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SOME CHARACTERIZATIONS FOR SPACELIKE INCLINED
CURVES

M. AYKUT AKGUN AND A.IHSAN SIVRIDAG

ABSTRACT. In this paper by establishing the Frenet frame {7, N, B1, B2} for a
spacelike curve we give some characterizations for the spacelike inclined curves
and Bs-slant helices in R%.

1. INTRODUCTION

In the classical differential geometry inclined curves and slant helices are well
known. A general helix or an iclined curve in E$ defined as a curve whose tangent
lines make a constant angle with a fixed direction called the axis of the helix.
A helix curve is characterized by the fact that the ratio % is constant along the
curve, where k; and k2 denote the first curvature and the second curvature(torsion),
respectively. Analogue to that A. Magden has given a characterization for a curve

x(s) to be a helix in Euclidean 4-space E*. He characterizes a helix iff the function

(663) i (i)

is constant where k1, ko and ks are first, second and third curvatures of Euclidean
curve x(s), respectively and they are not zero anywhere [2]. Similar characteriza-
tions of timelike helices in Minkowski 4-space Ef were given by H. Kocayigit and
M. Onder [6].

S. Yilmaz and M. Turgut presented necessary and sufficient conditions to be
inclined for spacelike and timelike curves in terms of Frenet equations in Minkowski
spacetime E{ [12]. A. T. Ali and R. Lopez studied the generalized timelike helices
in Minkowski 4-space and gave some characterizations for these curves[3].

M. Onder, H. Kocayigit and M. Kazaz gave the differential equations charac-
terizing the spacelike helices and also gave the integral characterizations for these
curves in Ef [7].
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Izumiya and Takeuchi have introduced the concept of slant helix by considering
that the normal lines make a constant angle with a fixed direction. They charac-
terized a slant helix if and only if the function

K2 T,
(K2 +72)2 (Kv)
is constant [10].

A. T. Ali and R. Lopez gave different characterizations of slant helices in terms
of their curvature functions [4]. Kula and Yayli investigated spherical images, the
tangent indicatrix and the binormal indicatrix of a slant helix and they obtained
that the spherical images are spherical helices [9].

M. Onder, H. Kocayigit and M. Kazaz gave the characterizations of spacelike
Bs-slant helix by means of curvatures of the spacelike curve in Minkowski 4-space.
Moreover they gave the integral characterizations of the spacelike Ba-slant helix [g].

In this study we investigate the conditions for spacelike curves to be inclined
or By-slant helix in R3 and we give some characterizations and theorems for these
curves.

2. PRELIMINARIES

The Semi-Euclidean space Rj is the standart vector space equipped with an
indefinite flat metric (,) given by

(,) = da? + da3 — da? — da? (1)

where (1,29, x3,24) is a rectangular coordinate system of R%. A vector v in R% is
called a spacelike, timelike or null(lightlike) if respectively hold (v, v) > 0, (v,v) < 0
or (v,v) =0 and v # 0 = (0,0,0,0). The norm of a vector v is given by ||v| =
V [{v,v)]. Two vectors v and w are said to be orthogonal if (v, w) = 0.

An arbitrary curve « : I — Rj can locally be spacelike, timelike or null if
respectively all of its velocity vectors o’(s) are spacelike, timelike or null.

Let a and b be two spacelike vectors in R3. Then there is unique real number
0 < & <TI, called angel between a and b, such that (a,b) =||a | . || b || .cosé.

Let {T'(s), N(s), Bi(s), B2(s)} be the moving Frenet frame along the curve a(s)
in R3. Then T, N, By, By are the tangent, the principal normal, the first binormal
and the second binormal fields respectively and let VT is spacelike.

