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Abstract: The growth of the populations depending on interspecifieradtions may exhibit drastic changes. The stability of
populations change not only interspecific interactionsdlsd under external effects such as immigration effect.sTipopulation
models can show complex dynamics. Immigration effect oftamplify the population dynamics; and tends to supress tahao
behavior. This situation which can allow the local stapiinalysis of population is important for control of a two sjgs interacting
system. In this paper, we investigated dynamics of a hastsgie model with the immigration parameter added to thé hasulation
under the constant searching efficiency. We conclude thaignation parameter produces certain interesting results
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1 Introduction

The population models consisting interspecific interadtiare formed by discrete-time model and continuous-time
models. Discrete-time models are more appropriate thatintaus-time models in point of rich set of patter@s One

of the earliest applications of discrete-time models idirlg host-parasite interaction was formulated by Leslid an
Gower in 1960. The classical host-parasite model is the dlédm-Bailey model, except that the parasite does not
necesserily kill the hostl] 7,8]. This model is based on the following assumptions;

f(Ht,R) :fraction of hosts not parasitized,

H; :density of host species in generatign

R :density of parasitoid species in generation

r :number of eggs laid by a host that survive through the lamapae and adult stages,

e:number of eggs laid by parasite on a single host that suthiceigh larvae, pupae and adult stages.

The Nicholson-Bailey model is given as follows.

Hiy1 =rH f(H, R)
Ri1=eHi(1-f(H,R))

wherer ande are positive parameters.

It assume in this model that searching efficiency of par@stare limited but eggs aren't limited. If the searching
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efficiency of parasitoid has small values, parasitoid cariska The eggs of parasite which stay alive are transfeoed t
the next generations of parasitoids. A host is parasitinedrice. Interference-free hosts increase their own prsogen

The number of encounters of the parasitoid with a host adogrd the law of mass action is defineH;R. Here, the
constantc is defined as the searching efficiency. Nicholson-Bailey eh@dsumes that the number of encounters are
calculated according to the Poisson distribution suchpliat = e ?c" /n!, wheren is the number of encounters aod

is the avarege number of encounters per host in one genertibere is no encounter, the fraction of hosts that are not
parasitized i9(0) = e ?a® /0! = e 9, whereo =encountersk = cR. Thenf(H;,R) = e 1. Accordingly, the model

is given as

Ht+l = rHte’cp[
R.1=eH(1—e ).

If constant reproductive rate of host has small values, thg¢ ban vanish. Then, the positive equilibrium point of the
models consisting density-dependent factor instead ohataat reproductive rate of the host can be locally stah®.[
Even so, there are many reasons affecting the number ofespgeth as immigration, human activities, and interaction
of among species. If the density-dependent fagtét) is added instead of a constant reproductive ratéin the host
equation, the following more realistic approach is writésn

Hey1 = g(Ho)Hee ™
R.1=eH(1—e ).

The the some forms of density-dependent factor (interfipenteractions)y(H:) has been studied i[6,9,12]. Misra
and Mitra (2006) examined dynamics of discrete singleigsguopulation for different values of the paramd®aandb
which depend on Hassel growth function expessed wi He- The results clearly show that the population display
period-doubling phenomenon fdr > 2, and bifurcation occur with increasiny As the parameters increase, the
behavior of population changes from stability to unstaliso, host-parasite system is given a brief analy$is [
Ufuktepe and Kapcak (2013) improve the resultsgh [

The purpose of this study is to investigate the effect of themigration paramete5[10,11,13,14,15 on the dynamics
of the model in §] under the constant searching behavior as follows.
H

R
— —R .
Ht+l_ (1+Ht)be +B1 R7b7B >0 (1)

Ri1=H(l1-e™),

where, H; is the population size at time R is the intrinsic growth ratef is immigration parameter which provide
control of the population. Also, it is seen that the growthihae host are governed by the Hassel 18)v [Hassell et al.

[3] collectedR and b values for about two dozen species from field and laboratbservations and noted that the
majority of these cases were within the stable region”. Here reason we took the constant searching behavior is to
examine the effect of immigration on the parameter vaRiaadb. Because these parameters are bifurcation parameters.
Stone and Hart (1999) investigated behaviors of some thergkmliscrete-time single population model under
immigration effect. It is seen that the general criteria ehhcharacterise the effect on population dynamics is unknow
However, some observation can be made on a single-humpetbgative function. There are the assumption that the
populations which is subject to sufficiently large effecimmmigration will always simplify. In most model classeseth
increase in some parameter values without immigration sxgeriod-doubling biforcation leading to chaos. In such
models, even a small migration effect can often adversétisvior at last.
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Our study is about the immigration parameter on a two-sgeicieracting system including the behavior of the host
species exhibiting bifurcation with increasing parametdues. Altough the increase of the immigration effect l&ad
the disappearance of the population for some large paramatees, it has an impact on simplifying the system
behavior. In addition to, this effect can save the popumafrom extinction. As the immigration parameter passes the
“one”, a steady transition has been observed from one equith point to another equilibrium point.

