

𝛽 + 𝜗 + 𝜄 + 𝛾 0 𝛾 + 휁 + 𝜅
+ 𝛿 

𝛾 + 휂 + 휁 + 𝜄
+ 𝜅 + 휀 

𝑥3 𝛼 + 휂 + 𝜗 + 𝜄
+ 𝜅 + 𝛿 

𝛽 + 휁 + 𝜗 + 𝜄
+ 𝜅 + 𝛿 

𝛾 + 휁 + 𝜅 + 𝛿 0 𝛿 + 휂 + 𝜄 + 휀 

𝑥4 𝛼 + 𝜗 + 𝜅 + 휀 𝛽 + 휂 + 휁 + 𝜗
+ 𝜅 + 휀 

𝛾 + 휂 + 휁 + 𝜄 + 𝜅
+ 휀 

𝛿 + 휂 + 𝜄 + 휀 0 
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We now evaluate the Gromov-products at each vertex as below. 

Gromov-products at the vertex 𝑥0 

 

Gromov-products at the vertex 𝑥1 

Δ012 = 𝛼𝑥0
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥0,𝑥4
 

Δ013 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥4

 

𝚫𝟎𝟏𝟒 = 𝜶𝒙𝟎
 

Δ023 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥1

+ 𝛼𝑥2,𝑥3
+ 𝛼𝑥0,𝑥4

 

Δ024 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥1

 

Δ034 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥1

+ 𝛼𝑥3,𝑥4
 

 

𝚫𝟏𝟎𝟐 = 𝜶𝒙𝟏
 

Δ103 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥2

 

Δ104 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥0,𝑥4
 

Δ123 = 𝛼𝑥1
+ 𝛼𝑥0,𝑥1

+ 𝛼𝑥2,𝑥3
 

Δ124 = 𝛼𝑥1
+ 𝛼𝑥0,𝑥1

 

Δ134 = 𝛼𝑥1
+ 𝛼𝑥0,𝑥1

+ 𝛼𝑥1,𝑥2
+ 𝛼𝑥3,𝑥4

 

 

The minimal Gromov-product is Δ014. The minimal Gromov-product is Δ102. 
 

Gromov-products at the vertex 𝑥2 

 

Gromov-products at the vertex 𝑥3 

Δ201 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥1

+ 𝛼𝑥2,𝑥3
 

Δ203 = 𝛼𝑥2
+ 𝛼𝑥1,𝑥2

 

Δ204 = 𝛼𝑥2
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥2,𝑥3
+ 𝛼𝑥0,𝑥4

 

𝚫𝟐𝟏𝟑 = 𝜶𝒙𝟐
 

Δ214 = 𝛼𝑥2
+ 𝛼𝑥2,𝑥3

 

Δ234 = 𝛼𝑥2
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥3,𝑥4
 

 

Δ301 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥1

+ 𝛼𝑥2,𝑥3
+ 𝛼𝑥3,𝑥4

 

Δ302 = 𝛼𝑥3
+ 𝛼𝑥3,𝑥4

 

Δ304 = 𝛼𝑥3
+ 𝛼𝑥2,𝑥3

+ 𝛼𝑥0,𝑥4
 

Δ312 = 𝛼𝑥3
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥3,𝑥4
 

Δ314 = 𝛼𝑥3
+ 𝛼𝑥2,𝑥3

 

𝚫𝟑𝟐𝟒 = 𝜶𝒙𝟑
 

 

The minimal Gromov-product is Δ213. The minimal Gromov-product is Δ324. 

 

Gromov-products at the vertex 𝑥4 

 

Δ401 = 𝛼𝑥4
+ 𝛼𝑥0,𝑥1

+ 𝛼𝑥3,𝑥4
 

Δ402 = 𝛼𝑥4
+ 𝛼𝑥3,𝑥4

 

𝚫𝟒𝟎𝟑 = 𝜶𝒙𝟒
 

Δ412 = 𝛼𝑥4
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥0,𝑥4
+ 𝛼𝑥3,𝑥4

 

Δ413 = 𝛼𝑥4
+ 𝛼𝑥0,𝑥4

 

Δ423 = 𝛼𝑥4
+ 𝛼𝑥2,𝑥3

+ 𝛼𝑥0,𝑥4
 

 

The minimal Gromov-product is Δ403. 

