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ABSTRACT

In this paper, we define spacelike line congruence, which has the parameter ruled surfaces as
principal ruled surfaces, on the dual unit hyperbolic sphere 73 in the dual Lorentzian 3-space
D3. We carry the obtained results to the 3-dimensional Minkowski space E} by means of the E.
Study’s dual line coordinates.
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1. Introduction

In the Euclidean 3-space E?, a two-parameter set of lines is called a rectilinear line congruence (line
congruence for short), where the normals to a surface constitute such a line congruence. Generally, the lines
of a congruence are not normal to a surface. Hence, the line congruence of normals forms a special class;
which is called normal line congruence. In this case, the normals along a principal curvature line constitute
a developable ruled surface. Hence, the line congruence of normals forms a special class; which is called the
normal line congruence (geometric optic). The lines of the line congruence which pass through a curve on the
surface form a one-parameter family of lines in the space or ruled surface (parameter ruled surface). Nowadays,
the differential geometry of line congruences has become relevant for practical applications, see for example
[6,7,8,11].

Rather unexpectedly dual numbers have been applied to study the motion of a line space; they seem even
be the most appropriate apparatus for this end. In screw and dual number algebra, the E. Study’s dual line
coordinates conclude: The set of all oriented lines in Euclidean 3-space E? is in one-to-one correspondence with
the set of points of the dual unit sphere in the dual 3-space D?. Hence, the ruled surfaces and line congruence
obtained by the motion of a line, depending on one and two parameters, respectively, were examined more
easily, as reported in [1-4,11].

A large number of papers have been published in the literature which deal with line congruences in both
Minkowski space and Euclidean space (See for instance Refs. ([1-4,10,12-16,19,20]). The main interest of this
paper is to introduce the E. Study’s dual line coordinates in the dual Lorentzian 3-space D}. As an application
for the theory of line congruence, a spacelike line congruence which has the parameter ruled surfaces as
principal ruled surfaces was introduced. In terms of this, the results can easily be transferred to the Minkowski
3-space E} , and for them the geometric explanations are derived.

We hope that these results will be helpful to physicists and those studying general relativity theory.
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2. Basic concepts

In this section, we give a brief summary of the theory of dual numbers, dual Lorentzian vectors and
E. Study’s dual line coordinates. For more details, we refer to [5,9,17,18]. Let E? be the three-dimensional
Minkowski space, that is, the three-dimensional real vector space R* with the metric

< dx,dx >=dx} + dzj — dx3,

where (21,22, z3) denotes the canonical coordinates in R3. An arbitrary vector x of E? is said to be spacelike
if <x,x>>0 or x = 0, timelike if < x,x ><0 and lightlike or null if < x,x >=0 and x= 0. A timelike or
light-like vector in F3 is said to be causal. For x €F} the norm is defined by |x| = \/|< x,x >|, then the
vector x is called a spacelike unit vector if < x,x >=1 and a timelike unit vector if < x,x >= —1. Similarly,
a regular curve in E? can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors are
spacelike, timelike or null (lightlike), respectively. For any two vectors x = (x1, 22, 23) and y = (y1, y2, y3) of
E3, the inner product is the real number < x,y >= z1y1 + 22y — x3y3 and the vector product is defined by
X Xy = ((ways — 23y2), (x3y1 — T1y3), —(T1y2 — T2y1)).

2.1. Dual Lorentzian 3-Space D3}

A dual number A has the form a + ca* where q, a*are real numbers. Here ¢ is a dual unit subject to the
rules € # 0, €2 =0, .1 = 1.e = £. The set of dual numbers D forms a commutative ring having the numbers
ea*(a*real) as divisors of zero. D is not a field. No number ca* has an inverse in the algebra. But the other laws
of the algebra of dual numbers are the same as of the complex numbers.