Let a be a spacelike curve in Rj, parametrized by arclength function of s. The
following cases occur for the spacelike curve a. Let the vector N is spacelike, By
and Bs be timelike. In this case there exists only one Frenet frame {T, N, By, Ba}
for which «(s) is a spacelike curve with Frenet equations

VrT = kN
VN —kiT + ko By (2)
VB kaN + k3 Bs
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VrBy = —k3B;
where T', N, B; and Bs are mutually orthogonal vectors satisfying the equations
(N,N) =(T,T) =1, (B1,B1)=(Bs,Bs) = -1 (3)

Recall that the functions k; = k1(s), k2 = ka(s) and k3 = k3(s) are called the
first, the second and the third curvature of the spacelike curve «(s), respectively and
we will assume throughout this work that all the three curvatures satisfy k;(s) # 0,
1< <3.

3. SOME CHARACTERIZATIONS FOR SPACELIKE INCLINED CURVES AND
Bs-SLANT HELICES IN R}

Let a(s) be a non-geodesic spacelike curve in R and let {T, N, By, By} denotes
the Frenet frame of the curve a(s). A spacelike curve in R} is said to be an inclined
curve if its tangent vector forms a constant angle with a constant vector U. From
the definition of the inclined curve we can write

T.U = cosb (4)

where U is a spacelike constant vector. Differentiating both sides of this equations
we have

kiN.U =0 ()
Thus we arrive N LU. Considering this we can compose U as
U=uT +usB1 +uzBs (6)

where u;, 1 < i < 3 are arbitrary functions. Differentiating (6) and considering
Frenet equations, we have

0 = )T + (urk1(s) + u2ka(8))N + (uh — usks(s))B1 + (us + usks(s))B2  (7)
From (7) we find the equations

up =0
U1]€1(8) + ng}Q(S) =0 (8)
ub — uzks(s) =0

uh + ugks(s) =0
By using the equations above we have u; = ¢ = cons,
k)l(S) 1 dU3

Y27 TOG6) T Kals) ds ©)
and 4 i (s)
C 1\S
_ o 1
U3 T T 10 (5) ds Fa(s) (10)
From the equation uh — ugks(s) = 0 we have
d
2 k(s)us (11)

ds
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Differentiating us we have
d 1 dU3
(e
ds® ks(s) ds

By a direct computation we have the differential equation

) = k3(s)us. (12)

d 1 dU3
—(———)+k =0 13
By using exchange variable t = fo k3(s)ds in (13) we find
d2’LL3
a2 +u3 =0 (14)
The general solution of (14) is
uz = mqcost + masint (15)

where my,m; € R. Replacing variable t = [ k3(s)ds in (15) we have
¢ d ki(s) /S ) /S
= ks(s)d ks(s)d 1
u3 P )dS(k‘g )) mycos( ; 3(s)ds) + masin( ; 3(s)ds) (16)
an

(s
Considering equation (16)
)

( = misin ) s)ds) — MmMoCoSs ’ s)as
—epS = msin [ a(s)ds) = macos( [ ks ()

From the equations above we find

_ e d k(s cos s S\ds —ckl(s)sin s s
M= RS d ras) </0 Fa(s)ds) = e </0 ka(s)ds)  (18)

k‘1 (S) /S C d kl /
cos ks(s)ds) — k3(s)ds) 19
kg(s) ( 0 3( ) ) ( )dS kQ 3 ( )
By taking A; = my + mg and Ay = my — my, if we calculate A? + A2 we find
(kl( )) 02 i kl(S)
ka(s) k3(s) ds ka(s)

d (9) we have

Ug =

and

mo = C

))? = constant (20)

or

k1 (s) 1 . d ki(s)
(73)? + 2 [ (

ka(s) k3(s) ds ka(s)

Conversely, let us consider vector given by
ki(s) , 1 i(kl(s)
ka(s) " ks(s) ds ka(s)
Differentiating vector U and considering differential equation of (21) we obtain
av

ds

))? = constant. (21)

U={T- ) B2 }cost (22)

=0 (23)
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Thus U is a constant vector and so the curve a(s) is an inclined curve in R3. Thus
we have the following theorem.

