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Abstract: C. Baikousssis, D.E. Blair[1] made a study of Legendre curves in contact metric manifolds. J. I. Inoguchi, T. Kumamoto,
N. Ohsugi, and Y. Suyama[2] studied fundamental properties of Heisenberg 3-spaces. M. Belkhelfa, I.E. Hirica, R. Rosca, L.
Verstlraelen[6] obtained a complete characterization of surfaces with paralel second fundamental form in 3-dimensional
Bianchi-Cartan-Vranceanu spaces(BCV). In this study, we define the canal surface around Legendre curve with Frenet frame in BCV
spaces. Afterwards we investigate tubular surface around Legendre curve curve with Frenet frame. Finally we give some
characterizations about special curves lying on tubular surface around Legendre curve.
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1 Introduction

Canal surfaces are useful for representing long thin objects, e.g., pipes, poles, ropes, 3D fonts or intestines of body. Canal
surfaces are also frequently used in solid and surface modelling for CAD/CAM(Computer Aided Desing/Computer
Aided Manufacturing). Representative examples are natural quadrics, torus, tubular surfaces and Dupin cyclide[8].

Canal surfaces have wide applications in CAGD(Computer-Aided Geometric Design), such as construction of blending
surfaces, shape reconstruction,transition surfaces between pipes, robotic path planning or robotic path planning etc. Most
of the literature on canal surfaces within the CAGD context has been motivated by the observation that canal surfaces
with rational spine curve and rational radius function is rational, and it is therefore natural to ask for methods which
allow one to construct a rational parametrization of canal surfaces from its spine curve and radius function. In this paper
we shall not be concerned with parametrization but rather with the certain fundamental geometric and algebraic
characteristics of canal surfaces[10].

Dogan and Yayli[8] introduced canal and tubular surfaces. They given some information concerning the curvatures of
tubular surface with the Frenet and defined tubular surface with respect to the Bishop frame and then they calculated the
curvatures of this new tubular surface and give some characterizations regarding special curves lying on it.

Maekawa et.all. [12] researched necessary and sufficient conditions for the regularity of pipe (tubular) surfaces. More
recently, Xu et.al. [15] studied these conditions for canal surfaces and examined principle geometric properties of these
surfaces like computing the area and Gaussian curvature.

Gross [9] gave the concept of generalized tubes (briefy GT) and classifed them in two types as ZGT and CGT. Here,
ZGT refers to the spine curve (the axis) that has torsion-free and CGT refers to tube that has circular cross sections. He
investigated the properties of GT and showed that parameter curves of a generalized tube are also lines of curvature if
and only if the spine curve has torsion free (planar).
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Bishop [5] displayed that there exists orthonormal frames which he called relatively paralled adapted frames other than
the Frenet frame and compared features of them with the Frenet frame.

2 Tubular surface

A canal surface is defined as the envelope of a family of one parameter spheres. Alternatively, a canal surface is the
envelope of a moving sphere with varying radius, defined by the trajectory ¥(¢) of its center and a radius function r(z).
This moving sphere S(¢) touches the canal surface at a characteristic circle K(¢). If the radius function r(f) = r is a
constant, then the canal surface is called a tube or pipe surface. Since the canal surface K(z, ) is the envelope of a family
of one parameter spheres with the center () and radius function r(z), it is parametrized as follows

/ / 2—7'/ 2
K(t,g):y(t)—r(t)r,(t)H;Eg,,:tr(t) Hy’(())/H(I)H (1)

(cosON(t) +sinOB(t)),

where N(¢) and B(t) are the principal normal and binormal to ¥(t), respectively. Alternatively, N(¢) and B(r) are the basis
vectors of the plane containing characteristic circle. If the spine curve y(s) has an arclenght parametrization

(H}/ (s) H = 1) , then the canal surface is reparametrized as

!

K(s,0) = y(s) —r(s)r (s)T(s) £r(s)y/1—r(s) (cos ON(s) +sin OB(s)).
In the event r(s) = r is a constant, the canal surface is called a tube or pipe surface and it turns into the form
L(s,0) =7y(s)+r(cosON(s)+sinOB(s)), 0 < 0 < 2m.

