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IMPROVED HERMITE HADAMARD TYPE INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS VIA KATUGAMPOLA

FRACTIONAL INTEGRALS

ZEYNEP ŞANLI, TUNCAY KÖROĞLU, AND MEHMET KUNT

Abstract. In this paper, we prove three new Katugampola fractional Hermite-
Hadamard type inequalities for harmonically convex functions by using the left
and the right fractional integrals independently. One of our Katugampola frac-
tional Hermite-Hadamard type inequalities is better than given in [17]. Also,
we give two new Katugampola fractional identities for differentiable functions.
By using these identities, we obtain some new trapezoidal type inequalities
for harmonically convex functions. Our results generalize many results from
earlier papers.

1. Introduction

Let f : I ⊆ R→ R be a convex function defined on the interval I of real numbers
and a, b ∈ I with a < b. The inequality

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
(1)

is well known in the literature as Hermite-Hadamard’s inequality. There are so
many generalizations and extensions of inequalities (1) for various classes of func-
tions. One of this classes of functions is harmonically convex functions defined by
İşcan.
In [7], İşcan gave the definition of harmonically convex functions as follows:

Definition 1. [7] Let I ⊂ R\ {0} be a real interval. A function f : I → R is said
to be harmonically convex, if

f

(
xy

tx+ (1− t) y

)
≤ tf (y) + (1− t) f (x) (2)
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for all x, y ∈ I and t ∈ [0, 1]. If the inequality in (2) is reversed, then f is said to
be harmonically concave.

For some similar studies with this work about harmonically convex functions,
readers can see [1, 2, 3, 5, 6, 7, 8, 9, 13, 14, 15, 16, 17, 20] and references therein.
In [7], İşcan gave Hermite-Hadamard type inequalities for harmonically convex

functions as follows:

Theorem 2. [7] Let f : I ⊂ R\ {0} → R be a harmonically convex function and
a, b ∈ I with a < b. If f ∈ L [a, b] , then the following inequalities hold:

f

(
2ab

a+ b

)
≤ ab

b− a

∫ b

a

f (x)

x2
dx ≤ f (a) + f (b)

2
. (3)

Following definitions of the left and right side Riemann-Liouville fractional inte-
grals are well known in the literature.

Definition 3. Let a, b ∈ R with a < b and f ∈ L [a, b]. The left and right Riemann-
Liouville fractional integrals Jαa+f and J

α
b−f of order α > 0 are defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1 f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)
α−1

f(t)dt, x < b

respectively, where Γ(α) is the Gamma function defined by Γ(α) =
∞∫
0

e−ttα−1dt (see

[12, page 69]).

In [9], İşcan and Wu presented Hermite-Hadamard type inequalities for harmon-
ically convex functions in fractional integral forms as follows:

Theorem 4. Let f : I ⊂ (0,∞) → R be a function such that f ∈ L [a, b], where
a, b ∈ I with a < b. If f is a harmonically convex function on [a, b], then the
following inequalities for fractional integrals hold:

f

(
2ab

a+ b

)
≤ Γ (α+ 1)

2

(
ab

b− a

)α [ Jα1/a− (f ◦ h) (1/b)

+Jα1/b+ (f ◦ h) (1/a)

]

≤ f (a) + f (b)

2
(4)

with α > 0 and h(x) = 1/x.

In [20], Şanlı et al. proved the following three Riemann-Liouville fractional
Hermite-Hadamard type inequalities for harmonically convex functions by using
the left and the right fractional integrals seperately as follows:
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Theorem 5. Let f : I ⊆ (0,∞) → R be a harmonically convex function and
a, b ∈ I with a < b. If f ∈ L [a, b], then the following inequality for the left
Riemann-Liouville fractional integral holds:

f

(
(α+ 1) ab

αa+ b

)
≤ Γ (α+ 1)

(
ab

b− a

)α
Jα1
a+

(f ◦ h) (
1

b
) ≤ f(a) + αf(b)

α+ 1
(5)

where h (x) = 1
x and α > 0.

Theorem 6. Let f : I ⊆ (0,∞) → R be a harmonically convex function and
a, b ∈ I with a < b. If f ∈ L [a, b], then the following inequality for the right
Riemann-Liouville fractional integral holds:

f

(
(α+ 1) ab

a+ αb

)
≤ Γ (α+ 1)

(
ab

b− a

)α
Jα1
b−

(f ◦ h) (
1

a
) ≤ αf(a) + f(b)

α+ 1
(6)

where h (x) = 1
x and α > 0.

Theorem 7. Let f : I ⊆ (0,∞)→ R be a harmonically convex function and a, b ∈ I
with a < b. If f ∈ L [a, b], then the following inequality for the Riemann-Liouville
fractional integral holds:

f
(
(α+1)ab
a+αb

)
+ f

(
(α+1)ab
αa+b

)
2

≤ Γ (α+ 1)

2

(
ab

b− a

)α [ Jα1
b−

(f ◦ h) ( 1a )

+Jα1
a+

(f ◦ h) (1b )

]

≤ f(a) + f(b)

2
(7)

where h (x) = 1
x and α > 0.

The following definitions of Katugampola fractional integrals could be found in
[4, 11].

Definition 8. Let [a, b] ⊂ R be a finite interval. Then the left and right-side
Katugampola fractional integrals of order α > 0 of f ∈ Xp

c (a, b) are defined by

ρIαa+f(x) =
ρ1−α

Γ (α)

∫ x

a

tρ−1

(xρ − tρ)1−α
f(t)dt,

and

ρIαb−f(x) =
ρ1−α

Γ (α)

∫ b

x

tρ−1

(tρ − xρ)1−α
f(t)dt,

with a < x < b and ρ > 0, respectively.

(See [10], for the definition of the set Xp
c (a, b))

It is easily seen that if one takes ρ→ 1 in the Definition 8, one has the Definition
3.
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Lemma 9. For 0 < α ≤ 1 and 0 ≤ a < b we have

|aα − bα| ≤ (b− a)
α
.