 

Thus we obtain the Gromov-product structure equivalent to type A as given in [3]: 

{Δ014, Δ102, Δ213, Δ324, Δ403}. 

If 𝑑 is of Type-II then  

𝑑 = 𝛼𝑥0
𝛿𝑥0

+ 𝛼𝑥1
𝛿𝑥1

+ 𝛼𝑥2
𝛿𝑥2

+ 𝛼𝑥3
𝛿𝑥3

+ 𝛼𝑥4
𝛿𝑥4

+ 𝛼𝑥0,𝑥2
𝛿𝑥0,𝑥2

+ 𝛼𝑥0,𝑥3
𝛿𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
𝛿𝑥1,𝑥2

 

        +𝛼𝑥1,𝑥3
𝛿𝑥1,𝑥3

+ 𝑐𝑑′ 

where 

𝑑′(𝑎, 𝑏) = {

0 , if 𝑎 = 𝑏

2 , if {𝑎, 𝑏} ∈ {{𝑥0, 𝑥1}, {𝑥2, 𝑥3}, {𝑥2, 𝑥4}, {𝑥3, 𝑥4}}

1 , else

. 



Çelik / Eskişehir Technical Univ. J. of Sci. and Tech.  B – Theo.Sci. 6 (2) – 2018 

 

189 

Now, we give all 𝑑𝑖𝑗’s to be used in Gromov-products: 

𝑑01 = 𝛼𝑥0
+ 𝛼𝑥1

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
+ 𝛼𝑥1,𝑥3

+ 2𝑐 

𝑑02 = 𝛼𝑥0
+ 𝛼𝑥2

+ 𝛼𝑥0,𝑥3
+ 𝛼𝑥1,𝑥2

+ 𝑐 

𝑑03 = 𝛼𝑥0
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥1,𝑥3

+ 𝑐 

𝑑04 = 𝛼𝑥0
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝑐 

𝑑12 = 𝛼𝑥1
+ 𝛼𝑥2

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥1,𝑥3

+ 𝑐 

𝑑13 = 𝛼𝑥1
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥3
+ 𝛼𝑥1,𝑥2

+ 𝑐 

𝑑14 = 𝛼𝑥1
+ 𝛼𝑥4

+ 𝛼𝑥1,𝑥2
+ 𝛼𝑥1,𝑥3

+ 𝑐 

𝑑23 = 𝛼𝑥2
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
+ 𝛼𝑥1,𝑥3

+ 2𝑐 

𝑑24 = 𝛼𝑥2
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥1,𝑥2

+ 2𝑐 

𝑑34 = 𝛼𝑥3
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥3
+ 𝛼𝑥1,𝑥3

+ 2𝑐 

Denoting these numbers as 

𝛼 = 𝛼𝑥0
, 𝛽 = 𝛼𝑥1

, 𝛾 = 𝛼𝑥2
, 𝛿 = 𝛼𝑥3

, 휀 = 𝛼𝑥4
, 휁 = 𝛼𝑥0,𝑥2

, 휂 = 𝛼𝑥0,𝑥3
, 𝜄 = 𝛼𝑥1,𝑥2

, 𝜗 = 𝛼𝑥1,𝑥3
, 𝜅 = 𝑐 

we obtain Table 2 for Type-II metrics:  

 
Table 2. Distances that belong to the Type-II metric 

 

Let us now compute the Gromov-products at each of the vertices: 

Gromov-products at the vertex 𝑥0 

 

Gromov-products at the vertex 𝑥1 

 

Δ012 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
+ 𝑐 

Δ013 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

Δ014 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥0,𝑥3
+ 𝑐 

𝚫𝟎𝟐𝟑 = 𝜶𝒙𝟎
 

Δ024 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥3

 

Δ034 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥2

 

 

Δ102 = 𝛼𝑥1
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

Δ103 = 𝛼𝑥1
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
+ 𝑐 

Δ104 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

𝚫𝟏𝟐𝟑 = 𝜶𝒙𝟏
 

Δ124 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥3

 

Δ134 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥2

 

The minimal Gromov-product is Δ023. The minimal Gromov-product is Δ123. 

