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IMPROVED HERMITE HADAMARD TYPE INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS VIA KATUGAMPOLA
FRACTIONAL INTEGRALS

ZEYNEP SANLI, TUNCAY KOROGLU, AND MEHMET KUNT

ABSTRACT. In this paper, we prove three new Katugampola fractional Hermite-
Hadamard type inequalities for harmonically convex functions by using the left
and the right fractional integrals independently. One of our Katugampola frac-
tional Hermite-Hadamard type inequalities is better than given in [I7]. Also,
we give two new Katugampola fractional identities for differentiable functions.
By using these identities, we obtain some new trapezoidal type inequalities
for harmonically convex functions. Our results generalize many results from
earlier papers.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The inequality

P(55) < 5 [ e < IO (1)

b—a 2

is well known in the literature as Hermite-Hadamard’s inequality. There are so
many generalizations and extensions of inequalities for various classes of func-
tions. One of this classes of functions is harmonically convex functions defined by
Iscan.

In [7], Iscan gave the definition of harmonically convex functions as follows:

Definition 1. [7] Let I C R\ {0} be a real interval. A function f:I — R is said
to be harmonically convex, if
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for all x,y € I and t € [0,1]. If the inequality in is reversed, then f is said to
be harmonically concave.

For some similar studies with this work about harmonically convex functions,
readers can see [T, [2], 3], 5] 6] [7, [8, [, 13} 14, 15, [16, 17, 20] and references therein.

In [7], Iscan gave Hermite-Hadamard type inequalities for harmonically convex
functions as follows:

Theorem 2. [7] Let f : I C R\ {0} — R be a harmonically convexr function and
a,b €I with a <b. If f € L[a,b], then the followmg inequalities hold:

f(fﬂ) b_a/ 1), SO H10) 5

Following definitions of the left and right side Riemann-Liouville fractional inte-
grals are well known in the literature.

Definition 3. Leta,b € R witha < b and f € L[a,b]. The left and right Riemann-
Liouville fractional integrals J3, f and J§* f of order o > 0 are defined by

I f@) = gy [ o= 07 0 2> a

and
I ) = s [ e 0, <
YT T ) Y
respectively, where T'(a) is the Gamma function defined by T'(« f e~ 't 1dt (see
[12, page 69]).

In [9], iscan and Wu presented Hermite-Hadamard type inequalities for harmon-
ically convex functions in fractional integral forms as follows:

Theorem 4. Let f : I C (0,00) — R be a function such that f € L][a,b], where
a,b € T with a < b. If f is a harmonically convex function on [a,b], then the
following inequalities for fractional integrals hold:

f(f?b) g r(a2+1) (ba_ba>a
f(a);f(b)

T2 (o h) (1/0)
%, (f o k) (1/a)

<

(4)
with o > 0 and h(z) = 1/x.

In [20], Sanh et al. proved the following three Riemann-Liouville fractional
Hermite-Hadamard type inequalities for harmonically convex functions by using
the left and the right fractional integrals seperately as follows:
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Theorem 5. Let f : I C (0,00) — R be a harmonically convex function and
a,b € I with a < b. If f € LJa,b], then the following inequality for the left
Riemann-Liowville fractional integral holds:

(a+1)adb ab \“ fla) +af(b)
f(aa—l—b>gr(a+1)<b—a> LN <TETY ©

where h(z) = 1 and a > 0.

Theorem 6. Let f : I C (0,00) — R be a harmonically convex function and
a,b € I with a < b. If f € Lla,b], then the following inequality for the right
Riemann-Liouville fractional integral holds:

(a+1)ab ab \* 1 af(a) + f(b)
f(m><F(a+l)(b_a) J%*(th)(a)Sai—H (6)

where h(z) = 1 and o > 0.

Theorem 7. Let f : I C (0,00) — R be a harmonically convex function and a,b € T
with a < b. If f € LJa,b], then the following inequality for the Riemann-Liouville
fractional integral holds:

7l + 7 () B I‘(a+1)< ab >“
2 = 2 b

JE_(foh)(2)
+I3, (Foh)(})

(7)

IN

where h (z) = 1 and o > 0.