(see [18]).

In [17, Theorem 2.1], Mumcu et al. presented Hermite-Hadamard type inequal-
ities for harmoncally convex functions in Katugampola fractional integral forms as
follows:

Theorem 10. Let α > 0 and ρ > 0. Let f : I ⊂ (0,∞) → R be a function such
that f ∈ Xp

c (aρ, bρ), where aρ, bρ ∈ I with a < b. If f is a harmonically convex
function on [a, b], then the following inequalities hold:

f

(
2αρbρ

aρ + bρ

)
≤ ραΓ (α+ 1)

2

(
aρbρ

bρ − aρ

)α [ ρIα1
a−

(f ◦ h) (1b )

+
ρIα1

b+
(f ◦ h) ( 1a )

]

≤ f(aρ) + f(bρ)

2

where h(x) = 1/x.

For the Theorem 10 , the correct inequality should be expressed as follows:

f

(
2αρbρ

aρ + bρ

)
≤ ραΓ (α+ 1)

2

(
aρbρ

bρ − aρ

)α [ ρIα1
a−

(f ◦ h) ( 1bρ )

+
ρIα1

b+
(f ◦ h) ( 1

aρ )

]

≤ f(aρ) + f(bρ)

2
. (8)

In (8), if one takes ρ→ 1, one obtaines the inequality (4) in the Theorem 4.
Because of the wide application of Hermite-Hadamard type inequalities and frac-

tional integrals, researchers extend their studies to Hermite-Hadamard type inequal-
ities involving fractional integrals. The papers [3, 8, 9, 13, 14, 15, 17, 20] are based
on Hermite-Hadamard type inequalities involving several fractional integrals.

Definition 11. [19, page 12] A function f defined on I has a support at x0 ∈ I if
there exists an affi ne functions A (x) = f (x0) +m (x− x0) such that A (x) ≤ f (x)
for all x ∈ I. The graph of the support function A is called a line of support for f
at x0.

Theorem 12. [19, page 12] f : (a, b)→ R is a convex function if and only if there
is at least one line of support for f at each x0 ∈ (a, b).

Remark 13. [6] Let [a, b] ⊂ I ⊆ (0,∞), if the function g :
[
1
b ,

1
a

]
→ R defined

g (x) = f
(
1
x

)
, then f is harmonically convex on [a, b] if and only if g is convex on[

1
b ,

1
a

]
.

In literature, there are so many studies for Hermite-Hadamard type inequalities
by using the left and right fractional integrals (such as Riemann-Liouville fractional
integrals, Hadamard fractional integrals, Katugampola fractional integrals etc.). In
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all of them, the left and right fractional integrals are used together. As much as
we know, the studies [20] are the first two works by using only the right fractional
integrals or the left fractional integrals.
In this paper, our aim is to obtain new Katugampola fractional Hermite-Hadamard

type inequalities by using only the right or the left fractional integrals separately
for harmonically convex functions.

2. Katugampola Fractional Hermite Hadamard Type Inequalities for
Harmonically Convex Functions

Theorem 14. Let f : I ⊂ (0,∞) → R be a function such that f ∈ Xp
c (aρ, bρ),

where aρ, bρ ∈ I with a < b. If f is a harmonically convex function on [aρ, bρ] ,
then the following inequality for the left katugampola fractional integral holds:

f

(
(α+ 1) aρbρ

αaρ + bρ

)
≤

(
aρbρ

bρ − aρ

)α
ραΓ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ )

≤ f(aρ) + αf(bρ)

α+ 1
(9)

where α > 0, ρ > 0 and h (x) = 1
x

Proof. Let α > 0. Since f is harmonically convex on [aρ, bρ], then by using Remark
13 the function g (x) = f

(
1
x

)
is convex on

[
1
bρ ,

1
aρ

]
. Hence using Theorem 12, there

is at least one line of support

A (x) = g

(
αaρ + bρ

(α+ 1) aρbρ

)
+m

(
x− αaρ + bρ

(α+ 1) aρbρ

)
≤ g (x) (10)

for all x ∈
[
1
bρ ,

1
aρ

]
and m ∈

[
g′−

(
αaρ+bρ

(α+1)aρbρ

)
, g′+

(
αaρ+bρ

(α+1)aρbρ

)]
. From (10) and

harmonically convexity of f , we have

A

(
tρaρ + (1− tρ)bρ

aρbρ

)
= f

(
(α+ 1) aρbρ

αaρ + bρ

)
+m

(
tρaρ+(1−tρ)bρ

aρbρ

− αaρ+bρ

(α+1)aρbρ

)

≤ g

(
tρaρ + (1− tρ)bρ

aρbρ

)
= f

(
aρbρ

tρaρ + (1− tρ)bρ

)
≤ tρf (bρ) + (1− tρ) f (aρ) (11)

for all t ∈ [0, 1]. Multiplying all sides of (11) with tαρ−1 and integrating over [0, 1]
respect to t, we have∫ 1

0

tαρ−1
[
f

(
(α+ 1) aρbρ

αaρ + bρ

)
+m

(
tρaρ + (1− tρ)bρ

aρbρ
− αaρ + bρ

(α+ 1) aρbρ

)]
dt

= f

(
(α+ 1) aρbρ

αaρ + bρ

)∫ 1

0

tαρ−1dt+m

[ ∫ 1
0
tαρ−1 t

ρaρ+(1−tρ)bρ
aρbρ dt

− αaρ+bρ

(α+1)aρbρ

∫ 1
0
tαρ−1dt

]
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=
1

αρ
f

(
(α+ 1) aρbρ

αaρ + bρ

)
+m

[
αaρ + bρ

ρα (α+ 1) aρbρ
− αaρ + bρ

ρα (α+ 1) aρbρ

]
=

1

αρ
f

(
(α+ 1) aρbρ

αaρ + bρ

)
≤
∫ 1

0

tαρ−1f

(
aρbρ

tρaρ + (1− tρ)bρ

)
dt

=

(
aρbρ

bρ − aρ

)α ∫ 1
a

1
b

tρ−1(
1
aρ − tρ

)1−α f(
1

tρ
)dt

=

(
aρbρ

bρ − aρ

)α
ρα−1Γ (α)

ρIα1
b+

(f ◦ h) ( 1
aρ )

≤ f (bρ)

∫ 1

0

tαρ−1+ρdt+ f (aρ)

∫ 1

0

(
tαρ−1 − tαρ−1+ρ

)
dt

=
1

αρ

f (aρ) + αf (bρ)

α+ 1
.

