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Abstract

The purpose of this paper is to obtain some fixed point results in extended b-metric spaces for Reich-Rus
and Ciric operators.
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1. Introduction

Definition 1.1. ([3]) Let X be a nonempty set and let s > 1 be a given real number. A functional
d: X xX — [0,00) is said to be a b-metric with constant s, if all axioms of the metric space take place with
the following modification of the triangle axiom:

d(z,z) < sld(z,y) + d(y, 2)], for all z,y,z € X.
In this case the pair (X, d) is called a b-metric space with constant s.
Remark 1.2. The class of b-metric spaces is larger than the class of metric spaces since a b-metric space is

a metric space when s=1. For more details and examples on b-metric spaces, see e.g. [2].

Example 1.3. Let X =R, and d: X x X — Ry such that d(z,y) = |z — y|[’,p > 1. It’s easy to see that
d is a b-metric with s = 2P, but is not a metric.
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Definition 1.4. ([4]) Let X be a nonempty set and let 6 : X x X — [1,00) . A functional dp : X x X — [0, 00)
is said to be an extended b-metric, if for all z,y, 2z € X, the following axioms are satisfied:

= d@ (ya SU) 5
do(z,2) < 0(z,y)[dg(x,y) + dp(y, )], for all z,y,z € X

In this case the pair (X, dp) is called an extended b-metric space.

Remark 1.5. If 0 (z,y) = s, for s > 1, then we obtain the definition of b—metric space.

Example 1.6. ([4]) Let X ={1,2,3},0: X x X — [1,00) and dg : X x X — [0,00) as:

0(x,y) = 1+x+y

dg(1,1) = dp(2,2) = dy(3,3) =0,
dg(1,2) = dp(2,1) = 80,

dp(1,3) = dg(3,1) = 1000,
ds(2,3) = dg(3,2) = 600.

Then dy is an extended b-metric.

Example 1.7. ([I]) Let X =[0,1],0 : X x X — [1,00) and dp : X x X — [0, 00) as:

l1+z+4+y
9(95,9) = ﬂ
1
d@(l‘ay) = ;y?%ye((),l]vfﬂ?éy,

d@(:v,y) = O,x,ye[O,l],a::y,
1
do(z,0) = dp(0,2) = T € (0,1].

Then dy is an extended b-metric.

The following Lemma is very important in the proof of our results:

Lemma 1.8. ([1)) Let (X,dy) an extended b-metric space. If there exists q € [0,1), such that the sequence
() peny C X, for an arbitrary xo € X, satisfies lim 6 (2, 2n) < % and
m,n—oo

0 < dg(Tn,xTnt1) < qdg (T, Tnt1), for anyn € N

then (zn),cn @5 a Cauchy sequence.

Let (X,dp) be an extended b—metric space and A be the diagonal of X x X. Let G be a directed
graph, such that the set V(G) of its vertices coincides with X and A C E(G), where E(G) is the set of the
edges of the graph. Assume also that G has no parallel edges and, thus, one can identify G with the pair
(V(G), B(G)).

Throughout the paper we shall say that G with the above mentioned properties satisfies standard condi-
tions.

Let us denote by G~ the graph obtained from G by reversing the direction of edges. Thus,

EGYHY={(z,y) e X x X :(y,x) € E(G)}.

Let us consider the mappings 7,5 : X — X.
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Definition 1.9. An element x € X is called common fized point of the pair (T,S), if T (z) = S (z) = =.
We shall denote by CFiz(T,S) the set of all common fixed points of the pair (T, .5), i.e.
CFix(T,S)={ze€ X :T(x)=95(z) =z}.

Definition 1.10. Suppose that 7,5 : X — X are two mappings on an extended b-metric space (X, dy)
endowed with a directed graph G. We say that the pair (7, .5) is G-orbital-cyclic pair, if for any = € X,

(x,Tx) € E(G)= (Tz,STz)e€ E(G)
(z,Sz) € E(G)= (Sz,TSz) € E(G).

Let us consider the following sets

XT = {zeX:(x,Tz)c E(G)}
X% = {zeX:(x,St) € E(G)}

Remark 1.11. If the pair (T, S) is G-orbital-cyclic pair, then X7 # & <= X% £ @,
Proof. Let o € XT. Then (29, Tz¢) € E (G) = (Txo,STx0) € E(G).

If we denote by x; = T'zo we have that (z1,Sz;) € F (G), and thus, X° # @. O
2. Reich-Rus type operators

Theorem 2.1. Let T, S be two self~-mappings on a complete extended b-metric space (X, dy) endowed with a
directed graph G such that the pair (T, S) forms a G-orbital-cyclic pair. Suppose that

(i) X" # @;
(ii) for all z € XT and y € X° and ky, ko, k3 > 0, with ky + ko + k3 < 1
d9 (T'T’ Sy) < kldG (fL‘, y) + k:Zd@ (1"7T‘T) + k3d9 (3/7 Sy) ;

(iii) for any sequence (xy),cny C X, with (T, 2n41) € E(G),

I

1
lim 6 (x,,zm) < —, where ¢ = max{
q

n,Mm—00

k1 + ko ki + k3
1—k3 1 —ko

(iv) S and T are continuous,

or

(iv*) for any sequence (z,),cny C X, with ,, = u as n — 00, and (Tp,Tny1) € E(G), for n € N, we have,
ue XTNXS.