The following definitions of Katugampola fractional integrals could be found in
[4, 11].

Definition 8. Let [a,b] C R be a finite interval. Then the left and right-side
Katugampola fractional integrals of order a > 0 of f € XP(a,b) are defined by

11— x —1
o1, fla) =L / : LT

T'(a) TP — tP)

and

N B plfa b tp—1
1@ = by | G O

with a < x < b and p > 0, respectively.

(See [10], for the definition of the set X?(a,b))
It is easily seen that if one takes p — 1 in the Definition[§] one has the Definition
Bl
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Lemma 9. For0<a <1 and0<a < b we have
a® =% < (b—a)”
(see [18]).
In [I7, Theorem 2.1], Mumcu et al. presented Hermite-Hadamard type inequal-

ities for harmoncally convex functions in Katugampola fractional integral forms as
follows:

Theorem 10. Let « > 0 and p > 0. Let f : I C (0,00) — R be a function such
that f € XP(a”,b), where a?,b” € T with a < b. If f is a harmonically convex
function on [a,b], then the following inequalities hold:

f ( 2aPbP ) < p°T (a+1) ( aPbP >a
af + bP 2 b — ar
fa?) + f(b°)
- 2
where h(x) = 1/z.

I (foh) ()
+ 18, (Foh) (3)

For the Theorem [I0], the correct inequality should be expressed as follows:

22707\ _ pT(a+l) (et \"| PIE (foh)(3)
! <aﬂ+bﬂ> = 2 <bpaﬂ) + P18, (foh) (57)
CORSICON

2
In , if one takes p — 1, one obtaines the inequality in the Theorem
Because of the wide application of Hermite-Hadamard type inequalities and frac-
tional integrals, researchers extend their studies to Hermite-Hadamard type inequal-
ities involving fractional integrals. The papers [3} 8, 9] 13} [14] [I5] [I7), 20] are based
on Hermite-Hadamard type inequalities involving several fractional integrals.

<

(8)

Definition 11. [I9, page 12] A function f defined on I has a support at xg € I if
there exists an affine functions A (x) = f (xo) +m (z — xo) such that A (z) < f ()
for all x € I. The graph of the support function A is called a line of support for f
at xq.

Theorem 12. [I9 page 12] f : (a,b) — R is a convex function if and only if there
is at least one line of support for f at each xy € (a,b).

Remark 13. [6] Let [a,b] C I C (0,00), if the function g : [§,1] — R defined

b’ a
glx)=1f (%), then f is harmonically convez on [a,b] if and only if g is convex on

In literature, there are so many studies for Hermite-Hadamard type inequalities
by using the left and right fractional integrals (such as Riemann-Liouville fractional
integrals, Hadamard fractional integrals, Katugampola fractional integrals etc.). In
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all of them, the left and right fractional integrals are used together. As much as
we know, the studies [20] are the first two works by using only the right fractional
integrals or the left fractional integrals.

In this paper, our aim is to obtain new Katugampola fractional Hermite-Hadamard
type inequalities by using only the right or the left fractional integrals separately
for harmonically convex functions.

2. KATUGAMPOLA FRACTIONAL HERMITE HADAMARD TYPE INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS

Theorem 14. Let f : I C (0,00) — R be a function such that f € XP(a”,b"),
where a? b? € I with a < b. If f is a harmonically convex function on [a”,b?] ,
then the following inequality for the left katugampola fractional integral holds:

(e < (52) FTladD ML Uen 6
fla) + af(®)
- a+1

where o >0, p >0 and h(z) = 1

9)

Proof. Let o > 0. Since f is harmonically convex on [a”, b?], then by using Remark
the function g (z) = f (%) is convex on [b%, aip] Hence using Theorem there
is at least one line of support

A(x)zg(m)m(x—m)g(x) (10)

for all z € [, %] and m € [g/_ ((Sf:mpbp) v ((ﬁi%ﬁ‘;p)} From and
harmonically convexity of f, we have

bt 1 o 1) aPb? #a? (1)
NERTEIN f(@v+>ab)+m< o

arbe aaf +bP ~la+1)artr

_ tar+ (1Lt _ arbP
=9 arbp U \tPar 4+ (1 —tP)br

< PFE)+ (A —1) f(a) (11)

for all ¢ € [0, 1]. Multiplying all sides of with t*?~! and integrating over [0, 1]
respect to t, we have