Type II 𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 

𝑥0 0 𝛼 + 𝛽 + 휁 + 휂
+  𝜄 + 𝜗 + 2𝜅 

𝛼 + 𝛾 + 휂 +  𝜄 + 𝜅 𝛼 + 𝛿 + 휁
+ 𝜗 + 𝜅 

𝛼 + 휀 + 휁 + 휂
+ 𝜅 

𝑥1 𝛼 + 𝛽 + 휁 + 휂
+  𝜄 + 𝜗 + 2𝜅 

0 𝛽 + 𝛾 + 휁 + 𝜗 + 𝜅 𝛽 + 𝛿 + 휂
+  𝜄 + 𝜅 

𝛽 + 휀 +  𝜄 + 𝜗
+ 𝜅 
 

𝑥2 𝛼 + 𝛾 + 휂 +  𝜄
+ 𝜅 

𝛽 + 𝛾 + 휁 + 𝜗
+ 𝜅 

0 𝛾 + 𝛿 + 휁
+ 휂 +  𝜄 + 𝜗
+ 2𝜅 

𝛾 + 휀 + 휁 +  𝜄
+ 2𝜅 

𝑥3 𝛼 + 𝛿 + 휁 + 𝜗
+ 𝜅 

𝛽 + 𝛿 + 휂 +  𝜄
+ 𝜅 

𝛾 + 𝛿 + 휁 + 휂 +  𝜄
+ 𝜗 + 2𝜅 

0 𝛿 + 휀 + 휂 + 𝜗
+ 2𝜅 

𝑥4 𝛼 + 휀 + 휁 + 휂
+ 𝜅 

𝛽 + 휀 +  𝜄 + 𝜗
+ 𝜅 

𝛾 + 휀 + 휁 +  𝜄 + 2𝜅 
 

𝛿 + 휀 + 휂
+ 𝜗 + 2𝜅 

0 
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Gromov-products at the vertex 𝑥4 
 

𝚫𝟒𝟎𝟏 = 𝜶𝒙𝟒
 

Δ402 = 𝛼𝑥4
+ 𝛼𝑥0,𝑥2

+ 𝑐 

Δ403 = 𝛼𝑥4
+ 𝛼𝑥0,𝑥3

+ 𝑐 

Δ412 = 𝛼𝑥4
+ 𝛼𝑥1,𝑥2

+ 𝑐 

Δ413 = 𝛼𝑥4
+ 𝛼𝑥1,𝑥3

+ 𝑐 

Δ423 = 𝛼𝑥4
+ 𝑐 

 

The minimal Gromov-product is Δ401. 
 

As a result we obtain the Gromov-product structure that is equivalent to type B in the sense of [3]: 

{Δ023, Δ123, Δ201, Δ301, Δ401}. 

 

For the metric of Type-III we obtain the distances using the following equality. 
 

𝑑 = 𝛼𝑥0
𝛿𝑥0

+ 𝛼𝑥1
𝛿𝑥1

+ 𝛼𝑥2
𝛿𝑥2

+ 𝛼𝑥3
𝛿𝑥3

+ 𝛼𝑥4
𝛿𝑥4

+ 𝛼𝑥0,𝑥2
𝛿𝑥0,𝑥2

+ 𝛼𝑥0,𝑥3
𝛿𝑥0,𝑥3

+ 𝛼𝑥1,𝑥4
𝛿𝑥1,𝑥4

 

