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HERMITE-HADAMARD TYPE INEQUALITIES FOR
GENERALIZED (k,h) -FRACTIONAL INTEGRALS

ABDULLAH AKKURT, H. FEHMI GIDERGELMEZ, SEDA KILING,
AND HUSEYIN YILDIRIM

ABSTRACT. In this paper, the authors have obtained some new developments
of Hermite-Hadamard type inequalities for generalized fractional integrals de-
fined by Akkurt et al. [1]. With the help of this fractional integral definition,
some new original results have been obtained, which include many studies in
the literature.

1. INTRODUCTION

Integral inequalities play a fundamental role in the theory of differential equa-
tions, functional analysis and applied sciences. Important development in this
theory has been achieved for the last two decades. For these, see [4], [5] and the
references there in. Moreover, the study of fractional type inequalities is also of
vital importance. Also see [1]-[12] for further information and applications.

Now we will give fundamental definitions and notations for fractional integrals.

Definition 1.1. Let a,b € R, a < b, and « > 0. For f € Ly (a,b)

T

(1.1) (Jo f) () = ﬁ /(;1: — ) f(t)dt, a >0, x> a
and

1 b
(1.2) (J f) (x) = o) /(t —x)* " f(t)dt, b>0, b> .

T

These integrals are called right-sided Riemann-Liouville fractional integral and left-
sided Riemann-Liouville fractional integral respectively [4], [5].

This integrals is motivated by the well known Cauchy formula:

(1.3) /de1 /Tlde... 71f(7n)d7n = ﬁ ](x — )" f(r)dr.
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Definition 1.2. Let (a,b) be a finite interval of the real line R and R (a) > 0.
Also let h(x) be an increasing and positive monotone function on (a,b], having a
continuous derivative h’ () on (a,b). The left- and right-sided fractional integrals
of a function f with respect to another function % on [a, b] are defined by [4]

) ()@= g [ @O O F Qa0

and
15 () @)= / @] K () f (B dt, < b,
For (1.4) and (1.5)
(J20f) (@) = (J ) ) =0.
If we take h (z) = x in (1.4) and (1.5) integral formulas, we have

a*h_JaJr and Jb h_Jb’

p+1
x 1 for p > 0, then the equalities (1.4) and (1.5) will be

Also if we choose h(z) =

06 U ) = L [t et o, >
and ’

1 11—« b
L7 e f)e) = %/(tm el f e, < b

x

respectively [8].

In [8], Katugampola gave a new fractional integration which generalized Riemann-
Liouville fractional integrals. This (1.6) and (1.7) generalizations is based on the
following equality,

x

x T1 Tn—1
1 1—-n
/TlpdTl /T2pd7'2... / TP f(Tp)dTy, = <[z:)1)' /(ac""'l — Tp+1)n_17'pf(7')d7'

a

Definition 1.3. Let o > 0 and = > 0, defined by [7], [10]

x

(19) (I @) = s [ =0F
0

Where k—gamma function is defined by
tk
T(z) = /tﬁfle* "dt, x> 0.

and



HERMITE-HADAMARD TYPE INEQUALITIES FOR... 53

e L) 1
E\T)LEY Ty
B — 2R EY) and B — - Bu(Z Y.
k(l’,y) Fk(l’+y) an k(‘ray) A k(kvk)

Definition 1.4. Let (a,b) be a finite interval of the real line R and R («) > 0.
Also let h(x) be an increasing and positive monotone function on (a, b, having a
continuous derivative k' (z) on (a,b). The left- and right-sided fractional integrals
of a function f with respect to another function h on [a, b] are defined by [1]

(1.10) (+T2ef) @) = iy [ @ =R @I H @) f (1)
and '

1 b a_q
(111) (+T500) @)1= s [ O =@ 0 0 F 0t

x

for £ > 0, R () > 0. If we take h(z) = x in (1.10) and (1.11) integral formulas,

we will obtain
xT

(T2 N&) = g [ = 0F (0t 2> a

a

b
1 a_q
= t—x)k t)dt, b .
o o v
Note that when k& — 1, then it reduces to the classical Riemann-Liouville fractional
integral.

(k- 1) ()

p+1
Also if we choose h(z) = Z+ . for p € R/ {—1}, then the equalities (1.10) and
(1.11) will be
P 7o (p+1)'F% +1 F1y 21
(].].2) (kJaJrf)(x) = W ("Ep — )k tpf(t)dt, xr>a
k
a
and
1 1-¢ b
(1.13) (I f)(x) = (p&()a)k J(thF — ghthyalgk g dt, o < b.
k T

This kind of generalized fractional integrals are studied in [11].
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Now, let’s define a general fractional integral which is quite useful. This definition
includes many fractional integral definitions.