1 opP PP _ PP p 0
/t“p_l f (a+1)aPb m tPaf + (1 —tP)b _ad’+b it
0 aaf + bP albP (a+1)arbr

1) aPb? 1 Ljap—1t0aP+(1—t) o,
— f (W> / tap_ldt—I—m aPbp
aaf + bP 0

aa’+b” 1 ap—1
— et Jo t0TNdt
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B if (a+1)a”b? ac® +b7  aa” + b
ap aaf + bP pa(a+1)arb? pa(a+1)arbe

B 1f<(a+1)apb”)

Cap aaf + bP

1 PHP
g/ ter=1f a’b dt
0 trar + (1 — tP)bP
1
Ppe \Y [ tP—1 1
- <bpa - ) J e
t (e —1”)

:< albr )apalr(a) 019, (foh) ()

bp — aP

1 1
< f(bp)/ taP*1+Pdt+f(aﬂ)/ R e
0 0

B if(ap) + af (b°)
ap a+1 '
It means that

(e < (G2 srarn I en @)

aaf + be b — ar
f(a?) + af (i)
a+1 ’
This completes the proof. O

Remark 15. In Theorem[I]}

(1) if one takes p — 1, one has the inequality (6).
(2) if one takes p — 1, and after that if one takes o = 1, one has the inequality

(3)-

Theorem 16. Let f : I C (0,00) — R be a function such that f € XP(a”,b"),
where a”,b° € T with a < b. If f is a harmonically convex function on [a”,b?] ,
then the following inequality for the right katugampola fractional integral holds:

p(RLe) < () srern 1 (Ton )

af + abr b — ar
b
o i) )

where a >0, p> 0 and h(z) = 1.

Proof. Let o > 0. Since f is harmonically convex on [a”, b?], then by using Remark
the function g (z) = f (%) is convex on [b%, aip] Hence using Theorem there
is at least one line of support

A(x):g(m>+m(x—M)§g(w) (13)
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for all # € [, 5] and m € [g’, ((;’ix‘ﬁ,ﬂbJ 9 ((Siir)o;l,’,zp)} From and
harmonically convexity of f, we have

tPbP+(1—tP)aP
e = ) s ey
arlbr af + abr ~ ot D)arbr

o, (tyEa-wey b’
=9 arbp O\t + (1 —tP)ar

t7f (a”) + (1 =#7) f (V") (14)
for all ¢ € [0,1]. Multiplying all sides of with t*?~1 and integrating over [0, 1]
respect to t, we have

IN

/ Lot [ (Lt Dab ey (e kot \]
0 a? + abr arbp (a+1)arbr
a+ 1) aPb? L L pap—1t76P+(1—t")a” 4,
= f (m) / +oP ldt—l—m 2P bad® i
ar + ab 0 (oz+1 )arbr fO t dt

pbp
1 (a+1)a’b” a? + ab? a? + ab?
_ 7f +m

ap af + abr pa a+ 1) arbr o (a+1)arbe
1 f (a+1) apbp
B ap T

< / gorty arer dt
= Jo tbe + (1 — t7)a?

ab \O [
_(bp—ap> /1 Wﬂfp)dt

B bP

:( art? >“pa—1r<a) PIY_(foh) ()

bp — qP

1 1
< f(ap)/ taP*HPdtJrf(bf’)/ R e
0 0

1 af(@)+ f ()
ap a+1 '

It means that

f<(a+1>apbp> < ( albr )apoT(oH—l) oIS (foh)(z)

af + abP be — ar
af(a”) + f(b°)
a+1 '
This completes the proof. ([l

Remark 17. In Theorem[16,
(1) If one takes p — 1, one has the inequality ,
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(2) If one takes p — 1, and after that if one takes @ = 1, one has the inequality
(3)-

Theorem 18. Let f : I C (0,00) — R be a function such that f € X?(a”,b"),
where a?,b? € T with a < b. If f is a harmonically convex function on [a”,b?] ,
then the following inequality for katugampola fractional integrals hold:

7 (St ) + 1 ()
2
()" por (@ + 1)
fla?) + f (ip)
- 2

[ 219, (Fom) () + "IE_(Foh) () |

(15)

where a >0, p >0 and h(z) =+

x

Proof. Adding the inequalities @ and side by side, then multiplying the re-
sulting inequalities by %, we have the inequalities ([15)). O

Remark 19. In Theorem [1§;

(1) 4f one takes p — 1, one has the inequality .
(2) if one takes p — 1, and after that if one takes a« = 1, one has the inequality
(3)-

Corollary 20. The left hand side of is better than the left hand side of .