2 Main result

In this section, we investigate positive equilibrium psinf the systeml)); and analyze the stability of the systef).(

2.1 Equilibrium point (H*, 0) of the system (1)

Theorem 1. The system (1) has a unique positive equilibriumpoint (H*, 0) in case of

—(B—bB—2)+/B?*(1—b)>+4(1+B)
2(b—2)

<H* b>2

Proof. We can obtain the equilibrium point of systeft) from equilibrium point definition as follows:

RH* ..
H* = —— P 2
armpe TP 2)

P =H"(1-e™).

SinceB > 0, H* isn't equal to zero. FoH* # 0 andP* = 0, we finde P" = 1. If the equilibrium point of system1]

exist, then it must be provided as follows:
1+H*P(H* -
R 3)

such thaH* > B. If we takeH* = xin Eq.@3), then we can write the right side of Eg)(@s the following the function

R=

(1+X°(x—B)

X

F(x) = 4

We must show th&f is monotone. If the derivation of the functiét(x) is calculated, then we have

b-1
F/(x) = %[(b— 2)x°+ (B —bB —2)x+ B].

From there, the function d¥’ has roots

(B—bB—-2)—/B?(1-b)2+4(1+pB) Yo = ~(B-bB—-2)+/B2(1-b)2+4(1+pB)

x= - 2(b—2) ’ 2(b—2)

Here,3 —bB — 2 < 0 confirms forb > 2. It is easily seen that; < 0 andx, > 0. Now, if the necessary examinations are
made, then we get the desired result.

Remark. The following statements are true fie(x).

(i) If b> 2, thenF(x) — o asx — .

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

(_/
33 BISKA 0. Ak Gumus, F. Kangalgil: Dynamics of a host-parasite megehected with immigration

(ii) If b> 2, thenF(x) — —c0 asx — 0.
(i) If0 <b< 2, thenF(x) — 0 asx — 0. There exist one critical poing which is local maximum of functiofr (x).
(iv) Let's define the following form

*

f=m 5

andg = (1+H*)".

from Eq.Q). f is decreasing it * whenH* > B andlimy._,g+g= . gis increasing irH* with g(B) = (1+B)°.

2.2 Equilibriumpoint (Hy , Py) of the system (1)

Theorem 2. In case of
(1+H)P(H; — B)

0
< RH;

<1

the system (1) has positive equilibrium point (H;, Py’) different from the positive equilibrium point (H*,0).

Proof. If system (1) is taken into account foH; # 0 andP; # 0, by using equilibrium point definition, we obtain as
follows.

Hi(14+H)P =RHie P + B(1+H))P = RHje P =H; (1+H))P— B(1+H))P
Hi (1+H)P—B(1+H;))P

e M= o : (5)
1
14+H;)P(H; —
s léH(*l B) (6)
1
such thaHj > B. If
(1+H)°(H; —B)
0< - <1, @
RH;
thenP; > 0. If we combine Eq.%) and the second equation of systetji (hen we get
Py = hj(a - AP, @
1
If Py is written in the first equation in systert)( we get
« e HHDPHE-B)
Hi = RH; o H (-t )JrB
(L+H;)b
"y 7<1+Hi)b<HIfB))
= (1+H{)°(H{ — B) =RH{e * o 9)
wpq (HHDP(HI—B)
= R=(1+H})P(1— %)e’“l C—
1

Now, let’s takeH; = x. Then we can write the last equality as
G(x) = (1—|—X)b(1— g)e?(’%e(lﬂ)b(lf%)_

Remark. SinceG(x) — 0 asx — o, there exist one critical point which is local maximum of ftina G. Here,G(3) =0,
G(B) = Lt > 0,
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2.3 Sability analysis of system (1)

In this section, we will examine the local stability of edoilum points. Firstly, we assume that inequalif) (s not
satisfied. Namely, we have only unique equilibrium pd@Hit,0). Let's write (1) as

RH

1+ Ht)befa‘LB

F(Hi,R) =

G(Hi,R) = H(1—e ™).