It means that

f

(
(α+ 1) aρbρ

αaρ + bρ

)
≤

(
aρbρ

bρ − aρ

)α
ραΓ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ )

≤ f(aρ) + αf(bρ)

α+ 1
.

This completes the proof. �
Remark 15. In Theorem 14,

(1) if one takes ρ→ 1, one has the inequality (6).
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

(3).

Theorem 16. Let f : I ⊂ (0,∞) → R be a function such that f ∈ Xp
c (aρ, bρ),

where aρ, bρ ∈ I with a < b. If f is a harmonically convex function on [aρ, bρ] ,
then the following inequality for the right katugampola fractional integral holds:

f

(
(α+ 1) aρbρ

aρ + αbρ

)
≤

(
aρbρ

bρ − aρ

)α
ραΓ (α+ 1)

ρIα1
a−

(f ◦ h) ( 1bρ )

≤ αf(aρ) + f(bρ)

α+ 1
(12)

where α > 0, ρ > 0 and h (x) = 1
x .

Proof. Let α > 0. Since f is harmonically convex on [aρ, bρ], then by using Remark
13 the function g (x) = f

(
1
x

)
is convex on

[
1
bρ ,

1
aρ

]
. Hence using Theorem 12, there

is at least one line of support

A (x) = g

(
aρ + αbρ

(α+ 1) aρbρ

)
+m

(
x− aρ + αbρ

(α+ 1) aρbρ

)
≤ g (x) (13)
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for all x ∈
[
1
bρ ,

1
aρ

]
and m ∈

[
g′−

(
aρ+αbρ

(α+1)aρbρ

)
, g′+

(
aρ+αbρ

(α+1)aρbρ

)]
. From (10) and

harmonically convexity of f , we have

A

(
tρbρ + (1− tρ)aρ

aρbρ

)
= f

(
(α+ 1) aρbρ

aρ + αbρ

)
+m

(
tρbρ+(1−tρ)aρ

aρbρ

− aρ+αbρ

(α+1)aρbρ

)

≤ g

(
tρbρ + (1− tρ)aρ

aρbρ

)
= f

(
aρbρ

tρbρ + (1− tρ)aρ

)
≤ tρf (aρ) + (1− tρ) f (bρ) (14)

for all t ∈ [0, 1]. Multiplying all sides of (14) with tαρ−1 and integrating over [0, 1]
respect to t, we have∫ 1

0

tαρ−1
[
f

(
(α+ 1) aρbρ

aρ + αbρ

)
+m

(
tρbρ + (1− tρ)aρ

aρbρ
− aρ + αbρ

(α+ 1) aρbρ

)]
dt

= f

(
(α+ 1) aρbρ

aρ + αbρ

)∫ 1

0

tαρ−1dt+m

[ ∫ 1
0
tαρ−1 t

ρbρ+(1−tρ)aρ
aρbρ dt

− aρ+αbρ

(α+1)aρbρ

∫ 1
0
tαρ−1dt

]

=
1

αρ
f

(
(α+ 1) aρbρ

aρ + αbρ

)
+m

[
aρ + αbρ

ρα (α+ 1) aρbρ
− aρ + αbρ

ρα (α+ 1) aρbρ

]
=

1

αρ
f

(
(α+ 1) aρbρ

aρ + αbρ

)
≤
∫ 1

0

tαρ−1f

(
aρbρ

tρbρ + (1− tρ)aρ

)
dt

=

(
aρbρ

bρ − aρ

)α ∫ 1
a

1
b

tρ−1(
tρ − 1

bρ

)1−α f(
1

tρ
)dt

=

(
aρbρ

bρ − aρ

)α
ρα−1Γ (α)

ρIα1
a−

(f ◦ h) ( 1bρ )

≤ f (aρ)

∫ 1

0

tαρ−1+ρdt+ f (bρ)

∫ 1

0

(
tαρ−1 − tαρ−1+ρ

)
dt

=
1

αρ

αf (aρ) + f (bρ)

α+ 1
.

It means that

f

(
(α+ 1) aρbρ

aρ + αbρ

)
≤

(
aρbρ

bρ − aρ

)α
ραΓ (α+ 1)

ρIα1
a−

(f ◦ h) ( 1bρ )

≤ αf(aρ) + f(bρ)

α+ 1
.

This completes the proof. �
Remark 17. In Theorem 16,

(1) If one takes ρ→ 1, one has the inequality (5).
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(2) If one takes ρ→ 1, and after that if one takes α = 1, one has the inequality
(3).

Theorem 18. Let f : I ⊂ (0,∞) → R be a function such that f ∈ Xp
c (aρ, bρ),

where aρ, bρ ∈ I with a < b. If f is a harmonically convex function on [aρ, bρ] ,
then the following inequality for katugampola fractional integrals hold:

f
(
(α+1)aρbρ

αaρ+bρ

)
+ f

(
(α+1)aρbρ

aρ+αbρ

)
2

≤

(
aρbρ

bρ−aρ

)α
ραΓ (α+ 1)

2

[
ρIα1

b+
(f ◦ h) ( 1

aρ ) +
ρIα1

a−
(f ◦ h) ( 1bρ )

]
≤ f(aρ) + f(bρ)

2
(15)

where α > 0, ρ > 0 and h (x) = 1
x

Proof. Adding the inequalities (9) and (12) side by side, then multiplying the re-
sulting inequalities by 1

2 , we have the inequalities (15). �

Remark 19. In Theorem 18;

(1) if one takes ρ→ 1, one has the inequality (7).
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

(3).