Proof. Since f is harmonically convex on [a?, ], it is clear from

2a”b? 1 1
f<@p+bp> :f<ap+bp> =/ | G

2arbP 2arbP (a+1)

a’b? (a+1) a”b” (a+1)
_ f 1 _ f aP+abP aaP+bP

- af+abP + aaP +bP - arbf (a+1) 1 arbr(a+1) 1
2aPbP (a+1) 2aPbP (a+1) aaP+br 2 aP+abP 2

(a+1)a”b” (a+1)a’b”

f( aP+abP +f aaf+bP

< .
2
(|
3. LEMMAS

In this section we will prove two new identities used in forward results.
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Lemma 21. Let f: I CR — R be a differentiable function on I°, a?, b’ € I° with
a < b. If the fractional integrals exist and f' € L[a”,bP], then the following equality
for the left katugampola fractional integral holds:

af(a?) + f(b°) o _a’b” \® o (Foh) (L

_ palb? (bP — aP) /1 (I-(a+DtF) 1, alb? i (16)
- a+l o (tPbr + (1 —tP)ar)? tPb? + (1 —tP)ar

where ae > 0 and p > 0.

Proof. Tt could be prove directly by applying the partial integration to the right
hand side of the equation as follows:

pafb? (b —af) [t (1 — (a+1)tre) ab
/0 (tebe + (1 — tP)ar)? " (t”b” +(1 —t”)ap> “

a+1
1 p—1 aPbP
_ palb” (b —a”) Jo (thP+t1 wyary ] (t/’b/’-i-(l t/’)af’> dt
- 1 por _ aPbP
a+tl —(a+1) [y mrra—a 1f’(m)df
f ( a’b” ) 1 1
Tbr+(1—tP)aP | parbe(ar—bP)
_ pafb’ (b —aP) o : L O
= 404_"_ 1 _ (at1) 2 f (t/’bﬂ+ 1— tP)aP) aPbP (aP —bP) 0
P tap—1 aPbP
—ap fo aﬂb/’(a/’ bﬁ)f (t/’bf’-i-(l—tﬂ)af’ dt
= () - F@) + (@)
a+1

oogerd arb’ J
- ¢
ap/o arbr (af — bﬂ)f (tﬂbﬂ +(1— tp)aﬂ>

WQ,)( afbP )a/i Lf(i)dt

a+1 be — aP (a;p_tp)l—a tP

af @)+ 1) o[ ot \ .
=T ar1 (bp—a/’) I'(a+1) PI%Jr(f h) (%) .

This completes the proof. O

e

Remark 22. In Lemma

1f one takes p — 1, one has the tnequality , Lemma 3.

1) 4 kes p — 1 has the i lity [20), L 3

(2) if one takes p — 1, and after that if one takes a« = 1, one has the inequality
[7, 2.5. Lemma].
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Lemma 23. Let f : I C R — R be a differentiable function on I1°, a”,b" € I°
with a? < bP. If the fractional integrals exist and f' € L[a”,bP], then the following
equality for the right katugampola fractional integral holds:

Jar) +af®r) o att \" RN
a+1 B (bp_ap) F(O{+1) pI%—(f h)(bp)
paPb? (bP — af)
a+l
1 a
la+1)A=t")"=1] , 1, arbP
8 /o (tPbe + (1 — tp)ap)2 s (tpbp +(1— tp)ap> dt (17)
where o > 0 and p > 0.