In these conditions CFix (T, S) # @.
Moreover, if we suppose

(v) if (u,v) € CFix(T,S) implies u € XT and v € X° then the pair (T, S) has a unique common fived
point.
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Proof. Let xg € XT. Thus (zg, Txo) € E (G).

Because the pair (T, 5) is G-orbital-cyclic , we have (T'xg, STx¢) € E (G).

If we denote by x; = T'zg we have (z1,Sz1) € E (G) and from here (Sz1,TSx;) € E (G). Denoting by
x9 = Sz we have (z9,Tx9) € E(G).

By this procedure we construct inductively, a sequence (mn)neN, with xo, = Swon_1 and zop+1 = Txop,
such that (z2,, z2n4+1) € E (G).

We shall suppose that z,, # T,11.

If, there exists ng € N, such that x,, = .41, then, because A C E(G), (zny, Tny+1) € F(G) and
U = Tp, is a fixed point of T'.

In order to show that u € CFix (T, S), we shall consider two cases for ng.

If ng = 2k, then a9 = w11 = T'woy an thus, xo is a fixed point for T. Suppose that dg (T'zok, STogi1) >
0, and let z = x9, € X7 and Y = Tok+1 € X5,

0 < dp(Tokt1,%2m+42) = do (Txok, Stopt1) < kidg (zak, Tor+1) + kodg (zak, Txor) + kadg (xory1, STokt1)
= ksdg (zak+1, SToky1) = kadp (Tok+1, Tak+2) -

In this way we reach to a contradiction.

In the same way we can prove the case ng = 2k + 1.

In conclusion x,, # x,41, for all n € N.

Now we shall prove that (z,),cy is a Cauchy sequence. In order to do this, we shall consider two possible
cases:

Case 1. © = 9, € XT and Y = Topt1 € X5.

0 < dy(22n41,T2n+2) = do (Tw2,, STo011)

< kidp (T2n, Tany1) + kadg (20, T22n) + k3de (22041, ST2n11)

= kidg (z2n, Tant1) + kadg (2n, Tan+1) + k3dp (Tan+1, Tont2)

(1 —k3)dg (x2n+1, Tant2) < (k1 + k2)do (x2n, T2nt1)
ki1 + k
do (Ton41, Ton42) < 11_ k:32 dg (Ton, Tant1)

do (Ton+1, Tant2) < qdo (Ton, Tont1) -
Case 2. = 29, € XT and Y = Top—1 € X5.

0 < dy(z2n+1,22n) = do (T2, Sxon—1)
< kidp (xon, Tan—1) + kadg (22, Txan) + kadp (van—1, STan—1)

= kidg (o, Tan—1) + kadg (2n, Tan+1) + k3dg (T2n—1, T2n)

(1 — ko) dp (x2n, xon+1) < (k1 + k3)dg (z2n—1,2n)
ki+k
dg (x2n, Tant1) < ! 3619 (T2n—1, Ton)
1— ks

dg (Ton, T2nt1) < qdp (T2n-1,T2,).
In this way we have proved that
do (T, Tm+1) < qdg (-1, 2m), for all m € N.

From Lemma 1.8., taking into account (i7i), we obtain that (x,,),,cy is a Cauchy sequence in a complete

extended b-metric space. Therefore, there is some point v € X, such that li_I>n Ty = U.
m oo
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n—oo
Using (iv) we have

It is obvious that lim z9, = lim 9,41 = u.
n—oo

u = lim x9p41 = lim T (x9,) = Tu,
n—oo n—oo

u = lim x9,49 = lim S (z2,4+1) = Su.
n—oo n—oo

Hence u € CFix (T, S).
Let us suppose now that (iv*) take place, and let z = u € X7 and y = 29,41 € X°.

0 < dp(Tu,zont2) = dg (Tu, Stan11) < kide (v, T2n+1) + kadg (v, Tu) + ksdg (v2n+1, ST2n+1)
= kidg (u, Tony1) + kadg (u, Tu) + kadg (2011, T2nt2) = kadg (v, Tw) .

From here, we obtain that dg (u, Tu) = 0.
Let now consider x = x9,41 € XT andy=ue€ X5,

0 < dg(zant1,5u) = do (Txon, Su) < kidy (x2n, u) + kadp (z2n, Txoy,) + kadg (u, Su)
= kidg (u, w2p) + kadg (22n, Tant1) + k3dg (u, Su) = ksdg (u, Su) .