For a regular curve y: I — M is parametrized such that H }/' (s) H = 1. Then we have

/

T'=kN, N = —«T+1B, B = —1N,

where k and 7 are curvature and torsion of the ¥ (s), respectively[8].

3 Bev spaces

{R3, gw} is called BCV space which denoted by 901> or im; #where 8w is Bianchi -Cartan-Vranceanu (BCV) metric

in R3 and denoted by

_ dx% + dx%
{1+p03+3)}°

2 14 pu(xf +x3)

A )Cdel —)Cldxz 2
8ru

+ (dX3 +

for A,u € R such that 1 + (x% —|—x§) # 0. The dimension, of this space is dim imi# =3.If u=0, A =0, then the
space 93 is called Euclidean space and denoted by E3. In the special case that 1 = 0, A # 0 the space, 9> is called
Heisenberg space. Heisenberg space is denoted by N3 [11]. In 1894, and later in 1928, L. Bianchi classified Riemannian
metrics in the 3—dimensional Euclidean space E3 [3,4]. In the same year E. Cartan, [7] and in 1947 G. Vranceanu, [14],
published some papers related with these spaces.
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According to the metric g, , , an orthonormal basis ¢ = {e},e2,e3} of x( 9M3) is denoted by

0 1 0
2, .2
81={I+M(X1+X2)}TM—E sz}Q7
0 1 0
-0 2, 2y 9 Lty O
er={ +N(x1+x2)}ax2+2 Moy
L0
3_(9)63.
The dual basis, 0 of ¢ is given by
91: dx1 7
L+ p(ag +23)
2 dxy
14+ p(x?+x3)’
93=dX3+& deXI—)Cld)CQ

2 1+u(t+x3)

For the orthonormal basis ¢ = {e1,e2,e3} of x (9)?3 ) if Levi-Civita connection on 9> denoted by V, then we have

0 2uxp 0| r
Ve e1 : a2l e
Vel e | = *Z,U,XZ 0 5 €|,
Ve1€3 0 _& 0 (%]
L 2 -
- 2
Ve,e1 0 —2ux =51 [e
Ve,e2 | = |2ux; 0 0 e |,
Ve2€3 & 0 0 es
L 2 i
I A
Vel 0 =501 [e
Ve3€2 = % 00 en
Vaes] 15 0 o L
and
[61,62] = —2Uxye; +2Ux1ep + Aes, [63,62] = [61763] =0.
The transformation @on x(9M3) given by @(e;) = ez, ¢0(ez) = —ey,@(e3) = 0 is a linear endomorfizm and the
corresponding matrix is given by
0-10
=100
000
with respect toorthonormal basis ¢ = {e|,e2,e3} of  (M?) . On the, space M?, if A #0

& X2dX1 —X1dX2

3
n=0" =dxz+
2 1+ p(xi+x3)
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and £ = e3, then we have the following relations for VX, Y € x(91°);

¢(5)=0,

nG) =1,

an(x.v) =g, (x.o(r),

xo) =5 e, 1)z -nrix}.
Vig = o).

ey

The structure (913, @, &, 7, gM) together the equations 1 is a Sasakian manifold [2, 16]. From now on for A # 0 we will

call the space as BCV-Sasakian space.

Definition 1. We denote by 1 = 0 the subbundle defined by the subspaces

Dy = {X € Typs(m) : n(X) =

of T3 The maximum dimension of integral submanifolds is 1. The I-dimensional integral submanifold of a contact

manifold is called a Legendre curve.

Theorem 1. Let (9%, 1,&,9,g) be BCV-Sasakian manifold. The torsion of its Legendre curve which is not geodesic is

lto —.
equal to )

Proof. Let v be an unite speed Legendre curve which is not geodesic

y:I+— D, C 93

s y(s) =), (). nls))

on M3 —BCV-Sasakian space. Let us calculate Frenet vector fields of ¥ (in the case 1(}) = 0). We know §(s) = T. We

obtain Frenet vector fields of y as
{y=T,py=N,§ =B}.

Hence we have
VrT = kT

and
VT = kN.