         +𝛼𝑥1,𝑥3
𝛿𝑥1,𝑥3

+ 𝑐𝑑′ 

𝑑01 = 𝛼𝑥0
+ 𝛼𝑥1

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥4
+ 𝛼𝑥1,𝑥3

+ 2𝑐 

𝑑02 = 𝛼𝑥0
+ 𝛼𝑥2

+ 𝛼𝑥0,𝑥3
+ 𝑐 

𝑑03 = 𝛼𝑥0
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥1,𝑥3

+ 𝑐 

𝑑04 = 𝛼𝑥0
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥4
+ 𝑐 

𝑑12 = 𝛼𝑥1
+ 𝛼𝑥2

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥1,𝑥4

+ 𝛼𝑥1,𝑥3
+ 𝑐 

𝑑13 = 𝛼𝑥1
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥3
+ 𝛼𝑥1,𝑥4

+ 𝑐 

𝑑14 = 𝛼𝑥1
+ 𝛼𝑥4

+ 𝛼𝑥1,𝑥3
+ 𝑐 

𝑑23 = 𝛼𝑥2
+ 𝛼𝑥3

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥3
+ 2𝑐 

𝑑24 = 𝛼𝑥2
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥2
+ 𝛼𝑥1,𝑥4

+ 2𝑐 

𝑑34 = 𝛼𝑥3
+ 𝛼𝑥4

+ 𝛼𝑥0,𝑥3
+ 𝛼𝑥1,𝑥4

+ 2𝑐 

Denoting these numbers as 

 𝛼 = 𝛼𝑥0
, 𝛽 = 𝛼𝑥1

, 𝛾 = 𝛼𝑥2
, 𝛿 = 𝛼𝑥3

, 휀 = 𝛼𝑥4
, 휁 = 𝛼𝑥0,𝑥2

, 휂 = 𝛼𝑥0,𝑥3
, 𝜄 = 𝛼𝑥1,𝑥3

, 𝜗 = 𝛼𝑥1,𝑥4
, 𝜅 = 𝑐  

Gromov-products at the vertex 𝑥2 
 

Gromov-products at the vertex 𝑥3 
 

𝚫𝟐𝟎𝟏 = 𝜶𝒙𝟐
 

Δ203 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
+ 𝑐 

Δ204 = 𝛼𝑥2
+ 𝛼𝑥1,𝑥2

+ 𝑐 

Δ213 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

Δ214 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥2

+ 𝑐 

Δ234 = 𝛼𝑥2
+ 𝛼𝑥1,𝑥2

+ 𝛼𝑥0,𝑥2
+ 𝑐 

 

𝚫𝟑𝟎𝟏 = 𝜶𝒙𝟑
 

Δ302 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

Δ304 = 𝛼𝑥3
+ 𝛼𝑥1,𝑥3

+ 𝑐 

Δ312 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥2
+ 𝑐 

Δ314 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥3

+ 𝑐 

Δ324 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥3
+ 𝑐 

 

The minimal Gromov-product is Δ201. The minimal Gromov-product is Δ301. 
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we obtain Table 3 for Type-III metrics: 
 