Proof. It could be prove directly by applying the partial integration to the right
hand side of the equation as follows:

pafb? (b —a”) [P [(a+1)(1—t")*—=1] ., afbP
a+1 /0 (tPbe + (1 — tP)ar)? v (tﬂbﬂ +(1- tﬂ)aﬂ) dt

1 1—tP)™ — aPbP
_parbr (¥ —ar) | (@ 1) fo Tt (m> dt

=1 4
atl T (Pbr(1—tP)ar)? f (tf’bp+a(17tﬁ)aﬂ> dt

1

tapf ( a’b? ) 1
(a+1) Tar+(1—tr)br ) arbr(br—ar)
_ pafb’ (b —aP) P

a+1

0

1 tep—1 aPbP
_apfo apbp(bpfap)f tPaP+(1—tP)bP dt
1

. f a’b’ 1
tPbP+(1—tP)a” | parbr(aP—br) 0

tap—l

, 1 albP
= 100 | ! (tpbp+(”p)ap) «
L (f (@)~ (7))

a+1
a?) + af(b” a’b? \ [@ tp—1 1
_ @) afen) / Ly
a+1 bP — aP 1 (tp—l) tr
br
f(ap) + O(f(bp) a’b? “ pro 1
=4 7 I 7 pe F 1 Il o h br .
P p oo — ar (a+1) a—(f )(b)
This completes the proof. O

Remark 24. In Lemma[23,

1f one takes p — 1, one has the tnequality , Lemma 2|.

1) 4 kes p — 1 has the i lity [20) L 2

(2) if one takes p — 1, and after that if one takes « = 1, one has the inequality
[7, 2.5. Lemma].
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4. SOME NEW CONFORMABLE FRACTIONAL TRAPEZOID TYPE INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS

In this section, we will prove some new conformable fractional trapezoid type
inequalities for harmonically convex functions by using Lemma [21] and Lemma

Theorem 25. Let f : I C R — R be a differentiable function on I°, a”,b? € I°
with a < b. If f' € L{a?,b?] and |f'|? is harmonically convex on [a”,b’] for ¢ > 1,
then the following inequality for the left katugampola fractional integral holds:

I IO o () Thak ) 13, (o0 ()

a+1 bP — ar
partl (b = a”) ap)Z (a,b,« )1_5
~ a+1 1 0, Q5 P
1
“f/ (ap)|q Z2 (a‘v ba a?f)) + ‘f/ (bp)|q Zd (a” b,oz,p)] ¢ (18)
where
B 2 of 1 -
o Vi F(2,1:2:1—
(/@ 0r—ar) ] 27 ( \/c:(”p ar +a”>
b—=r . 9.
Zl(a,b,O&,P): ( 121 )

EGEEVAY s oF1 (2, ;a+2;1—

J— ap
(30— ww} gflw_awp)
+pb 250 (2, a+2;1— &)

2(_1 )2
[a/ ffl((;fizp) z 251 (2’ 1;3;1-
7 (a,b,01, p) = 2%

2 1
. p(u+2)(a+1) (21 1 — a’
[a T+1(bp w)ta p}'z 21 ( , a4+ 3; /a+1(bp ar)+ar
I FoEEyb T o P (2, a4 31 - )

Z3 (CL, ba «, p) = Zl (a7 bv «, p) - ZQ (CL, ba «, p) 5

with o > 0 and p > 0.

af
;b oF (2,133,122

Proof. By using Lemma power mean inequality and harmonically convexity of

f |, we have

fa”ﬂ“af(bp)_p% aPbP )ar(a+1) P13, (Foh) () ‘

a+1 b — ar
, a’b?
dt
" (wwst=mm)

_ patt’ (b — a”) /1 L= (et
a at+l o (tebe + (1 —tP)ar)?
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+1)t°%] -3
< PV (P = af) (o wrtae ) 1
a+1 1 |1—(at1)tr _ abP a
X (fo mt’) f (m)‘@
[ (at1)tP° | 1 a
vww|  GiesEmney
a+1 oy | SRV R O AL
I 0 (trbr+(1—tr)ar)? + (1 —tP)|f (b°)]?

(f [1—(at1)t"%| tpfl)k%
0 (tPbp+(1—tP)ar)?