For all pairs (a,a*) € E} x E} the set

D?*={A=a+ca*, c#0, 2 =0}, (2.1)
together with the Lorentzian inner product
<A B>=<ab>+c(<ba*">+<b"a>), (2.2)

forms the dual Lorentzian 3-space D?. Thereby a point A = (A1, A2, A3)" has dual coordinates 4; = (a; + ca}) €
D. The norm is defined by
<a,a* >

a

)s (2.3)

In the dual Lorentzian 3-space D3 the dual hyperbolic and dual Lorentzian unit spheres, respectively, are
H? = {AeD} | AT + A5 — A = —1, A3 > 0}, (2.4)

and
Sf = {AED? | Af + A% - A§ =1}, (2.5)

respectively. Therefore, the E. Study’s dual line coordinates can be stated as follows: The dual unit spheres are
shaped like a pair of conjugate hyperboloids. The common asymptotic cone represents the set of null lines, the
ring shaped hyperboloid represents the set of spacelike lines, and the oval shaped hyperboloid forms the set of
timelike lines, opposite points of each hyperboloid represent the pair of opposite vectors on a line (see Fig. 1).
i) Spacelike dual angle: Let A and B be spacelike dual vectors in D3 that span a spacelike dual vector subspace;
then we have |< A,B >| = ||A| ||BJ|, and hence, there is a unique dual number © = 9 + £9* > 0 such that
< A,B >= ||A|| ||B||cos ©. This number is called the spacelike dual angle between the dual vectors A and
B.

ii) Central dual angle: Let A and B be spacelike dual vectors in D7 that span a timelike dual vector subspace;
then we have |< A,B >| > |A| ||BJ|, and hence, there is a unique dual number © = 9 + £9* > 0 such that
< A,B >= ||A|| ||B|| cosh ©. This dual number is called the central dual angle between the dual vectors A and
B

iii) Lorentzian timelike dual angle: Let A be spacelike dual vector and B be timelike dual vector in D?. Then there
is a unique dual number © = 9 + £9* > 0 such that < A, B >= ||A|| | B| sinh ©. This dual number is called the
Lorentzian timelike dual angle between the dual vectors A and B.
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Figure 1. The dual hyperbolic and dual Lorentzian unit spheres.

3. Spacelike line Congruence

According to the E. Study’s dual line coordinates, a space-like line congruence can be represented by a
spacelike dual unit vector which is depending on two real parameters u;, and u; as follows:

A(Ul, ’LLQ) = a(U1, Ug) + 68* (Ul, UQ). (31)

A relation such as p(u1,u2) = 0, between the parameters restricts (3.1) to one-parameter set of straight lines,
i.e. a ruled surface in the congruence. The equation uy, = ¢y (real constant) determines a ruled surface in the
congruence or a dual curve on the dual unit spheres (pair of conjugate hyperboloids). When the constant c; is
varied a family of dual curves is generated, which we call the u; —parameter curves, since along any one of
them w«; —alone varies. Similarly, we have a family of u; = ¢; (real constant) parameter curves. It follows from
our insistence on the one-to-one correspondence between pairs of parameter curves and the ruled surfaces in
the congruence, that each member of one family of dual curves cuts each member of the other once and only
once. Any two families of dual curves satisfying the above conditions will provide us with a principal ruled
surfaces which could be used to study the congruence. Thus, we may choose A,, = (0A/0 u,) is a timelike
(resp. a spacelike) dual vector in direction in which u; —alone varies, i.e. is tangent to the u; —parameter dual
curve, which implies that A, is spacelike dual vector (similar procedures can be applied). The displacement
dA from the point (u1,u2) to the point (u1 + duq, us + dus) is:

dS? =< dA,dA >=< A, du; + Ay, dus, Ay, dus + Ay, dus > }

— —Edu% + 2Fdudus + Gdu%, 32)

where
- ||Au1||2 =F= €+€€*, < AunAuz >=F= f+€f*v ||Au2||2 =G :g+€g*-

The quantities £ = e +ce*, F = f+cf*, G = g+ eg* are important because the distance between neighboring
dual points may be expressed in term of them. Then by calculating the real and dual parts, we get:

I = ds? =< da,da >=edu? + 2fduydus + gdu3, } (3.3)

II = 2dsds* = 2 < da,da*>=e*du? + 2 f*duydus + g*du3.

The forms I and IT are called the first and second fundamental forms of the congruence: Here we exclude the
case where the coefficients of /1 and I are proportional, i.e. the congruence is isotropic congruence.