Theorem 1. Let o = «(s) be a spacelike curve in Ry . « is an inclined curve if

and only i
! f (kl(S))2 1 i(kl(s)
k2 (s) k2(s) “ds ka(s)

Proof. 1t is obvious from the computations above. (|

)}? = constant. (24)

Corollary 2. Let a = «a(s) be a spacelike curve in R3. « is an inclined curve if

and only if

ko(s)  ds'ks(s)ds ka(s)”

Proof. If we differentiate the equation (24) respect to s we find the equation (25).
O

k3(s) (25)

Now let us solve the equation (25) respect to % If we use exchange variable

t = [ ks(s)ds in (25) we have

2 ki ki

Rl add 3 ) =0. 2
So we arrive . N .
k—l = chos/ ks(s)ds + Wgsin/ k3(s)ds. (27)
2 0 0

where Wy and W5 are real numbers.
Now we will give a different characterization for inclined curves. Let « be an
inclined curve in Rj. By differentiating (24) with respect to s we get

and hence
L, Gy
Bk R (29
If we define a function f(s) as
()
§) =~k 30
IO = myy 30)
then - . .
f(s) = "0 (k—;)’ = Wlsin/O k3(s)ds — VVQCOS/0 k3(s)ds. (31)

By using (28) and (31) we have

fle) = -2, (32)
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Conversely, consider the function

f(s) = —kis(:—;)’ = Wlsin/os k3(s)ds — Wacos /05 k3(s)ds
and assume that f/(s) = k1k3 . We compute
d . ki(s).o 1 ki(s)ey_ d 1 5
SR+ sl = TR+ el =) @)
As f(s)f'(s) = (k—;)(k—l) and f"(s) = fkg(k—l) kg(%)/ we obtain
PO (s) = kb ()2 + B (39
As consequence of above computations
ots) =201+ L - L o (35)

k3

that is the function (Z;Eg)z + kzl( \){(k;(s))'z is constant. Therefore we have the
3 S S
following theorem.

Theorem 3. Let o be a unit speed spacelike curve in R3. Then « is an in-

clined curve if and only if the function f(s) = kgl(s)( LY = Wysin fo ks(s)ds —
Wacos fo k3(s)ds satisfies f'(s) = —% where ki, ko and ks are the curvatures of
a.

Proof. The proof can be completed from the computations above. ([l

Now let a(s) be a spacelike curve in R3 and let {T, N, By, B2} denotes the Frenet
frame of the curve a(s). We call a(s) as spacelike Bs-slant helix if its second
binormal vector makes a constant angle with a fixed direction in a vector U. From
the definition of the Bs-slant helix we can write

Bs.U = cosV (36)

where U is a spacelike constant vector. Differentiating both sides of this equations
we have

—k3B1.U =0 (37)
Since k3 # 0 we arrive By LU. Considering this we can compose U as
U=uT +usN + uzB> (38)

where u;, 1 < i < 3 are arbitrary functions. Differentiating (38) and considering
Frenet equations, we have

0= (u) — ugk1)T + (urky1(s) + us)N + (ugka(s) — ugks(s)) By + usBa (39)
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From (39) we find the equations
u’l — Ule =0
urki(s) +uy =0
u2k:2(s) - ngg(s) =0
uy =0
By using the equations above we have ug = ¢ = cons,
ck)g(s) - 1 %
ko(s)  ki(s) ds

U =

and
c  d ks(s)
k1(s) ds ka(s)

From the equation u} — ugk1(s) = 0 we have

Uy = —

d
% = kl(S)UQ
Differentiating u; we have
d 1 dU2
3 he) ds ) " s
By a direct computation we have the differential equation
d 1 dUQ
—(———) +k =0
35 () ds ) TR
By using exchange variable ¢ = fo k1(s)ds in (45) we find
dQUQ
ap T2 =0