[1—(a+1)t?™| ,2p-1 i
f ‘ fo (tPbP+(1— tp)ap)Zt Pdt ])

1 1)t?
IO fy ittt (L= dt

< pafb? (bP — a”)
a+1 % (

Calculating the appearing integrals in we have,

(19)

o —(a+1)tP~ —

/1 1-(a+1)t P lqt = fo tﬂb0+((1+ t)P)aP)2 tr
2 a+1)tP -1 -

o (t°b + (1~ tr)ar) f R/ a1 (tﬁgzp+ i tP)ar)? b~ dt

[eY

aTT tr—1 1 tp—1
= / Sdt —/ 5 dt
0 (trbP + (1 — tp)ap) o/ I (trbP + (1 — tP)ar)

tPe —1
fO (tpbp+(1 tP)ar) 2tp dt
tPe

—(a+1) )
f R/ o (trbr+(1— tf’)af’)2 dt

[eY

at1 tp—1 1 tp—1
:2/ 2cht—/ sdt
0 (tPbP + (1 —tP)ar) o (tPbP + (1 —tr)ar)

o 1
at1 P -1
200 " eyt

1 tPe -1
~Jo wrrammer A

\/;/ : 1 u) a,,)Qdu

—(a+1)

1 1
—f/ sdu
PJo (urar + (1 —uP)br)

2 (X
P \/ oHrl fO u + b/’+ \/gu)a/’fdu

a+1 1—u
- fo upap(Jr(1 )up)bP)Qdu
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1
d
A e
a+1 1 —u)br+ ( a1 v)) ap)
1 1
_,/ sdu
PJo (uraf + (1 —wuP)br)
2 4 (1—v)® d
p¢Z:k J‘hvwﬂPJvaﬁﬂv
fo uPaP+(1 up)bﬂ)2 du
-2
_ 24 1 ai(b”—a”)—&—ap
- a+1 a+1
1 aP -~
X / 1—v|1- dv
0 Vi (b2 —a?) + ar
—2p 1 P\ 2
_b 1—wull-— @© du
P Jo be
-2
2 o/ 1 af _1
2 T-H{ Q—_H(b”fa”)+ap}
-2
_ «a a”
Xfo (1-v) 1_1}|:1_ a5t (bo— aP)+aP:|> dv
at1) 1 o —2
e (11— ) du
- -2 b
%a = [f/ﬁ(b”—a”)—i—a”]
XZFl (27 1a 2a 1- \/;(bﬂ aﬁ)+aﬂ>
b2
_ ) 2F1(2,172177) s
2 o/ 1 |a
~ ey {atr [§a 0 - o) )
X9 F 2,1;0[+2;1\/W)
L +%b_2p oI (2,1;a+2,1—b7) i
= Zl (avbuavp) ’
and
L " 1—(at1)tP> -
/ 11— (a+1)t |2t2,,_1dt: NG WMW tdt
o (tPbr + (1 —tr)ar) + /. /I mﬁﬁp*ldt

2

) T 1201 1 $20—1
0 (170 + (1 — t7)ar) o/ (t7b7 + (1 — t2)ar)
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VR ey
—(a+1) . (tf’bﬂ+(1t;y)ap)"’

2p—1

= e e L
“ o

dt

_ 2/ afl i
0 (tPbr + (1 —tr)ar)

1 t2p 1
N 9
o (tebe + (1 — te)ar)

X/ a1 P 2p—1
C(as1) | 2D @ ment |t
; - 1201t

—Jo (rbrr(1—tr)ar)?

2 1 U

2 1
- ﬂ<a+1) J (/e + (1- ¢/ 7u) o)

1/1 1—u
—— sdu
P Jo (uPaP + (1 —wur)br)

uoc+1

2
() 0 (/b (- /o)

(41 (1—w)**!
p fO (uPaP+(1—ur)br)? du

=du

2 1\ ! 1—wv
P<O¢+1> /o (a1(1_v)bp+(1—\/;(1—v)>a”>2dv

a+1

1 /1 1—u
—— sdu
PJo (wPaP + (1 —uP)br)

2 (1 U)a+1 d
(o) ot v
a+ u
fo (uPar+(1— uﬂ)bﬂ)Qdu
_o2(L)¢
 pl\la+l
1 P
x/ 1-w |1 a
0 a/%ﬂ(bﬂ—a/))-yaﬂ
p—20 1 P\ 2
- / (1—u<1—a)> (1 —wu)du
p Jo b?