Definition 1.5. Let h : [a”,b’] — R be an increasing and positive monotone
function, having a continuous derivative h’(x) on (a”,b”). The left and right sided
fractional of f with respect to the function h on [a?,b?] of order o > 0 is defined
by

b
h' ( tf’ tP—1
1.14 PI% F(B7) dt
( ) a+-f( kF]g / h( p ]1_?
and
b
1.15 PIY tp - = dt
(1.15) P = / et
—aP P — bP
If by using the change of varible s” = and s = respectively, then
bP — aP aP — bP

we have the following definition:

s~ ds,

1
(1.16) I f(b°) = b — a” / B ((1 = sP)a? + b°sP) f((1 — sP)aP + bPsP)

Flw(a) ) () = h((1 = sP)a? + brsp)| =%

and

(1.17) I f(a” sP~lds.

W —a / W (sPa” + (1 — sP)bP) f((sPa” + (1 — sP)bP)
 ETg(a) 0/ h(sPaf + (1 — sP)bP) — h(a?)]* %

In this work, the authors obtained some new Hermite-Hadamard type inequali-
ties for generalized fractional integrals.

The main aim of this work is to establish a new fractional integral inequality for
(k, h) —Riemann-Liouville fractional integral. Using the technique of [6] a key role
in our study.
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2. MAIN RESULTS

Theorem 2.1. Let h : [a?,b°] — R be an increasing and positive monotone func-
tion, having a continuous derivative h'(z) on (a”,b?). Let f : I — R be a convex
function, then the following inequality holds;

af + b? ply(a+1) o o o piaP fa?) + f(b”)
H(757) = o e F0) 1 ) < O

Proof. Since f is a strongly convex function on [a?,b?] for t = 1

o) (20 < K1)

obtained.
For s € [0,1], f = sPa” + (1 — s”)b” and y? = (1 — s”)a” 4+ bPs”, Then since f
is convex, therefore

f (a” + b") < f(sPa? + (1 —s”)b°) + f((1 — sP)a” + bPsP)

(2.2) . .

Since F(zf) = f(x”) + f(a? 4+ b? — x”), then substituting F((1 — s?)a’ + bPs”) =
F((1 = sP)a? +b°sP) + f(sPa? 4+ (1 — sP)bP), we have

a’ + bp) < F((1—s”)a” + bPsP)
2 - 2 '

(2.3) f (
Also, F(s”a? 4+ (1 — sP)b") = f(sPa” + (1 — s?)b”) + f((1 — sP)a” + bPsP), we have

(2.0 P < P L),

—a” R((1—sP)af + bPsP)sP1

bP
Multiplying both sides of inequality 2.3 with

and integrating with respect to s from 0 to 1, we obtain

1
/ a’ +b"\ b’ —a” / s”)ap + bPsP)sP~1
2 kL (c) (1 = sP)ar + brse)]'—
0

(2.5)

1
b’ — af / R((1- s” af + b°sP)F((1 — sP)a’ + bPsP) =1
0

2kTk(a h((1—sP)ar +brsP)t=%

Substituting u = h(b?) — h((1 — s”)a” + b°s?), in the left hand side of (2.5), we get

)
)"

ds

1
a” + P\ b° — aP / sp)a" + bPsP)sPL
kT () (1 —sP)ar + brsP)|1—%
0
a?)]*
ka a —|— 1) ’

<ap +b°

kg () [R(bP) — R ((1 — sP)ar + brsP)|t—%
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Hence,

@’ + 5\ [h(b") — h(a))*
/ ( 2 ) plp(a+1)

1
b? — a” / R((1-— sp a” +0PsP)F((1 — sP)a” + b”sﬂ)spflds

2kT () — h((1 = sP)ar + brsP)|1— %
0
Finally, we get
P+ b7\ [h(bP) — h(a?)]*
(e

b? — af B (sPa? + (1 — sP)bP)sP~1

Multiplying both sides of above inequality 2.4 with RTn(a) Th(sPa? + (1 = 57900) — h(a?)]" ¥
and integrating with respect to s from 0 to 1, we obtain
b —a” (a” + b”) f1 B (sPa? + (1 — sP)bP)sP~1

kT () 2 o [h(sPar + (1 — sP)bP) — h(aﬂ)]lf% ds

(2.7)