If the Jacobian matrix of systenm)(is created, then we have

—b-1 - —P _~P_RH
J_ R(1+H) 14+ (1-b)H]e & T ' (10)

(1—-eP) He P

The Jacobian matrix which is evaluated the neighborhod#l6f0) is written as

J_ (RAFH) P (1 -b)H] 58
0 H*
From this, we get that; = R(1+H*)"®"1[14 (1—b)H* andA, = H*. So,(H*,0) is local stable If

R(14+H*) P11+ (1-bH* <1landH* < 1. (11)

Let's assume thaR(1+H*)®1[14 (1—-b)H*] > 1 andH* > 1. So,(H*,0) is unstable, and the system & pas unige
equilibrium point(H;, Py). Let's consider charecteristic equation of Jacobian matfigystem {) for (H;,P;). So, we
get

A2 —trJA +det) =0.

If (see [1], page 64)
[trd| < 1+detd < 2, (12)

then(Hy,Py) is stable such that
trd = R(1+H;) ™1+ (2-b)Hjle™

RH;
(14H;)b

ok -

detd = R(1+H;) ® 1+ (1-b)H;]H{e P + (1—e P)e ™

As a result of this, we get th@H ', Py) is local stable from12) if

&P {R(l—i— H) P 3(1+ (2— b)) — (1— eF’f)%} e PIHIR(+H) P 1+ (1-b)HY) <1, (13)
1

e [R(1+ H)) P11+ (2—-b)H}) — (1— e%%} +e THRA+H)) ™Y1+ A —b)H)) > -1, (14)
1

and

RH;
1 <1 (15)

RA+HH P11+ (1-bHHe P+ (1-eP)ePl—L <1
( 1) 1+ (1-b)H]H; ( ) A+HP
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(a) Graph of the function of = G(x) (b) Graph of the function of = G(x)
and the line ofy = R such thatb = and the line ofy = R such thatb =
21,3=0.1andR=0.5. 21,8=11andR=0.5.
Fig. 1

Corallary 1. When the inequality (7) is not provided, (H*,0) is unige positive equilibrium point of system (1) under the

inequality —(B-bB *ZHZV(ffé)lfb)zM(Hﬁ ) < H*, b > 2. If the inequality (7) is provided such that

7(57bﬁ72”2”(572;)1%)2“(“8) < H*, b> 2, the system (1) has the positive equilibrium points (H*,0) and (H;", Py).

Corollary 2. If the system (1) has the equilibrium points (H*,0) and (H3, P;’), the following statements hold true.

(i) Iftheequilibriumpoint (H*,0) isnot stable, then the equilibriumpoint (H;, P') isstable under conditions(13),(2.3)
and (15).
(ii) If the equilibriumpoint (H;,Py) is not stable, then the equilibrium point (H*,0) is stable under condition (11).

Also, the following examples confirm our the theoreticalifes

3 Numerical simulations

Here, we confirm our theoretical results by using Matheraatiod Scientific WorkPlace 5.5 program. The initial
conditions are takeHy = 0.2 andP, = 0.1.

Example 1. Let's choose the system as

0.5H; _
Hopj=— e f
Ri1= Ht(l_eip[)

where the function&(x) as follows.

%2 L(x—
G(x) = (14+x)>1(1— g)eme)_

Example 2. Let's choose the system as

Hip1 = frac30H (1+H)%e 4
Ri1=H(1-e")
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(a) Time series diagram of the model (b) Time series diagram of the model
(1) whereb=2.1,3 =0.1 andR=0.5. (1) whereb=21,8=11andR=0.5.

Fig. 2

hy
by
hy
b
X
N
%
oy
&,
TN
»
N
.
-

o4 0 03

(@) Phase Diagram of the model (1) (b) Phase Diagram of the model (1)
whereb=2.1 3 =0.1 andR= 0.5. whereb=2.13=11andR=0.5.

Fig. 3
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(a) Time series diagram of the model (b) Time series diagram of the model (c) Time series diagram of the model (1)
(1) whereb=6,3 = 0,5 andR = 30. (1) whereb =6, = 0.9 andR = 30. whereb =6, = 10 andR = 30.

Fig. 4

where the function&(x) as follows

6y
(1- (14%)° (x ﬁ)).

G(x) = (1+x)8(1— = )€

X |

4 Discussion and conclusion

Most studies dealing with the immigration effect on popiolaimodels focus on the stability analysis of the equilibriu
points. When a population is exposed to an invasion, it ioirigmt to determine under what conditions the population’s
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equilibrium point will be stable or unstable. Even if the iagbon a population is a small constant value, it leads to majo
behavioral changes on populations. That is why we are istietldn exploring the consequences of immigration effect.
Does this effect reach the population exhibiting chaos ehar cyclical oscillations of long period to a balance by
restoring equilibrium point? In this paper, we investighiige equilibrium points of discrete-time host-parasitedel@nd
examined the local stability of this system. So, the impddhe immigration parameter on the system is presented as
mathematical consequences.which offer an effect thatlgiegathe system.
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