Now suppose that |a,, x au || =eg+ f240, ie. the congruence is not a cylindrical congruence. The
distribution parameter of a ruled surface in the congruence is given by

m_1
2 2

—e*du? + 2 f*duydus + g*du?
—edu? + 2 fduydus + gdu?

( )- (3.4)

The function X is a function of the ratio (du; /dus), so it varies with the value of this ratio. There are two values
of this ratio for which X is a maximum or minimum. These are obtained by equating to zero the derivatives of
A with respect to the ratio. This leads to the equation:
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(ef* — e fldui + (eg” — e*g)durdus + (¢f* — fg")duj = 0. (3.5)

Let the parameter ruled surfaces are taken as principal ruled surfaces. This must be equivalent to du;dus = 0,
hence Eq. (3.5) shows that:

eff —e’f=0,9f" = fg" =0, (3.6)
therefore, since the coefficients of I, and II are not proportional, we must have:

*
(3R]

f=<ay,,a,, >=0, f*=<a} ,a,, >+ <a ,a, >=0. (3.7)

u

Hence, the necessary and sufficient condition that the principal ruled surfaces are represented by orthogonal
curves is given:
F=f+ef=0. (3.8)

3.1. The Blaschke frames

As for surfaces, through every line in the congruence there pass two principal surfaces whose images on
the dual Lorentzian unit sphere we take as parametric curves. For this special system we assume that u;-and
ug dual curves of A(uq,uq) are principal ruled surfaces, i.e., the elements f and f* of the first and second
fundamental forms vanish identically (f = f* = 0). Consider now the dual unit vectors A1s = Aj2(u1, u2), and
Ay = Ags(ur,ug), are the tangents of the parametric dual curves u; =const., and u; =const., respectively, at
any regular point, then we have:

A A, A, A
L and A.22 = 2 =

Ans — w _ Au _Auw
P /I<Aw.Aa 5| VE <A, A, > VG

which are invariants vector functions on the congruence. Hence, we fix det(A, Ajz,A,,) =+1 and
consequently

(3.9)

A=A XAy, Ay =A XAy, Ayy = A X Ay, }

3.10
CAs]? = [Ax? = AP = 1. (.10)

The dual arc-lengths, corresponding to the principal surfaces, are obtained by substituting first du; = 0, then
du; = 0 into Eq. (3.2), that:

dS1 :==ds; + 6d$>{ = Piduy, dSs:=dss + edsz = Pydus, (311)

where P, =p; +epf = VE, and P, =psy + eps = V/G. The distribution parameters of the principal ruled
surfaces A(u1,c2), and A(c1,uz), respectively, are:

L QU WL (3.12)

AL = = = S
! dsy 2e dss 2g

According to the elements of spherical kinematics, the motion of the frame {A, A1,, Ass} at any instant is a
rotation around the Darboux vector D; of this frame, i.e.

P A 0 1 0 A A
ﬁ A12 = 1 0 —21 A12 = D1 X A12 s (313)
L\ Ag 0 =% 0 Ag A
where
D;=-31A — Ay, (3.14)

¥y =01 +4e¢e0] = 25% is the geodesic curvature of the dual curves us = c,. Similarly, the derivative formula of

the Blaschke frame of the dual curves u; =const., with tangent Ay is:

P A 0 0 1 A A
ﬁ A12 = 0 0 22 A12 = D2 X A12 . (315)
2\ Ao -1 ¥ 0 Ay Ay
where
D2 = ZQA. — A12. (316)
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Also X9 = 09 + €03 = 2g 75 has the same meaning as in Eq. (3.13), for the curves u; = ¢;. In other words, dual
geodesic curvatures of the dual curves A (uy,c2), A(cr,u2), respectively, are:
. dA d?A . .
Yi=o0;+eo; = det(A’T&’ d—sg)7 (1=1,2). (3.17)