The general solution of (46) is
Ug = Mycost + mosint
where m1, ms € R. Replacing variable ¢t = fos k1(s)ds in (47) we have
k
Fa(s)
ka(s)

Considering equation (48) we have

c_d ks(s) = —mysin ) s)ds) + mocos ) s)ds
kﬂs)% kQ(s))_ 1 (/0 ki(s)ds) + ma (A k1(s)ds)

From the equations above we find

-__° d k3 (S)sm ’ s)ds
M= T s s /kl ka(s) (/0 Fa(s)ds)

s c dkgs
mo Scos/kl )ds) ()dskzssm/kl s)ds)

Uy =

= mlcos(/oS ki(s)ds) + mgsin(/os k1(s)ds)

Uy = —

and

(40)
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By taking By = mj + mg and By = my — ma, if we calculate B? + B2 we find
ks(s) c? d ks(s)

CQ(kg(s) )? 20s) [ds(kg(s) )]? = constant (52)
(Zzg 2 kfl(s) [js(:zgz; 2 = constant. (53)

Conversely, let us consider vector given by
U={- kll(s) dds(zzg )T + ng N + By}cosd (54)

Differentiating vector U and considering differential equation of (53) we obtain

du

= =90
ds

Thus U is a constant vector and so the curve a(s) is a spacelike Bg slant helix in

R3}. As a result we can give the following theorem.

(55)

Theorem 4. Let o = «a(s) be a spacelike curve in R3. « is a spacelike B slant
heliz if and only if

k3(s) 2 1 d k3(s)\\2
— = tant. 56
Gals)) T 200 Las ()~ comstan (56)
Proof. The proof can easily seen from the computations above. O

Corollary 5. Let a = a(s) be a spacelike curve in R3. « is a Ba-slant heliz if and

ly if
o k)g(S) d 1 d k3<8)

)56~ 45 () ds Fa(s) (57)
Proof. If we differentiate the equation (56) respect to s we have the equation (57).
O
Now let us solve the equation (57) respect to Z—z If we use exchange variable
t = [ ki(s)ds in (57) we have
d* ks ks
HE+ =0 (58)
So we arrive L . .
2= Llcos/ ky(s)ds + Lgsin/ k1(s)ds. (59)
k2 0 0

where L1 and Ly are real numbers.
Now we will give a different characterization for Bs-slant helices. Let a be a
spacelike Bo-slant helix in R3. By differentiaing (56) with respect to s we get

ks ks, 1 ks, 1 ks,
(kQ)(k'Q) kl k2) (kl k2 ] =0 (60)



1584 M. AYKUT AKGUN AND A.THSAN SIVRIDAG

and hence

If we define a function f(s) as

then

f(s) = k1( ) Llsm/ k1(s ds—Lgcos/ k1 (s
By using (60) and (63) we have

kiks

Flls) = =2

Conversely, consider the function

1k ¢ y
f(s) = —kf(lf)’ = Llsin/ k1(s)ds — Lgcos/ k1 (s)ds
1 k2 0 0
and assume that f/(s) = fki—’;f’. We compute

SIS+ ) = S+ £ = ol

From f(s)f'(s) = —(’;—Z)(ﬁ) and f"(s) = —k:’(k—B) kl(%)’ we obtain

k3.9

k3
ko )

ko

PO () = kb + RO

As a consequence of above computations

f f” (fk1

Ps) =20+~ g

) =0

(61)

(64)

(67)

(68)

that is the function (228)2 + o {(:28)'2 is constant. Therefore we have the

ki (s)
following theorem.

Theorem 6. Let o be a unit speed spacelike curve in R3. Then « is a Bo-slant heliw

if and only if the function f(s) = — (5 2)' = Lysin fo k1(s)ds— Lacos [ ki(s

kl(s)
satisfies f'(s) = —k}f , where k1, ko and kg, are the curvatures of a.

Proof. Tt is obvious from the above computations.
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