Corollary 20. The left hand side of (15) is better than the left hand side of (8).

Proof. Since f is harmonically convex on [aρ, bρ], it is clear from

f

(
2aρbρ

aρ + bρ

)
= f

(
1

aρ+bρ

2aρbρ

)
= f

 1
(α+1)(aρ+bρ)
2aρbρ(α+1)



= f

(
1

aρ+αbρ

2aρbρ(α+1) + αaρ+bρ

2aρbρ(α+1)

)
= f

(
aρbρ(α+1)
aρ+αbρ

aρbρ(α+1)
αaρ+bρ

aρbρ(α+1)
αaρ+bρ

1
2 + aρbρ(α+1)

aρ+αbρ
1
2

)

≤
f
(
(α+1)aρbρ

aρ+αbρ

)
+ f

(
(α+1)aρbρ

αaρ+bρ

)
2

.

�

3. Lemmas

In this section we will prove two new identities used in forward results.
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Lemma 21. Let f : I ⊆ R→ R be a differentiable function on I◦, aρ, bρ ∈ I◦ with
a < b. If the fractional integrals exist and f ′ ∈ L [aρ, bρ], then the following equality
for the left katugampola fractional integral holds:

αf(aρ) + f(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ )

=
ρaρbρ (bρ − aρ)

α+ 1

∫ 1

0

(1− (α+ 1) tρα)

(tρbρ + (1− tρ)aρ)2
tρ−1f ′

(
aρbρ

tρbρ + (1− tρ)aρ

)
dt (16)

where α > 0 and ρ > 0.

Proof. It could be prove directly by applying the partial integration to the right
hand side of the equation (16) as follows:

ρaρbρ (bρ − aρ)
α+ 1

∫ 1

0

(1− (α+ 1) tρα)

(tρbρ + (1− tρ)aρ)2
tρ−1f ′

(
aρbρ

tρbρ + (1− tρ)aρ

)
dt

=
ρaρbρ (bρ − aρ)

α+ 1

 ∫ 1
0

tρ−1

(tρbρ+(1−tρ)aρ)2 f
′
(

aρbρ

tρbρ+(1−tρ)aρ

)
dt

− (α+ 1)
∫ 1
0

tρα

(tρbρ+(1−tρ)aρ)2 t
ρ−1f ′

(
aρbρ

tρbρ+(1−tρ)aρ

)
dt



=
ρaρbρ (bρ − aρ)

α+ 1


f
(

aρbρ

tρbρ+(1−tρ)aρ

)
1

ρaρbρ(aρ−bρ)

∣∣∣1
0

− (α+1)ρ

 tαρf
(

aρbρ

tρbρ+(1−tρ)aρ

)
1

aρbρ(aρ−bρ)

∣∣∣1
0

−αρ
∫ 1
0

tαρ−1

aρbρ(aρ−bρ)f
(

aρbρ

tρbρ+(1−tρ)aρ

)
dt




=
1

α+ 1
(f (bρ)− f (aρ)) + f (aρ)

−αρ
∫ 1

0

tαρ−1

aρbρ (aρ − bρ)f
(

aρbρ

tρbρ + (1− tρ)aρ

)
dt

=
αf(aρ) + f(bρ)

α+ 1
− αρ

(
aρbρ

bρ − aρ

)α ∫ 1
a

1
b

tρ−1(
1
aρ − tρ

)1−α f(
1

tρ
)dt

=
αf(aρ) + f(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ ) .

This completes the proof. �

Remark 22. In Lemma 21,

(1) if one takes ρ→ 1, one has the inequality [20, Lemma 3].
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

[7, 2.5. Lemma].



IMPROVED HERMITE HADAMARD TYPE INEQUALITIES 1565

Lemma 23. Let f : I ⊆ R → R be a differentiable function on I◦, aρ, bρ ∈ I◦

with aρ < bρ. If the fractional integrals exist and f ′ ∈ L [aρ, bρ], then the following
equality for the right katugampola fractional integral holds:

f(aρ) + αf(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
a−

(f ◦ h) ( 1bρ )

=
ρaρbρ (bρ − aρ)

α+ 1

×
∫ 1

0

[(α+ 1) (1− tρ)α − 1]

(tρbρ + (1− tρ)aρ)2
tρ−1f ′

(
aρbρ

tρbρ + (1− tρ)aρ

)
dt (17)

where α > 0 and ρ > 0.

Proof. It could be prove directly by applying the partial integration to the right
hand side of the equation (17) as follows:

ρaρbρ (bρ − aρ)
α+ 1

∫ 1

0

[(α+ 1) (1− tρ)α − 1]

(tρbρ + (1− tρ)aρ)2
tρ−1f ′

(
aρbρ

tρbρ + (1− tρ)aρ

)
dt

=
ρaρbρ (bρ − aρ)

α+ 1

 (α+ 1)
∫ 1
0

(1−tρ)α
(tρbρ+(1−tρ)aρ)2 t

ρ−1f ′
(

aρbρ

tρbρ+(1−tρ)aρ

)
dt

− tρ−1

(tρbρ+(1−tρ)aρ)2 f
′
(

aρbρ

tρbρ+(1−tρ)aρ

)
dt



=
ρaρbρ (bρ − aρ)

α+ 1


(α+1)
ρ

 tαρf
(

aρbρ

tρaρ+(1−tρ)bρ

)
1

aρbρ(bρ−aρ)

∣∣∣1
0

−αρ
∫ 1
0

tαρ−1

aρbρ(bρ−aρ)f
(

aρbρ

tρaρ+(1−tρ)bρ

)
dt


− f

(
aρbρ

tρbρ+(1−tρ)aρ

)
1

ρaρbρ(aρ−bρ)

∣∣∣1
0


= f (bρ)− αρ

∫ 1

0

tαρ−1

aρbρ (aρ − bρ)f
(

aρbρ

tρbρ + (1− tρ)aρ

)
dt

+
1

α+ 1
(f (aρ)− f (bρ))

=
f(aρ) + αf(bρ)

α+ 1
− αρ

(
aρbρ

bρ − aρ

)α ∫ 1
a

1
b

tρ−1(
tρ − 1

bρ

)1−α f(
1

tρ
)dt

=
f(aρ) + αf(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
a−

(f ◦ h) ( 1bρ ) .