P _ P 1 (PP 1 — g”\pP)gP—1
b —a { h(sPaP + (1 — sP)bP)s F(sPa? + (1 — s7)b°)ds

< (o3
= 2Tk(@) o [[h(sPar + (1 — sP)bP) — h(ar)]'~ &
Substituting v = h(sPa” + (1 — s”)b”) — h(a”), in the left hand side of (2.7) we get

b —af  [(a® +b"\ L h'(sPaP + (1 — sP)bP)sP~1
kTk(a) ( 2 > Of [h(sPar + (1 — sP)bP) — h(aP)]'~*

(a” + bp> [h(b°) — h(a?)]*
2 pli(a+1)

Hence,

a? + b [h(b?) — h(a”)]*
/ ( 2 ) plp(a+1)

b? —af L h'(sPa? + (1 — sP)bP)F(sPal + (1 — sP)bP)sP~ 1
~ 2Tk () [h(sPaf + (1 — sP)bP) — h(ar)] %

ds.

Finally, we get

a? + b7 [h(b?) = ha?)]*
f ( 2 ) pli(a+1)

(2.8) f (ap + b") [h(b°) — h(a”)]*

2 plr(a+1)
Adding 2.6 and 2.8, we have

a? + b7 [h(b?) — h(a?)]*

[La+ F(°) + I F(a)] .

+
=
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plp(a+1)

Now, multiplying both sides of above inequality 2.9 with =,
2[h(b*) — h(ar)]*

have
P+ bP T 1
(2.10) f(aF )g PLOt D) (o p(ye) + Ip F(a?)],
2 A[h(b) = h(ar)]*
and the first inequality is proved.

For the proof of the second inequality in (2.1) we first note that if f is a convex
function on [a?,b”], then we have

f(sPa? + (1 = sP)bP) < sPf(aP) + (1 —sP) f(b")

and
F(L=s)al +5°07) < (1= 5")f(a”) + s f(b°)

adding this inequalities we have

fla?s” + (1 = s”)0") + f((1 = s”)a” 4 s°0") < f(a”) + f(b)
Here, Since F(a”s? + (1 —sP)b?) = f(aPsP + (1 —sP)b?) + f((1 — sP)a’ 4 sPbP), then
we have
(2.11) F(a”s” + (1 —s”)b”) < f(a®) + f(b7)
And, Since F((1 —s”)a? + s”b?) = f((1 — sP)a’ + sPbP) + f(aPs” + (1 — sP)bP), then
we have
(2.12) F((1—s")a” 4 s”b”) < f(a”) + f(b°).

b — af (1= s”)a” AT
Multiplying both sides of the inequality (2.12) with a4 (= 57)a” + s°b%)s

KLk(a) [h(b#) — h((1 — s)ar + brse)]' *
and integrating with respect to s from 0 to 1, we obtain

b’ —af LA ((1—sP)a’ + s"bP)F((1 — sP)a’ + sPbP)
kT () o [h(bP) — h((1 — sP)ar + brsP)]"

sP~lds

>R

(2.13)
b —af 1 R'((1 — sP)a’ + sPbP)sP~!

kL (a) of [h(bP) — h((1 — sP)ar + bese)]' *
Substituting u = h(b?) — h((1 — s”)a? 4+ bPs”), the right hand side of (2.13) we get
b —af 1 R((1—sP)af + sPbP)sP—1

kL (a) of [h(bP) — h((1 — sP)ar + brse)]' ™ *

< [f(a?) + ()]

ds

[f(a?) + f(b°)]

tpiop o [P(07) = h(aP)]®
= fta) + g BT
Hence
b? —a? LA ((1 —sP)a? + sPbP)F((1 — sP)a? + sPbP)

kg () [h(bP) — h((1 — sP)ar + brsP)]' s

£

< [ftar) + s O
Finally, we get
(1) — h(a))°

(214) I8 PW) < (@) + 1
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b — af h(als” 1 — s”)bP)sP~ !
Multiplying both sides of above inequality 2.11 with ¢ (a”s? + ( )b)s

kL%(Q) [h(arse + (1 — sP)bp) — h((ar)]' *
and integrating with respect to s from 0 to 1, we obtain
b —af Lh'(aPs” + (1 — sP)bP)F(aPs” + (1 — sP)bP)sP~!

kTk(a) o [h(ars? + (1 — sP)bP) — h(ar)]— % ds

P —qr 1 h'(a?sP + (1 — sP)bP)sP~1

KTk () z[ [(ars? + (1 — 57)b7) — h(ar)]— % ds.