2
1

o b — P p

a+1< a’) +a

-2

(1 —-v)dv
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() [ e ve]”

2
— 1 +1 af
Xfo (1—1})a <1_U|:1_‘</Wl> dv
a+1)7— 1 [e% af -
—7(;)6 2pfo(lfu) (1fu( —b—p)) du

et) [y -]

o F (2 1;3;1 — \/:l(bp GP)W)
—%HP oF (2,131 - %)

2 2
_p(a2+2) (%4'1) [\a/ a1 (07 —a?) +a”

XoF 2,1;cv+3;17—/;(bpap)Jrap
+o2b72 o (2, e+ 31— %)

pa+2)
- Z2 (aabaa7p) ) (21)

and

f —(a+DtPY] p—1
0 (thPJr(l tP)aP?

_ (et ] e
0 (tPbp4+(1—tP)ar)?

Z3 (a,b,a,p) = Z1 (a, b, 0, p) — Z2 (a, b, «, p) . (22)
If we use — in , we have . This completes the proof. ([l

Remark 26. In Theorem[25,

(1) if one takes p — 1, one has the inequality [20, Theorem 7].
(2) if one takes p — 1, and after that if one takes o = 1, one has the inequality
[7, 2.6. Theorem].

Theorem 27. Let f : I C R — R be a differentiable function on I°, a”,b" € I°
with a? < bP. If f' € L[a?,b°] and |f’|? is harmonically convex on [a”,bP] for g > 1
and % + % = 1, then the following inequality for the left katugampola fractional
integral holds:

af @)+ f(b) [ a?b \° o (fom (L
T at1F (bp_ap> (1) "3, (foh) (G5

/1 L
o (

b + (1 — tP)ar)?

pafb? (bP — af)
- a+1

(1" ()" Z5 (a, b, 00, p) + | f" (0)[* Z6 (v, p, p))

=

Z4 (a’7b?aﬂp)

Q=

(23)
where .

1 N ( e+ 1 F1-— 1)Oépp+
Wat1(app+1)  Xat+I(ap+1)’

Z4 (Oé, P7p> =
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b—2ar i
Z5 (aabaqap) = 2p 2F1 (2(]717371_1,7) )
b—2ar B
Zs (a,b,q,p) == 2F1 (2¢,2;3;1 - %)

with o > 0 and p > 0.

/4
Proof. By using Lemma Holder inequality and harmonically convexity of ) f
we have

i

a+1 bp — aP

af(ap)ﬂ”(b”)pa( art? >ar(a+1) 1T, (foh)(35) ‘

< pafb? (bP — aP) /1 1—(a+D)tre] r aPbP it
a a+tl o (tebe 4 (1 —tP)ar)? tPbe + (1 — tP)ar
1 pa|P %
_ pa (¥ — ) (Jy 11 = (@t 1yerep?)
- a+1 tp—1 aPbP q %
X (fO (tpbp+(1_tp)ap)2q .f/ (thP+(1—tF‘)aP) dt)
1
1 ) ?
_ paPbP (b° — ar) (fo 1 —(a+1)t° |p>
a+1

% (Jo ooty [ 1 (@) + (L= 10) |f (00)]) )"

PHP (bP — aP)
parh il - (/ = a+1tpa|”>
«

y If ()| [y Wdt !
) dt

(24)
+ ‘f | f() tpbp+(1 tP)ar)2d (
Calculating the appearing integrals in , we have
1 $2r—1 1 af —2q
/ th:b*Q"p/ t(l—t(l—)) dt
o (tPb? + (1 —tP)ar) 0 be
b—2ar »
=, 2F1 (20,1531 — %)
= Z5 (avbvqap) (25)
and
1 tp—1 1 aP\\ ~2¢
/ 5 (1—t”)dt:b_2‘”’/ (1—t)<1—t<1—>) dt
o (tPbr + (1 —tP)ar)™ 0 b?
b—2ar o
= 7 oI (2(],253;1 - b7)