This completes the proof. �

Remark 24. In Lemma 23,
(1) if one takes ρ→ 1, one has the inequality [20, Lemma 2].
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

[7, 2.5. Lemma].
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4. Some new conformable fractional trapezoid type inequalities for
harmonically convex functions

In this section, we will prove some new conformable fractional trapezoid type
inequalities for harmonically convex functions by using Lemma 21 and Lemma 23.

Theorem 25. Let f : I ⊆ R → R be a differentiable function on I◦, aρ, bρ ∈ I◦
with a < b. If f ′ ∈ L [aρ, bρ] and |f ′|q is harmonically convex on [aρ, bρ] for q ≥ 1,
then the following inequality for the left katugampola fractional integral holds:∣∣∣∣αf(aρ) + f(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ )

∣∣∣∣
≤ ρaρbρ (bρ − aρ)

α+ 1
Z1 (a, b, α, ρ)

1− 1
q[

|f ′ (aρ)|q Z2 (a, b, α, ρ) + |f ′ (bρ)|q Z3 (a, b, α, ρ)
] 1
q (18)

where

Z1 (a, b, α, ρ) =



2
ρ
α
√

1
α+1

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2 2F1

(
2, 1; 2; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
− b−2ρρ 2F1

(
2, 1; 2; 1− aρ

bρ

)
−

2
ρ(α+1)

α
√

1
α+1

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2 2F1

(
2, 1;α+ 2; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
+ 1
ρb
−2

2F1
(
2, 1;α+ 2; 1− aρ

bρ

)

 ,

Z2 (a, b, α, ρ) =



2
ρ ( 1

α+1 )
2
α

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2 2F1

(
2, 1; 3; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
− 1
2ρb
−2ρ

2F1
(
2, 1; 3; 1− aρ

bρ

)
−

2
ρ(α+2) (

1
α+1 )

2
α

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2 2F1

(
2, 1;α+ 3; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
+ α+1
ρ(α+2)b

−2
2F1

(
2, 1;α+ 3; 1− aρ

bρ

)


,

Z3 (a, b, α, ρ) = Z1 (a, b, α, ρ)− Z2 (a, b, α, ρ) ,

with α > 0 and ρ > 0.

Proof. By using Lemma 21, power mean inequality and harmonically convexity of∣∣∣f ′ ∣∣∣q, we have∣∣∣∣f(aρ) + αf(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ )

∣∣∣∣
≤ ρaρbρ (bρ − aρ)

α+ 1

∫ 1

0

|1− (α+ 1) tρα|
(tρbρ + (1− tρ)aρ)2

tρ−1
∣∣∣∣f ′( aρbρ

tρbρ + (1− tρ)aρ

)∣∣∣∣ dt
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≤ ρaρbρ (bρ − aρ)
α+ 1


(∫ 1

0
|1−(α+1)tρα|

(tρbρ+(1−tρ)aρ)2 t
ρ−1
)1− 1

q

×
(∫ 1

0
|1−(α+1)tρα|

(tρbρ+(1−tρ)aρ)2 t
ρ−1

∣∣∣f ′ ( aρbρ

tρbρ+(1−tρ)aρ

)∣∣∣ dt) 1
q



≤ ρaρbρ (bρ − aρ)
α+ 1


(∫ 1

0
|1−(α+1)tρα|

(tρbρ+(1−tρ)aρ)2 t
ρ−1
)1− 1

q

×
(∫ 1

0
|1−(α+1)tρα|

(tρbρ+(1−tρ)aρ)2 t
ρ−1

[
tρ |f (aρ)|q

+ (1− tρ) |f (bρ)|q
]
dt

) 1
q



≤ ρaρbρ (bρ − aρ)
α+ 1


(∫ 1

0
|1−(α+1)tρα|

(tρbρ+(1−tρ)aρ)2 t
ρ−1
)1− 1

q

×
([

|f (aρ)|q
∫ 1
0

|1−(α+1)tρα|
(tρbρ+(1−tρ)aρ)2 t

2ρ−1dt

+ |f (bρ)|q
∫ 1
0

|1−(α+1)tρα|
(tρbρ+(1−tρ)aρ)2 t

ρ−1 (1− tρ) dt

]) 1
q


(19)

Calculating the appearing integrals in (19) we have,

∫ 1

0

|1− (α+ 1) tρα|
(tρbρ + (1− tρ)aρ)2

tρ−1dt =

 ∫ αρ
√

1
α+1

0
1−(α+1)tρα

(tρbρ+(1−tρ)aρ)2 t
ρ−1dt

+
∫ 1
αρ
√

1
α+1

(α+1)tρα−1
(tρbρ+(1−tρ)aρ)2 t

ρ−1dt


=

∫ αρ
√

1
α+1

0

tρ−1

(tρbρ + (1− tρ)aρ)2
dt−

∫ 1

αρ
√

1
α+1

tρ−1

(tρbρ + (1− tρ)aρ)2
dt

− (α+ 1)

 ∫ αρ
√

1
α+1

0
tρα

(tρbρ+(1−tρ)aρ)2 t
ρ−1dt

−
∫ 1
αρ
√

1
α+1

tρα

(tρbρ+(1−tρ)aρ)2 t
ρ−1dt


= 2

∫ αρ
√

1
α+1

0

tρ−1

(tρbρ + (1− tρ)aρ)2
dt−

∫ 1

0

tρ−1

(tρbρ + (1− tρ)aρ)2
dt

− (α+ 1)