From here, we obtain that dg (u, Su) = 0, and thus, v € CFix (T,5).
Let us prove now the uniqueness of the common fixed point. Suppose that, there exist u,v € CFiz (T, S),
u # v. From (v) we have that (u,Tu) € E (G) and (v, Sv) € E(G). Now, using (i7) we obtain

0 < dg (u,v) = dg (T'u, Sv) < kidp (u,v) + kadg (u, Tu) + ksdg (v, Sv) = k1dg (u,v),

which is a contradiction. In conclusion u = v. O

3. Ciric type operators

Theorem 3.1. Let T, S be two self-mappings on a complete extended b-metric space (X, dy) endowed with a
directed graph G such that the pair (T,S) forms a G-orbital-cyclic pair. Suppose that

(i) XT # o;
(ii) for all z € XT and y € X5 and ki, ko, ks > 0, with ky + ko + ks < 1

d@ (TSU, SCU) S k max {de (xa y) 7d9 (‘T7T‘T) 7d9 <y7 Sy)} 5

(iii) for any sequence (xy),cy C X, with (T, 2n11) € E(G), n}riglooﬁ (Tny Tm) < 12
(iv) S and T are continuous,
or

(iv*) for any sequence (xn),cny C X, with x,, — u as n — o0, and (Tn,Tny1) € E(G), for n € N, we have,
we XTnXxs.

In these conditions CFix (T, S) # .
Moreover, if we suppose

(v) if (u,v) € CFix(T,S) implies u € XT and v € X° then the pair (T,S) has a unique common fived
point.
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Proof. Let g € XT. Just like in the proof of Theorem 2.1., we construct inductively, a sequence (Tn) pens
with o, = Sxoy—1 and xop4+1 = Tx2y, such that ($2n7 $2n+1) ek (G) .
We shall suppose that z,, # x,41.
If, there exists ng € N, such that z,, = zp,41, then, because A C E(G), (2ny, Tng+1) € F(G) and
U = Tn, is a fixed point of T'.
In order to show that w € CFixz (T,S), we shall consider two cases for ng.
If ng = 2k, then a9 = w11 = T'woy an thus, xo is a fixed point for T. Suppose that dg (T'zok, STog11) >
0, and let = x9, € X7 and Y = Tok+1 € X5,
0 < dg(Tokt1,Tors2) = do (TT2r, SToR11)
< kmax {dg (w2r, Top41) , dp (Tor, Txo) , do (Tog+1, STor41)}
= kdy (vog11, ST2p11) = kdg (Top 11, T2rt2) -
In this way we reach to a contradiction.
In the same way we can prove the case ng = 2k + 1.
In conclusion x,, # x,11, for all n € N.
Now we shall prove that (z,),cy is a Cauchy sequence. In order to do this, we shall consider two possible
cases:
Case 1. £ =29, € X7 and y = w9541 € X5,
0 < dg(Tan+1, Tant2) = dg (TT2n, ST2n11)
< kmax {dg (720, T2n+1) , do (T2n, TT2,) , dp (T2n11, ST2n11)}
= kmax{dy (v2n, T2n+1)  dg (T2n+1, T2n+2)}
< kldg (xon, T2n+1) + do (T2n+1, Tant2)]

(1 —k)dp (x2n+1,Tont2) < kdg(zon, Ton+1)

k
do (Ton+1, Tont2) < T kde (@2n, Tan+1) -

Case 2. = 29, € XT and Y = Top—1 € X5,
0 < dg(z2n41,%2n) = do (T2, STon—_1)
< kmax {dg (v2n, T2n—1) ,dg (T2n, T22p) , dg (T2n—1, ST2-1)}
= kmax {dg (T2n, Ton—1) , dg (Ton, Tan+1)}
< kldp (x2n, Tan—1) + do (T2n, Tant1)]

dg (Ton, Tont1) < dg (Tan—1,T2n)

k
1-k

In this way we have proved that

do (T, Tm+1) < | kd@ (Tm—1,Tm), for all m € N.

From Lemma 1.8., taking into account (i7i), we obtain that (x,,),,cy is a Cauchy sequence in a complete
extended b-metric space. Therefore, there is some point v € X, such that lim =z, = u.
m—00
It is obvious that lim z9, = lim x2,11 = u.
n—oo n—ro0
Using (iv) we have
u = lim x9,41 = lim T (x9,) = Tu,
n—oo n—oo

u = lim xop42 = lim S (z2p4+1) = Su.
n—oo n—oo
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Hence u € CFix (T, S).
Let us suppose now that (iv*) take place, and let z = u € X7 and y = 29,41 € X°.

0 < dg (T'u, xon+2) = dp (Tu, Swop+1) < kmax {dy (u, xon+1) ,dg (u, Tu) ,dg (xont1, STont1)} = kdg (u, Tu)

From here, we obtain that dg (u, Tu) = 0.
Let now consider = 29,41 € X! and y = u € X°.

0 < dg (xan41,5u) = dg (Txay, Su) < kmax {dg (z2n, ), ds (x2n, TT2,) , dg (u, Su)} = kdg (u, Su)

From here, we obtain that dg (u, Su) = 0, and thus, v € CFix (T, S).
Let us prove now the uniqueness of the common fixed point. Suppose that, there exist u,v € CFiz (T, S),
u # v. From (v) we have that (u,Tu) € F (G) and (v, Sv) € E (G). Now, using (ii) we obtain

0 < dg (u,v) = dg (Tu, Sv) < kmax {dg (u,v),dg (u, Tu),dp (v, Sv)} = kdp (u,v),

which is a contradiction. In conclusion v = v. O
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