3.2. Minkowski formulae of surfaces theory

In this paragraph, we aim to give resemblance formulas of the well-known formulas of surfaces theory into
line congruence in dual Lorentzian 3-space D3. For this purpose, consider u; = u;(t), (i = 1,2) as functions of
the real parameter t. Then A = A (uq(t), u2(t)) represents a spacelike parameter ruled surface in the congruence.
The dual vector A; = (0A/0t) is tangent to this dual curve;

duy dus

If < Ay, A; ># 0, then we have a dual unit vector
At 1 du1 du2
Ay=— =— w1 1, Auzi ’ 19
o= g = 7 (A AT G4

where P :=p+ep* = ||Au1 d;tl + AUQ%H = VEG. Hence, the dual arc length of the dual curve A(t) =

A(ui(t), ua(t)) is given by
dS = Pdt. (3.20)

In order to research the properties of A(t) = A(u1(t), uz(t)), the Blaschke frame relative to A(t) will be defined
as the frame of which this line and the central normal A, to the ruled surface at the central point of A are
two edges. The third edge Aj is the central tangent to the ruled surface A(t). The frame { A;= A(t), Aq(t) =

/

|| N ” As(t) = A1 x Ay; (= 4)} is called Blaschke frame. If A; is a spacelike (timelike) dual unit vector while

Aj; is a timelike (spacelike) dual unit vector (similar procedures can be applied). Then we have:

<A AL >=< Ay, A >=— < A3, A3 >=1,
<AA >=< Ay, A3 >=< A3, A1 >=0, (321)
A1 XAQZ —A3, Al XA3: —1&27 A2><A3: Al,

The dual arc length derivative of the Blaschke frame is governed by the relations:

d A, 0 1 0 Ay Ay
E Ag = -1 0 by A.2 =Dx A2 s (322)
As 0 ¥ 0 As A;
where
D= —YA, +As. (3.23)

Y(t) = 0 + e0* is the dual geodesic curvature of the dual curvature of the dual curve A (u;(t), u2(t)). It is easily
seen from the last two equations that

det(A, At, Att) dA dzA

Z =0+€e0 =——m——= = det(A,ﬁ, TSQ) (324)

Referring to the congruence (3.1), since A, is tangent of the dual curve A(u(t),uz2(t)), then Eq. (3.19)
rewritten as
dsy dSs

A, = ﬁAu +5 —< Ao, (3.25)

in view of Egs. (3.9), and (3.11). So, we can find a dual angle ® = ¢ + ¢* such that (Fig. 2):
AQ = sinh (I)A12 + cosh (I)AQQ, (326)

where
dS? = —dS? + dS2,

sinh ® = dsl = ”Z‘LSl, cosh® = d52 =vG duz.

(3.27)
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Consequently, by separating the real and dual parts of Egs. (3.27), with attention of Egs. (3.4) and (3.12), we
get:
A = —\ysinh? ¢ 4 Ay cosh? @, } (3.28)

p* = (%) sinh 2¢.

These formulas are Minkowski versions of the Hamilton and Mannhiem formulae in Euclidean 3-space,
respectively [1-4]. The surface described by ¢* in Egs. (3.28) is the Minkowski version of the Pliicker conoid in
Euclidean 3-space. The parametric form can also be given in terms of point coordinates. We may choose A is
coincident with the y—axis of a fixed Lorentzian frame (oxyz), while the position of the dual unit vector A, is
given by angle ¢ and distance ¢* along the positive y—axis. The edges A,; and A, can be selected in sense of
z and z—axes, respectively, as depicted in Fig. 2. Let L denote a point on this surface, it is possible to have the
following point coordinates

sinh ¢ wsinh ¢
M:Lpg,w)=¢* [ 1 | +pu| 0 = | (25*2)sinh2p |, peR. (3.29)
cosh ¢ wcosh ¢

We choose A1 — Ay = 1, this parametrization defines a non-developable timelike ruled surface, which is called
a helicoid of the 2nd kind; A1 — Ao =1, p € [-1,1], p € [-7,7] (see Fig. 3). If (z, y, z) are the coordinates of M,
then Eq. (3.29) yields:

Moy (3.30)

22 _ 2 ’
where 5 = A\ — Xo. It is interesting to note that it is a third -order polynomial in the coordinates z, y and z.

=22

Figure 2. Ay = sinh®A 2 + cosh®A>2

Figure 3. Helicoid of the 2nd kind.