 2
∫ αρ
√

1
α+1

0
tρα

(tρbρ+(1−tρ)aρ)2 t
ρ−1dt

−
∫ 1
0

tρα

(tρbρ+(1−tρ)aρ)2 t
ρ−1dt


=

2

ρ
α

√
1

α+ 1

∫ 1

0

1(
α

√
1

α+1ub
ρ +

(
1− α

√
1

α+1u
)
aρ
)2 du

−1

ρ

∫ 1

0

1

(uρaρ + (1− uρ) bρ)2
du

−

 2
ρ
α

√
1

α+1

∫ 1
0

uα

( α
√

1
α+1ub

ρ+(1− α
√

1
α+1u)aρ)

2 du

− (α+1)ρ

∫ 1
0

(1−u)α
(uρaρ+(1−uρ)bρ)2 du


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=
2

ρ
α

√
1

α+ 1

∫ 1

0

1(
α

√
1

α+1 (1− v) bρ +
(

1− α

√
1

α+1 (1− v)
)
aρ
)2 dv

−1

ρ

∫ 1

0

1

(uρaρ + (1− uρ) bρ)2
du

−

 2
ρ
α

√
1

α+1

∫ 1
0

(1−v)α

( α
√

1
α+1 (1−v)bρ+(1− α

√
1

α+1 (1−v))aρ)
2 dv

− (α+1)ρ

∫ 1
0

(1−u)α
(uρaρ+(1−uρ)bρ)2 du


=

2

ρ
α

√
1

α+ 1

[
α

√
1

α+ 1
(bρ − aρ) + aρ

]−2

×
∫ 1

0

1− v

1− aρ

α

√
1

α+1 (bρ − aρ) + aρ

−2 dv
−b
−2ρ

ρ

∫ 1

0

(
1− u

(
1− aρ

bρ

))−2
du

−


2
ρ
α

√
1

α+1

[
α

√
1

α+1 (bρ − aρ) + aρ
]−2

×
∫ 1
0

(1− v)
α

(
1− v

[
1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

])−2
dv

− (α+1)ρ b−2ρ
∫ 1
0

(1− u)
α (

1− u
(
1− aρ

bρ

))−2
du



=



2
ρ
α

√
1

α+1

[
α

√
1

α+1 (bρ − aρ) + aρ
]−2

×2F1
(

2, 1; 2; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
− b−2ρρ 2F1

(
2, 1; 2; 1− aρ

bρ

)
− 2
ρ(α+1)

α

√
1

α+1

[
α

√
1

α+1 (bρ − aρ) + aρ
]−2

×2F1
(

2, 1;α+ 2; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
+ 1
ρb
−2ρ

2F1
(
2, 1;α+ 2; 1− aρ

bρ

)


= Z1 (a, b, α, ρ) , (20)

and ∫ 1

0

|1− (α+ 1) tρα|
(tρbρ + (1− tρ)aρ)2

t2ρ−1dt =

 ∫ αρ
√

1
α+1

0
1−(α+1)tρα

(tρbρ+(1−tρ)aρ)2 t
2ρ−1dt

+
∫ 1
αρ
√

1
α+1

(α+1)tρα−1
(tρbρ+(1−tρ)aρ)2 t

2ρ−1dt


=

∫ αρ
√

1
α+1

0

t2ρ−1

(tρbρ + (1− tρ)aρ)2
dt−

∫ 1

αρ
√

1
α+1

t2ρ−1

(tρbρ + (1− tρ)aρ)2
dt
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− (α+ 1)

 ∫ αρ
√

1
α+1

0
tρα

(tρbρ+(1−tρ)aρ)2 t
2ρ−1dt

−
∫ 1
αρ
√

1
α+1

tρα

(tρbρ+(1−tρ)aρ)2 t
2ρ−1dt


= 2

∫ αρ
√

1
α+1

0

t2ρ−1

(tρbρ + (1− tρ)aρ)2
dt

−
∫ 1

0

t2ρ−1

(tρbρ + (1− tρ)aρ)2
dt

− (α+ 1)

 2
∫ αρ
√

1
α+1

0
tρα

(tρbρ+(1−tρ)aρ)2 t
2ρ−1dt

−
∫ 1
0

tρα

(tρbρ+(1−tρ)aρ)2 t
2ρ−1dt


=

2

ρ

(
1

α+ 1

) 2
α
∫ 1

0

u(
α

√
1

α+1ub
ρ +

(
1− α

√
1

α+1u
)
aρ
)2 du

−1

ρ

∫ 1

0

1− u
(uρaρ + (1− uρ) bρ)2

du

−

 2
ρ

(
1

α+1

) 2
α ∫ 1

0
uα+1

( α
√

1
α+1ub

ρ+(1− α
√

1
α+1u)aρ)

2 du

− (α+1)ρ

∫ 1
0

(1−u)α+1
(uρaρ+(1−uρ)bρ)2 du


=

2

ρ

(
1

α+ 1

) 2
α
∫ 1

0

1− v(
α

√
1

α+1 (1− v) bρ +
(

1− α

√
1

α+1 (1− v)
)
aρ
)2 dv

−1

ρ

∫ 1

0

1− u
(uρaρ + (1− uρ) bρ)2

du

−

 2
ρ

(
1

α+1

) 2
α ∫ 1

0
(1−v)α+1

( α
√

1
α+1 (1−v)bρ+(1− α

√
1

α+1 (1−v))aρ)
2 dv

− (α+1)ρ

∫ 1
0

(1−u)α
(uρaρ+(1−uρ)bρ)2 du


=

2

ρ

(
1

α+ 1

) 2
α

[
α

√
1

α+ 1
(bρ − aρ) + aρ

]−2

×
∫ 1

0

1− v

1− aρ

α

√
1

α+1 (bρ − aρ) + aρ

−2 (1− v) dv

−b
−2ρ

ρ

∫ 1

0

(
1− u

(
1− aρ

bρ

))−2
(1− u) du
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−


2
ρ

(
1

α+1

) 2
α
[
α

√
1

α+1 (bρ − aρ) + aρ
]−2

×
∫ 1
0

(1− v)
α+1

(
1− v

[
1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

])−2
dv

− (α+1)ρ b−2ρ
∫ 1
0

(1− u)
α (

1− u
(
1− aρ

bρ

))−2
du



=



2
ρ

(
1

α+1

) 2
α
[
α

√
1

α+1 (bρ − aρ) + aρ
]−2

2F1

(
2, 1; 3; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
− 1
2ρb
−2ρ

2F1
(
2, 1; 3; 1− aρ

bρ

)
− 2
ρ(α+2)

