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Abstract

In this manuscript, a new family df — Gaussian Fibonacci numbers has been
identified and some relationships between this lfasmd known Gaussian Fibonacci
numbers have been found. Also, | the generatingtiums of this family fok = 2 has
been obtained.
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k- Gaussian Fibonacci sayilarinin yeni bir ailesi

Ozet

Bu yazida, yeni bir k - Gaussian Fibonacci sayilaitesi tanimlanng ve bu aile ile
bilinen Gaussian Fibonacci sayilari arasinda bdegkiler bulunmuytur. Ayrica, k=2
icin bu ailenin Urete¢ fonksiyonlarini elde editin

Anahtar Kelimeler:Fibonacci sayilari, Gaussian Fibonacci sayilari, @aaian sayilari.

1. Introduction

Horadam [1] in 1963 and Berzsenyi [2] in 1977 deficomplex Fibonacci numbers.
Horadam introduced the concept the complex Fibanaombers as the Gaussian
Fibonacci numbers. Moawwad EI-Mikkawy and Tomoltsagabe [3] in 2015 defined
a new family ofk- Fibonacci numbers and they ga‘i/%) and establish some properties
of the relation to thds,. There are many studies on Fibonacci and Gausskan&cci
numbers. See, e.g. [4-15].

The Binet's formula of the Fibonacci numbers arindel as follows:
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Fn — ﬁ(an-ﬂ _ lgn+1), n=0,1,2,--

1+/5
2

wherea = andg = %ﬁ The first few Fibonacci numbers are 0, 1, 1,,5,3,

13, 21, 34, 55, 89;-. For more detailed information on these numbees[$6]. The
numbersF, with the initial conditiong, = 0 and F; = 1 satisfy

Fyiy =Fy 1 +F, n=0.

The Gaussian Fibonacci numbef$;, for n > 0 are defined

GFE, = GF,_, + GF,_,

whereGF, = i,GF; = 1. The first few Gaussian Fibonacci numbersialei + 1,i +
2,2i+3,3i+ 5,5+ 8,

2. A new family of k — Gaussian Fibonacci numbers

Definition 2.1. Letn andk (k # 0) be natural numbers, then according to the division
algorithm, there aren andr such thatr = mk +r, 0 <r < k. According to this, we

define a new family of generalizéd—Gaussian Fibonacci numbeGEn(k) by
k—-r
5 [(5—-+5 5 (5++5
GE" = £+ Vs i)a™+ —£+ Vs L™
5 10 5 10

V5 (5-VB\\ . .. V5 (5+V5\\ .1
(5 + () )+ (5 (o)1)

Fork = 2,3 are as follows:

(6EP}=(-101,i+1,2,3i + 1,41 +3,7i + 4,120 + 5, },
{GF(3)}={—1' ~1,i,1,i+1,2i,2i —2,4i —2,7i — 1, }

n ) ) ) ) ) ) ) ) ) .
From Definition 2.1GFn(k) andGE, related by
GEY = (GFn)* " (GFps1)"

If k=1, we see thatn =n andr = 0. So,GFn(l) is well-known Gaussian Fibonacci
numbersiF,.

3. Main results

Theorem 3.1Letk,m € {1,2,3,4, - }. Fork andm, GFn(k‘) andGF, numbers satisfy
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) ZS2a0 (551 GFy = (CDFGERGEG Doy
k) _ (k-1)
i) 2523 (1) GESR, s = GFnGF e ey

k1t _ GFn [ n00 W)
i) 223 Ghsy = o= | GF s — G

Proof.

i) 1 have
Thoa(=1) (1) GESR, ;= (DM B3 (=151 (K1) (GFn) ¥ (GFan)’
= (D 16F, T3 (%71) (GFan) (—GF )<t
= (- 1)k 1GFm[(GFm+1 GFm)k 1]
= (=1)* "GEn[(GFpn-)*]
= (D" 1GE,GF D ey
i) In a similar manner, | have
S5z (451) 6Pty = 2428 (57) (GFn) < (GFan)
= GEn 2523 (*7") (6Fman) (GER)+
= GE,[(GFpiq + GE )k 1]
= GFp [(GFm+)2)k_1]
k-1
=G, GF(m+2)(k 1)
iii) It follows | have
GEL,; = (GF)I (GFpyn) = (%22) (R, ).
Using the above equation and some algebraic opagtihe desired result is obtained,

Theorem 3.2For theGFn(Z) , | have the following relations:

i GEyo iy = GEnGFypy = (-1)™ (i -2), m>1

i. GE® =GE® +GE®, +GF®, n=4

Proof. i) Let A be the Fibonacci matrix of the form

a=[; ol

Then, from the matrid and definition the Gaussian Fibonacci numbers/eha

[ E, GF,_ 1] [ l’"l[GFl GFOl
GF,_, GF,_, GF, GF_

The determinants of both sides of the above equatie taken
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GF,GFp_y — GF2_, = (=1)™ (=i +2)

GFT%I.—I — GF,GFy, = (_l)m_l(i —-2)

GEo_1y = GEnGFyy = (~1)" (i = 2), ( from GF3_,

i) If nis even, i.e,

2 _ (2) (2) (2
GFZm - GFZm—l + GFZm—3 + GFZm—AL'

— p@
- GFz(m—l)

To illustrate the above equations, | will use tbkofving relations:

GEZ) = (GFp,)?

)

TAS S.

The relations are readily obtained from Definitxd. Now, It can be written as

GF? = (GF,)?
= GE,,GE,

= GFn(GFp_q + GFp_3)
= GFm—lcFm + GFm_zGFm

= GFm—lGFm + GFm—Z(GFm—l + GFm_z)
= GFm—lGFm + GFm—ZGFm—l + (GFm_z)z

_ ) (2) (2)
- GFZm—l + GFZm—3 + GFZm—4

Similarly, if n is odd, i.e.,

GE,, = GEY) + GE), + GE)

2m+1 2m-2 2m-—3?

the desired result is obtained.

Theorem 3.3The generating function @TF,EZ) are given by

) =14+ D+ (- D2+ (2403
Cn (x) - 1—x—x3—x*4 '

Proof. | haveC? (x) = ¥, GE®x™. Then

C,(lz)(x) :2 OGFn(Z)x"
n=

—xC,(lz) (x) = z GFn(E)lx"
n=0
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@ 2
—x3C,(12) (x) = Z GFn(_gx"
n=0

@Dy N @
—x*Cy" (x) = Zn_o GF,~,x",

equations can be written. In this case
(1—x—x3— x4)C,(12)(x) =(1-x—x3- x")C,(lz)(x)

—(GFO(Z)x + GFl(Z)x2 + GFZ(Z)x3 ) - GFO(Z)x3

+ Z (6E® = 6EZ, = GE®, - GEZ, ) x"

n=4
=GR + (GE® = 6FP )x + (GE? = GF® )x?
+(6E® = 6E? = GF)x® + 0

=—1+@G+Dx+ 1 —=-Dx?+ (1 +i)x3.

Hence,C? (x) of GE® is

—14+G+Dx+(1-Dx2+(1+0)x3
1—x—x3-x* '

P @) =

Finally, | give two identities without proofs:

o YT GF ), =GEy + (1-20),
- GFz(j) +({+2); ifniseven
e Yizo GFy;Z, =

GFZ(YZL) +(2i) ; ifnisodd
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