Differentiating Eq. (3.26), and using the formula
dA, O0A, dS; | OAdS;

= 3.31
dsS ( 081 dS  0S3 dS ) (3.31)
we get:
dA, 0A12  0Ay ) 0A12 . 0A2: 2
— = h ® sinh ® h* ® h* ®
73 ( 05, 05, ) cosh @ sin + 05, sin + 95, cos
+(A12 cosh @ + A22 sinh @)%, (332)
where, according to Egs. (3.21),
— A3 = cosh®A s + sinh ®Ags. (3.33)
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Hence, we obtain:

i)
—A+YA3; = (21 sinh ® — choshq)—;lASV)A — A,

or finally

3 =%;sinh® — ¥y cosh® — % (3.34)

This formula is the same nature of J. Liouvile formula in surface theory in Euclidean 3-space E3.
Theorem 3.1. In the congruence A(ui,us), there exists a relation among the dual Darboux vectors of the
Blaschke frames of the ruled surfaces A(t) = A(u1(t),u2(t)), A(ur) = A(u,cz), and A(us) = A(eq,us). More
explicitly, we have:

d
D = sinh ®D; + cosh ®D, + (flS) A, (3.35)
Proof. Substituting Eq. (3.33) into Eq. (3.23) we may write D as:

—D =3YA1 + cosh®A 5 + sinh PAos,

or, because of Egs. (3.14), and (3.16):

i3}
-D= (E—leinh®+22cosh<l>— Z—S

) A + cosh Dy + sinh @Dy . (3.36)

Taking into account the geodesic curvature ¥ as per Eq. (3.34) into Eq. (3.36), the relation is proved. O

We intend now to give a geometrical interpretation of J. Liouvile formula. For this purpose, making use of
Egs. (3.27) into Eq. (3.34), then we have:

YdS = SV Edu; — YoV Gduy — d. (3.37)

We found, by application of Green theorem, that:

]{ YdS = / / < T, (Z2VG 8‘9 (zME)) duy dugy — f dd. (3.38)

The Gaussian curvature of the dual hyperbolic sphere H?, in Eq. (2.4), is given by:
1
= (a (Z2VG) + (z f)) (3.39)

So that, we obtain as a result the formula

f $dS = / / dA — ]{ o, (3.40)

where dA = VEGduydus, is the dual area on H? enclosed by the dual curve A = A(uy(t), uz(t)). The formula
(3.40) is resemblance to the Gauss—Bonnet formula in surfaces theory. This formula may be reduces to

}[ 2dS = / / dS,dS, — ]{ o, (3.41)

in view of Egs. (3.27). We replace of the distribution parameters \; and \., as per Egs. (3.12) into Eq. (3.41),

thus obtaining;:
%Eds = //(1 +5)\1)(1 +€>\2)d81d82 - %dq)

a, —2m+¢ (// 2hdsidsy — go*) , (3.42)
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where a, is the real part of element area on H? described by the real spherical curve a = a(t), and h =
(M1 + A2) /2 is the mean distribution parameter of the congruence A (u;,u2). On the other side, the dual angle
of the pitch of the closed surface A = A (u;(t),uz(t)) is [8]:

Ay = pig — el = — 7{ 3dS, (3.43)

where (i, is the angle of pitch and T',, is the pitch of the closed ruled surface A = A(u;(t),u2(t)). When Eq.
(3.43) is applied to Eq. (3.42) we immediately find that:

fo —elg =27 —a, — ¢ <// 2hdsdss — ap*) , (3.44)

Now, separating Eqs. (3.44), we find the real parts

fa = 27 — ar, (3.45)
and the dual parts
r, = // 2hds1dse — ©*. (3.46)
Therefore, we can write J. Liouvile formula as:
Aa = f (—EldSl + EQdSQ) + 27 + 699*
= —%ZldSl + 7{ YodSy + 27 + 5(,0*. (347)
Then, from the relations above
Aa = Aal - Aa2 + 27 + 530*, (348)

are fund. Here, A1, and A, are the dual angels of pitch of the principal ruled surfaces A (u;) = A(uq, c2), and
A(uz) = A(c1,u2), respectively.
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