< [f(a”) + ()]
Similarly, we have

o o o e BO?) = h(a?)]F
(2.15) Iy F(a”) < [f(a”) + f(0°)] Tra+1)
Adding 2.14 and 2.15, we have

216) [ F) + I8 F(a)] < 20f(a) + fooy )2

ple(a+1)
T 1
Now, multiplying both sides of above inequality 2.16 with pli(a+1) =, We
A[h(b?) — h(a)]*
have
pTr(a+1) f(a”) + f(v°)
2.17 =14 F(bP) + I F(af)] < —rtr? 2
( ) 4[h(bp) _ h(ap)]E [ at ( ) + b (a’ )] — 2
and the second inequality is proved.
If combined 2.9 and 2.17
P+ P r 1 P b?
F(U57) = e p) 4 pny < LTI
2 A[R(b?) — h(ar)]* 2
The proof is completed. (I

Corollary 2.2. If we take p — 1 in Theorem 2.1, we have

a+b Ti(a+1) o pray < 1@+ )
f( 5 )§4[h(b)h(a)ﬁ[IﬁF(b)—&-IbF( )] < 5 .

Corollary 2.3. If we take h(xz) = x in Theorem 2.1, we have
[y N T 1 p b
(57 = PO e by 4 g ey < LI

2 4(bp —ar)” 2

Corollary 2.4. If we take p — 1 and h(x) = x in Theorem 2.1, we have

a+b Fe(a+1), ., o fla) + f(b)
f( D) ) < 16—a)f (1%, F(b) + I} F(a)] < : .

Corollary 2.5. If we take o« = p =k =1 and h(xz) = x in Theorem 2.1, then we
have the classical Hermite-Hadamard inequality,

f(a+b)< : jf(:c)dxgw_

2 “b—a



HERMITE-HADAMARD TYPE INEQUALITIES FOR... 59

REFERENCES

[1] A. Akkurt, M. E. Yildirim and H. Yildirim, On some Integral Inequalities for (k,h)-Riemann-
Liouville fractional integral, New Trends in Mathematical Sciences (NTMSCI), 4(1), (2016),
138-146.

[2] H. Fehmi Gidergelmez, A. Akkurt and H. Yildirim, Hermite-Hadamard type inequalities for
Generalized Fractional Integrals via Strongly Convex Functions, (Submitted.).

[3] Polyak, B.T.: Existence theorems and convergence of minimizing sequences in extremum
problems with restrictions. Sov. Math. Dokl. 7, 72-75 (1966)

[4] Kilbas, A. A., Srivastava, H.M., and Trujillo, J.J., Theory and Applications of Fractional
Diferential Equations, Elsevier B.V., Amsterdam, Netherlands, 2006.

[5] Samko SG, Kilbas AA, Marichev OI. Fractional Integrals and Derivatives-Theory and Appli-
cations, Gordon and Breach, Linghorne, 1993.

[6] Mubeen, S., Igbal, S., and Muharrem Tomar, M., On Hermite-Hadamard type inequalities
via fractional integrals of a function with respect to another function and k-parameter, J.
Inequal. Math. Appl.1(2016), 1-9.

[7] Diaz, R. and Pariguan, E., On hypergeometric functions and Pochhammer k—symbol, Di-
vulg.Math, 15.(2007),179-192.

[8] U.N. Katugampola, New Approach to a Generalized Fractional Fntegral, Appl. Math. Com-
put. 218(3), (2011), 860-865.

[9] Chen, H., Katugampola, U.N.: Hermite-Hadamard and Hermite-Hadamard-Fejér type in-
equalities for generalized fractional integrals. J. Math. Anal. Appl. 446, 1274-1291 (2017).

[10] Mubeen, S. and Habibullah, G.M., k—fractional integrals and application, Int. J. Contemp.
Math. Sciences, 7(2), 2012, 89-94.

[11] M.Z. Sarikaya, Z. Dahmani, M.E. Kiris and F. Ahmad, (k, s)—Riemann-Liouville fractional
integral and applications, Hacettepe Journal of Mathematics and Statistics, Accepted.

[12] Sarikaya, M.Z., Set, E., Yaldiz, H., Bagak, N.: Hermite-Hadamard’s inequalities for fractional
integrals and related fractional inequalities. Math. Comput. Modell. 57(9), 2403-2407 (2013)

DEPARTMENT OF MATHEMATICS, KAHRAMANMARAS SUTCU IMAM UNIVERSITY, KAHRAMANMARAS, TURKEY
E-mail address: abdullahmat@gmail.com, hfgidergelmez@hotmail.com, sedaaa kilinc@hotmail.com,
hyildir@ksu.edu.tr