= Z6 (CL,[L(],p) ’ (26)
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and if we use the Lemma [J] for the following integrals, we have

1

: /o
/ \1—(a+1)tm|pdt=/ (1—(a+1)tpa)pdt+/ (a4 1)t — 1P dt
0 0 o %ﬂ

o % 1
< / T (- Warit) T dt+ / (Va+1t—1)""at
0 [o3 1
X

at1
1

(1 a1t (o +1t—1)"""
= WatT(app+1) | Ya+T(app+1)

B 1 N ( o+ 1— l)app+1
C atTl(app+1)  Wa+I(app+1)
=Zs(a,p,p). (27)
If we use — in , we have . This completes the proof. O
Remark 28. In Theorem[27,

(1) if one takes p — 1, one has the inequality [20, Theorem 8].
(2) if one takes p — 1, and after that if one takes o = 1, one has the inequality
[7, 2.7. Theorem].

(e 1

a-+1

Theorem 29. Let f : I C R — R be a differentiable function on I°, a?,b? € I°
with a? < b, If f' € La”,b°] and |f'|? is harmonically convex on [a?,b°] for ¢ > 1,
then the following inequality for the right katugampola fractional integral holds:
f(a”) + af(b°) o a’b? \“* pra ) (L
Q—H_p m F(Oé"’l) %,(fo )(bp)
pa’b? (b? — a”)
a+1

(|f/ (ap)|q Z8 (aa ba O‘?ﬁ) + ‘f/ (bp)|q Z9 (a’a b,()é,p))

Z7 (a‘7 b7 «, p)17%

Qe
—~
[\
oo
N2

where
[V/tr—aryear]

aﬂ
X o Fy (2, 15,21 — W)
oF(2,152;1 — 92)

a

b_2r

Z7 (a7b7a7p) = (2+) %
p(a+1 a
[/ 0 —an)tar]”
xoF) (2,a+1;a+2;1a”)

({/g(bpfap)Jrap
—&—%6_2 oy (2,a +1La+2;1— Z—;)
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- 9 -
2 1 e

F(u+1) .
[ /255 (bp—ar)+ar]
P
XoF1(12,2;3;,1 - —2———
2 1( 3 4y 9y a/ail(bpiap)+ap
_1p-2p . Q. a’
5,02 2 F (2,231 — §7)

ZS (0’7 b7a7p) =

IS

2 (_1_
_ p(a+2) (O<+1)
[/ =)o

X oy 2,a+2;a+3;1—m)

atl - . . a”
er(oj__;,_g)b 2 o Fy (2,a+2,a+3,1,b7)
Zy (a,b, o, p) = Z7 (a,b, 0, p) — Zg (a, b, p) ,

with a > 0 and p > 0.

Proof. Similarly the proof of the Theorem by using Lemma power mean
inequality and harmonically convexity of ‘ f" , we have . ([

Remark 30. In Theorem[29,
(1) if one takes p — 1, one has the inequality [20, Theorem 9.

(2) if one takes p — 1, and after that if one takes o« = 1, one has the inequality
[7, 2.6. Theorem].

Theorem 31. Let f: I CR — R be a differentiable function on I°, a?,bP € I°
with a? < b°. If f' € L[a”,b] and |f’|* is harmonically convex on [a”,bP] for q > 1
and % + % = 1, then the following inequality for the right katugampola fractional
integral holds:

—f(apzjflf(bp) —p" <bpap_b2p>“ T(a+1) “I8_(foh)(z)

paPb? (bP — aPf)
a+1
(If" (@)I* Zs (a,b, v, p) + | f" (V)" Zs (v, p. 1)) (29)

where Zy (o, p,p), Z5 (a,b,q, p), Zs (a,b,q, p) are same as in Theorem and o > 0,
p>0.

Proof. Similarly the proof of the Theorem[27] by using Lemma[23] Holder inequality
q
, we have (129). O

==

Z4 (a7 b7 «, p)

and harmonically convexity of ‘ f

Remark 32. In Theorem[31],

(1) if one takes p — 1, one has the inequality [20, Theorem 10].
(2) if one takes p — 1, and after that if one takes « = 1, one has the inequality
[7, 2.7. Theorem].
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