On the other hand, the directional derivative of V| with respect to V; is

)
VN =VroT = VT +(Vr@)T = ¢ (k¢T) + 56

and with1 similarly the derivative of & is

A A
V&= —E(PT = _EN

Hence
T=—
2"

—xT+ —B

@
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4 Tubular surface around a Legendre curve

Let ¥(s) = (71(s), 2(s), 73(s)) be an unite speed Legendre curve which is not geodesic in 91— Sasakian space. Then the
canal surface aroud Legendre curve is reparametrized as

K(5,0) = y(s) — r(s)r ()T (s) £ r(s)1/1 — ¥ ()2 (cos ON(s) + sin OB(s)) .
In the event r(s) = r is a constant, the canal surface is called a tube or pipe surface and it turns into the form
L(s,0) = y(s) +r(cosON(s) +sin 6B(s)), 0 < 6 < 27.
For a regular Legendre curve 7 : I — 90t is parametrized such that Hy/ (s) H = 1. Then we have

! / a, /
T'=xN, N =—kxT+%B, B =—

A
—N
2 27

A . .
where x and 5 are curvature and torsion of the y(s), respectively.

5 The curvatures of tubular surfaces around a Legendre curve

For the tubular surface L(s, ) around y Legendre curve in 93, the coefficients of the first and second fundamental form

are given by
Ly x L
U=-3""0 _ _ (0sON—sinOB 3)
[|Ls x Lel|

Lo =r(—sinON +rcos6B),
Ly=(1—rxcos0)T +Lg,
Lgg = —rcosON —rsin6B,

A A\°
Ly = (—rK’cos6+ersin6>T+ K—r<K2+<2) )cose N —rsin6B
. A A
Ly = rxsin0T — rz cos ON — ri sin OB,
A 2
E=L-Ly= (1 —rkcos0)*+r? <2> ,
A
F=LS~L9:r2§,
G:L9~L9:r2,
A 2
e:U.LSS:—rcosG(l—rKcos9)+r(2) ,
A
:U-L =r—
f 56 7‘2,
g:U~L99:r
and since
|Ls X Lg||* = EG — F> = r* (1 — rcos 6)* . 4)

Definition 2./8] Let Q is any surface. If EG — F> # 0, Q is called a regular surface.
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According to definetion and by Eq 4 L (s, 6) is a regular tube if and only if 1 — rkcos 8 # 0. Namely

1
0# — 5
cos 6 # o 5)
The Gaussian and mean curvature for L (s, 6) are computed as

K= eg — f? _ —Kcos6
 EG—F? r(1—rkcos@)’

(6)
eG-2fF+gE 1[1
T T2(EG_F?) _Z[r—i—rK]

Theorem 2. [10] A curve 6 lying on a surface is an asymptotic curve if and only if the acceleration vector 8" is tangent
to the surface that is U - 8" = 0.

Theorem 3. Let L(s, 0) be a regular tube around a Legendre curve. Then the following holds:
(1) The s-parameter curves of L(s,0) are asymptotic curves if and only if y(s) Legendre curve is circular helix.
(2) The O—parameter curves of L(s,0) cannot be asymptotic curves.

Proof. (1) For the s—parameter curves we have
2\ 2
e=U~Lss:—Kcose(l—rKcose)—i—r(z) =0.

From this, we get

__ 1 _ 2
K_Zr(:osﬂ [li ! (),r)}

1 . . . A
where 0 < r < — for s—parameter curves. Since k depends s—parameter, K is constant and before we obtained T = 5

VA

. . T L .
According to this = constant. Namely y Legendre curve is circular helix.

(2) For the 6 —parameter curves we have
g=U Lgg =1 #0,

0 —parameter curves cannot be asymptotic.

Theorem 4. [13] A curve 6 lying on a surface is a geodesic curve if and only if the acceleration vector 8" is normal to
the surface. This means that 8" and the surface normal U are linearly dependent, namely U X 5" =o.

Theorem 5. Let L(s, 0) be a regular tube around a Legendre curve. Then the following holds:

(1) The O —parameter curves of L(s,0) are geodesic curves.