Table 3. Distances that belongs the Type-III metric 

Type-III 𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 

𝑥0 0 𝛼 + 𝛽 + 휁 + 휂
+ 𝜗 + 𝜄 + 2𝜅 

𝛼 + 𝛾 + 휂 + 𝜅 𝛼 + 𝛿 + 휁
+ 𝜄 + 𝜅 

𝛼 + 휀 + 휁 + 휂
+ 𝜗 + 𝜅 

𝑥1 𝛼 + 𝛽 + 휁 + 휂
+ 𝜗 + 𝜄 + 2𝜅 

0 𝛽 + 𝛾 + 휁 + 𝜗 + 𝜄
+ 𝜅 

𝛽 + 𝛿 + 휂
+ 𝜗 + 𝜅 

𝛽 + 휀 + 𝜄 + 𝜅 

𝑥2 𝛼 + 𝛾 + 휂 + 𝜅 𝛽 + 𝛾 + 휁 + 𝜗
+ 𝜄 + 𝜅 

0 𝛾 + 𝛿 + 휁
+ 휂 + 𝜄 + 2𝜅 

𝛾 + 휀 + 휁 + 𝜗
+ 2𝜅 
 

𝑥3 𝛼 + 𝛿 + 휁 + 𝜄
+ 𝜅 

𝛽 + 𝛿 + 휂 + 𝜗
+ 𝜅 

𝛾 + 𝛿 + 휁 + 휂 + 𝜄
+ 2𝜅 

0 𝛿 + 휀 + 휂 + 𝜗
+ 2𝜅 

𝑥4 𝛼 + 휀 + 휁 + 휂
+ 𝜗 + 𝜅 

𝛽 + 휀 + 𝜄 + 𝜅 𝛾 + 휀 + 휁 + 𝜗
+ 2𝜅 

𝛿 + 휀 + 휂
+ 𝜗 + 2𝜅 

0 

 

We now give all Gromov-products at each vertex. 

Gromov-products at the vertex 𝑥0 
 

Gromov-products at the vertex 𝑥1 
 

Δ012 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥3

+ 𝑐 

Δ013 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

Δ014 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥0,𝑥3
+ 𝛼𝑥1,𝑥4

+ 𝑐 

𝚫𝟎𝟐𝟑 = 𝜶𝒙𝟎
 

Δ024 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥3

 

Δ034 = 𝛼𝑥0
+ 𝛼𝑥0,𝑥2

 

 

Δ102 = 𝛼𝑥1
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝛼𝑥0,𝑥4

+ 𝑐 

Δ103 = 𝛼𝑥1
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥4
+ 𝑐 

Δ104 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥3

+ 𝑐 

Δ123 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥4

 

Δ124 = 𝛼𝑥1
+ 𝛼𝑥1,𝑥3

 

𝚫𝟏𝟑𝟒 = 𝜶𝒙𝟏
 

 

The minimal Gromov-product is Δ023. The minimal Gromov-product is Δ134. 

 

Gromov-products at the vertex 𝑥2 
 

Gromov-products at the vertex 𝑥3 
 

𝚫𝟐𝟎𝟏 = 𝜶𝒙𝟐
 

Δ203 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥3

+ 𝑐 

Δ204 = 𝛼𝑥2
+ 𝑐 

Δ213 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

Δ214 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥4
+ 𝑐 

Δ234 = 𝛼𝑥2
+ 𝛼𝑥0,𝑥2

+ 𝑐 

 

𝚫𝟑𝟎𝟏 = 𝜶𝒙𝟑
 

Δ302 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥3
+ 𝑐 

Δ304 = 𝛼𝑥3
+ 𝛼𝑥1,𝑥3

+ 𝑐 

Δ312 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥3

+ 𝑐 

Δ314 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥4
+ 𝑐 

Δ324 = 𝛼𝑥3
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥3
+ 𝑐 

 

The minimal Gromov-Product is Δ201. The minimal Gromov-product is Δ301 
 

 

 

 

 

 

 

 

Gromov-products at the vertex 𝑥4 
 

𝚫𝟒𝟎𝟏 = 𝜶𝒙𝟒
 

Δ402 = 𝛼𝑥4
+ 𝛼𝑥0,𝑥2

+ 𝛼𝑥1,𝑥4
+ 𝑐 

Δ403 = 𝛼𝑥4
+ 𝛼𝑥0,𝑥3

+ 𝛼𝑥1,𝑥4
+ 𝑐 

Δ412 = 𝛼𝑥4
+ 𝑐 

Δ413 = 𝛼𝑥4
+ 𝛼𝑥1,𝑥3

+ 𝑐 

Δ423 = 𝛼𝑥4
+ 𝛼𝑥1,𝑥4

+ 𝑐 

 

The minimal Gromov-product is Δ401. 
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Hence we obtain the Gromov-product structure equivalent to type C according to the classification in 

[3]: 

{Δ023, Δ134, Δ201, Δ301, Δ401}. 
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