(
1

α+1

) 2
α
[
α

√
1

α+1 (bρ − aρ) + aρ
]−2

×2F1
(

2, 1;α+ 3; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
+ α+1
ρ(α+2)b

−2
2F1

(
2, 1;α+ 3; 1− aρ

bρ

)


= Z2 (a, b, α, ρ) , (21)

and ∫ 1

0

|1− (α+ 1) tρα|
(tρbρ + (1− tρ)aρ)2

tρ−1 (1− tρ) dt =

[ ∫ 1
0

|1−(α+1)tρα|
(tρbρ+(1−tρ)aρ)2 t

ρ−1

−
∫ 1
0

|1−(α+1)tρα|
(tρbρ+(1−tρ)aρ)2 t

2ρ−1

]
Z3 (a, b, α, ρ) = Z1 (a, b, α, ρ)− Z2 (a, b, α, ρ) . (22)

If we use (20)− (22) in (19), we have (18). This completes the proof. �

Remark 26. In Theorem 25,

(1) if one takes ρ→ 1, one has the inequality [20, Theorem 7].
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

[7, 2.6. Theorem].

Theorem 27. Let f : I ⊆ R → R be a differentiable function on I◦, aρ, bρ ∈ I◦
with aρ < bρ. If f ′ ∈ L [aρ, bρ] and |f ′|q is harmonically convex on [aρ, bρ] for q > 1
and 1

q + 1
p = 1, then the following inequality for the left katugampola fractional

integral holds:∣∣∣∣αf(aρ) + f(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ )

∣∣∣∣
≤ ρaρbρ (bρ − aρ)

α+ 1
Z4 (a, b, α, ρ)

1
p(

|f ′ (aρ)|q Z5 (a, b, α, ρ) + |f ′ (bρ)|q Z6 (α, ρ, p)
) 1
q (23)

where

Z4 (α, ρ, p) =
1

αρ
√
α+ 1 (αρp+ 1)

+

(
αρ
√
α+ 1− 1

)αρp+1
αρ
√
α+ 1 (αρp+ 1)

,
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Z5 (a, b, q, ρ) =
b−2qρ

2ρ
2F1

(
2q, 1; 3; 1− aρ

bρ

)
,

Z6 (a, b, q, ρ) ==
b−2qρ

2ρ
2F1

(
2q, 2; 3; 1− aρ

bρ

)
,

with α > 0 and ρ > 0.

Proof. By using Lemma 21, Hölder inequality and harmonically convexity of
∣∣∣f ′ ∣∣∣q,

we have ∣∣∣∣αf(aρ) + f(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
b+

(f ◦ h) ( 1
aρ )

∣∣∣∣
≤ ρaρbρ (bρ − aρ)

α+ 1

∫ 1

0

|1− (α+ 1) tρα|
(tρbρ + (1− tρ)aρ)2

tρ−1
∣∣∣∣f ′( aρbρ

tρbρ + (1− tρ)aρ

)∣∣∣∣ dt
≤ ρaρbρ (bρ − aρ)

α+ 1


(∫ 1

0
|1− (α+ 1) tρα|p

) 1
p

×
(∫ 1

0
tρ−1

(tρbρ+(1−tρ)aρ)2q

∣∣∣f ′ ( aρbρ

tρbρ+(1−tρ)aρ

)∣∣∣q dt) 1
q


≤ ρaρbρ (bρ − aρ)

α+ 1


(∫ 1

0
|1− (α+ 1) tρα|p

) 1
p

×
(∫ 1

0
tρ−1

(tρbρ+(1−tρ)aρ)2q [tρ |f (aρ)|q + (1− tρ) |f (bρ)|q] dt
) 1
q


≤ ρaρbρ (bρ − aρ)

α+ 1

(∫ 1

0

|1− (α+ 1) tρα|p
) 1
p

×
([

|f (aρ)|q
∫ 1
0

t2ρ−1

(tρbρ+(1−tρ)aρ)2q dt

+ |f (bρ)|q
∫ 1
0

tρ−1

(tρbρ+(1−tρ)aρ)2q (1− tρ) dt

]) 1
q

(24)

Calculating the appearing integrals in (20), we have∫ 1

0

t2ρ−1

(tρbρ + (1− tρ)aρ)2
dt = b−2qρ

∫ 1

0

t

(
1− t

(
1− aρ

bρ

))−2q
dt

=
b−2qρ

2ρ
2F1

(
2q, 1; 3; 1− aρ

bρ

)
= Z5 (a, b, q, ρ) (25)

and∫ 1

0

tρ−1

(tρbρ + (1− tρ)aρ)2q
(1− tρ) dt = b−2qρ

∫ 1

0

(1− t)
(

1− t
(

1− aρ

bρ

))−2q
dt

=
b−2qρ

2ρ
2F1

(
2q, 2; 3; 1− aρ

bρ

)
= Z6 (a, b, q, ρ) , (26)
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and if we use the Lemma 9 for the following integrals, we have

∫ 1

0

|1− (α+ 1) tρα|p dt =

∫ αρ
√

1
α+1

0

(1− (α+ 1) tρα)
p
dt+

∫ 1

αρ
√

1
α+1

((α+ 1) tρα − 1)
p
dt

≤
∫ αρ
√

1
α+1

0

(
1− αρ

√
α+ 1t

)αρp
dt+

∫ 1

α
√

1
α+1

(
αρ
√
α+ 1t− 1

)αρp
dt

=

(
1− αρ

√
α+ 1t

)αρp+1
− αρ
√
α+ 1 (αρp+ 1)

∣∣∣∣∣
αρ
√

1
α+1

0

+

(
αρ
√
α+ 1t− 1

)αρp+1
αρ
√
α+ 1 (αρp+ 1)

∣∣∣∣∣
1

αρ
√

1
α+1

=
1

αρ
√
α+ 1 (αρp+ 1)

+

(
αρ
√
α+ 1− 1

)αρp+1
αρ
√
α+ 1 (αρp+ 1)

= Z4 (α, ρ, p) . (27)
If we use (25)− (27) in (24), we have (23). This completes the proof. �

Remark 28. In Theorem 27,
(1) if one takes ρ→ 1, one has the inequality [20, Theorem 8].
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

[7, 2.7. Theorem].