(2) The s—parameter curves of L (s, 0) are geodesic curves if and only if the curvatures of Y(s)
K = constant,

(3) The s-parameter curves of L(s,0) are geodesic curves if and only if a.(s) is a circular helix.
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Proof. For the s— and 08— parameter curves we conclude

U xLgg =(—cosON —sinOB) x (—rcos ON — rsin 6B) ,

A A
U x Ly = [ksin0 (1 —rkcos )] T + |rk’sin0cos 0 — ks sin’ 6] N+ |:VK'I cos® 6 + ks sin@cos 0 | B,
(1) As immediately seen above, 8 —parameter curves of L (s, 8) are geodesics.
(2) Since {T,N, B} is an orthonormal basis, U x Lg = 0 if and only if
ksinB (1 —rkcosf) =0, @)
A
rsin @ (K’cos 60— ) sin 9) =0,
) A
rcosO | K cos — KE sin@ ) =0.

By the first two equations we have

A
K’ cosO = Ki sin O

and

Atan @
K=ce 2 (8)

where ¢ is constant. If the equation 8 is solved with the equation 7 it concludes that 8 = 0 thus

K = ce = constant.
A . .
(3) Because k and 7 = 5 are constant, the case is obvious.

Let
yil— M

s = v(s) = (1 (), 12(5), 15 (5))
Y(s) = (71(s),72(s), 3(s)) be an unite speed Legendre curve in M and its velocity vector is

7@=%m@»nﬁxn@»=(%@Li+ﬁ“%i+%“%i>m
Y(s

According to the orthonormal basis (ej,e2,e3) its form is

}/(s) N 71 (s) 72 (s)

— el A xy(s) —xt, (S))€3
LHp(d+23) 1+ u(ed +23)

2 1+pu?+x3)

e+ (¥3(s) +

If y is an Legendre curve in 0%, 1 ((s)) = 0 and

A Y ()= ()Y, (s
A @)1l 71()72(3 )

B = R 6+ (a (0)))

Solution of 75 is integral of the right side of equation 9.
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Example 1. Let

y:I— R3

s— y(s) = (25ins,2c:oss,

s

2(1+4u) )
1

be an Legendre curve in 9> for A = 4 and u = — as shown Figure 1.

N
N

]
2

Fig. 1: v Legendre curve.

Its velocity vector is

Y(s) = —sinse; + cos se;
See that i) ((s)) = 0. Now then, if the Frenet vector of y curve is {T,N,B}

T=q(s)=

—sinse; +cosse;, N = @y(s) = cosse; +sinse;, B=E& =e3,
1
Now than for r = —

, equation of tubular surface around y Legendre curve in 903 is

L(s,0) =vy(s)+ % (cos ON(s) +sinOB(s)), 0 < 6 < 27. (10)
d d d
Let L(s,0) = x(s,G)a +y(s,9)a—y Jrz(s,G)a—Z now than

x(s,0) =2sins+cosBOcoss, y(s,0)=2coss+cosOsins, z(s,0)=s—2cosOcos2s+ —sinb

Tubular surface around 7y Legendre curve is shown in following Figure 2 where 0 < 6,s <21
(© 2016 BISKA Bilisim Technology
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Fig. 2: Tubular surface around y Legendre curve.

12 3s*
Example 2. Let an other Legendre curve be & (s) = ( s2, —, S ) in 9B forA =4and u =1 as shown
s 2s2+u(s6+1)

Figure 3.

Fig. 3: o Legendre curve.
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Its velocity vector is
253 1
= el — e
S+2+1 o1’

a(s)
See that 17 (a(s)) = 0. Now then, if the Frenet vector of & curve is {T,N,B}

1 253

ofs) 253 ot .
VasS 1 Va1 o

1
= H(X(S)H - /4S6+7lel - /4S6+71627

T B=E=e3, N=BAT =

Now than for r = 1, equation of tubular surface around & Legendre curve is

L(s,0) = a(s)+ (cosON(s) +sin6B(s)), 0 < 0 < 2. (11)
Let L(s,0) (s,0) J +y(s,0) 9 +2(s,0) J now than
5,0) = x(s,0)=— 5,0)=— 5,0)=—
] ) ax y ) ay s, aZ
O+ +1 1 s +53+s 456 -2
x(s,0 =5+ " " cos#, 5,0)=—+2————-co0s0, z(5,0) = ————=co0s60 +sinb.
(5,6) 52450 +1 (s6) s Vaso+1 (6) sV4s0 +1

Tubular surface around o Legendre curve is shown in following Figure 4 where (0 < 8 < 27x) and (1 <s<3,16).

100

Fig. 4: Tubular surface around o Legendre curve.
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