Theorem 29. Let f : I ⊆ R → R be a differentiable function on I◦, aρ, bρ ∈ I◦
with aρ < bρ. If f ′ ∈ L [aρ, bρ] and |f ′|q is harmonically convex on [aρ, bρ] for q ≥ 1,
then the following inequality for the right katugampola fractional integral holds:∣∣∣∣f(aρ) + αf(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
a−

(f ◦ h) ( 1bρ )

∣∣∣∣
≤ ρaρbρ (bρ − aρ)

α+ 1
Z7 (a, b, α, ρ)

1− 1
q(

|f ′ (aρ)|q Z8 (a, b, α, ρ) + |f ′ (bρ)|q Z9 (a, b, α, ρ)
) 1
q (28)

where

Z7 (a, b, α, ρ) =



2
ρ
α
√

1
α+1

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2

×2F1
(

2, 1; 2; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
− b−2ρρ 2F1

(
2, 1; 2; 1− aρ

bρ

)
−

2
ρ(α+1)

α
√

1
α+1

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2

×2F1
(

2, α+ 1;α+ 2; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
+ 1
ρb
−2

2F1
(
2, α+ 1;α+ 2; 1− aρ

bρ

)


,
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Z8 (a, b, α, ρ) =



2
ρ ( 1

α+1 )
2
α

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2

×2F1
(

2, 2; 3; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
− 1
2ρb
−2ρ

2F1
(
2, 2; 3; 1− aρ

bρ

)
−

2
ρ(α+2) (

1
α+1 )

2
α

[ α
√

1
α+1 (b

ρ−aρ)+aρ]
2

×2F1
(

2, α+ 2;α+ 3; 1− aρ

α
√

1
α+1 (b

ρ−aρ)+aρ

)
+ α+1
ρ(α+2)b

−2
2F1

(
2, α+ 2;α+ 3; 1− aρ

bρ

)


,

Z9 (a, b, α, ρ) = Z7 (a, b, α, ρ)− Z8 (a, b, α, ρ) ,

with α > 0 and ρ > 0.

Proof. Similarly the proof of the Theorem 25, by using Lemma 23, power mean

inequality and harmonically convexity of
∣∣∣f ′ ∣∣∣q, we have (28). �

Remark 30. In Theorem 29,

(1) if one takes ρ→ 1, one has the inequality [20, Theorem 9].
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

[7, 2.6. Theorem].

Theorem 31. Let f : I ⊆ R → R be a differentiable function on I◦, aρ, bρ ∈ I◦
with aρ < bρ. If f ′ ∈ L [aρ, bρ] and |f ′|q is harmonically convex on [aρ, bρ] for q > 1
and 1

q + 1
p = 1, then the following inequality for the right katugampola fractional

integral holds:∣∣∣∣f(aρ) + αf(bρ)

α+ 1
− ρα

(
aρbρ

bρ − aρ

)α
Γ (α+ 1)

ρIα1
a−

(f ◦ h) ( 1bρ )

∣∣∣∣
≤ ρaρbρ (bρ − aρ)

α+ 1
Z4 (a, b, α, ρ)

1
p(

|f ′ (aρ)|q Z5 (a, b, α, ρ) + |f ′ (bρ)|q Z6 (α, ρ, p)
) 1
q (29)

where Z4 (α, ρ, p), Z5 (a, b, q, ρ), Z6 (a, b, q, ρ) are same as in Theorem 27 and α > 0,
ρ > 0.

Proof. Similarly the proof of the Theorem 27, by using Lemma 23, Hölder inequality

and harmonically convexity of
∣∣∣f ′ ∣∣∣q, we have (29). �

Remark 32. In Theorem 31,

(1) if one takes ρ→ 1, one has the inequality [20, Theorem 10].
(2) if one takes ρ→ 1, and after that if one takes α = 1, one has the inequality

[7, 2.7. Theorem].
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References

[1] Abbas, G. and Farid, G., Hadamard and Fejer-Hadamard type inequalities for harmonically
convex functions via generalized fractional integrals, J. Anal., 25(1) (2017), 107-119.

[2] Abbas, G., Farid, G., Khan, K. A. and Rehman, A. U., Generalized fractional integrals
inequalities for harmonically convex function, J. Anal., 8(4) (2017), 1-16.

[3] Awan, M. U., Noor, M. A., Mihai, M. V. and Noor, K. I., Inequalities via harmonic convex
functions: Conformable fractional calculus approach, J. Math. Inequal., 12(1) (2018), 143-
153.

[4] Chen, H. and Katugampola, U. N., Hermite-Hadamard and Hermite-Hadamard-Fejér type
inequalities for generalized fractional integrals. J. Math. Anal. Appl., 446, (2017) 1274—1291.

[5] Chen, F. and Wu, S., Fejer and Hermite-Hadamard type inequalities for harmonically convex
functions, J. Appl. Math., Article ID:386806 (2014), 1-6.

[6] Dragomir, S. S., Inequalities of Hermite-Hadamard type for HA-convex functions, Moroccan
J. P. Appl. Anal., 3(1) (2017), 83-101.

[7] İşcan, İ., Hermite-Hadamard type inequalities for harmonically convex functions, Hacettepe
J. Math. Statist., 46(6) (2014), 935-942.
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