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A NEW RESULT FOR WEIGHTED ARITHMETIC MEAN
SUMMABILITY FACTORS OF INFINITE SERIES INVOLVING
ALMOST INCREASING SEQUENCES

SEBNEM YILDIZ

ABSTRACT. In this paper, a known theorem dealing with weighted mean sum-
mability methods of non-decreasing sequences has been generalized for |A, pn; d|,,
summability factors of almost increasing sequences. Also, some new results
have been obtained concerning }N,pn}k, |]\_/,pn; 5|k and |C, 1; 6], summability
factors.

1. INTRODUCTION

Let " a, be a given infinite series with the partial sums (s, ). We denote u% the
nth Cesaro mean of order a, with o > —1, of the sequence (s, ), that is (see [9]),

o i - a—1
un - A% UZ:OAnf'USU (1)
where
ag = O D@D (0T G0y g0 0 for mm0. ()

n!
A series ) a, is said to be summable |C,a; 6|, , kK > 1 and § > 0, if (see [10]),

o9
S g — [ < o, (3)
n=1

If we take 6 = 0, then we have |C, a|; summability (see [12]).
Let (pn) be a sequence of positive numbers such that

Pn:va—M)o as n—oo, (P;=p_;=0, i>1). (4)
v=0
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The sequence-to-sequence transformation

1 n
Wp = 55— PvSv )
o go (5)

defines the sequence (w,,) of the weighted arithmetic mean or simply the (N,p,,)
mean of the sequence (s,) generated by the sequence of coefficients (p,,) (see [I1]).
The (N, p,) mean of (s,,) reduces to the Cesaro mean (C,1) when (p,) = 1; to the
logarithmic mean (¢,1) when (p,) = %H [17). (N,p,) means were used in many
applications of summability theory such as Tauberian and Korovkin type- theorems
(see e.g. [18], [19] and [2]).

The series Y a,, is said to be summable |N,p,; 6|, k > 1 and § > 0, if (see [5]),

oo Sk+k—1
P7L
E () | Aw, 1 [F< oo (6)

Pn

n=1

where
Awp_q1 = S Xn:Pv_lav n > 1. (7)
PnPnfl — ’ -

In the special case if we take 6 = 0, we have | N, p,|x summability (see [3]). When
pn = 1 for all values of n, [N, p,;d|; summability is the same as |C, 1; |, summa-
bility. Also if we take 6 = 0 and k = 1, then we have |N, p,| summability.

Let A = (any) be a normal matrix. i.e., a lower triangular matrix of nonzero diago-
nal entries. Given a normal matrix A = (an,), we associate two lower semimatrices
A = (Gny) and A = (dp,) as follows:

n
Ony = g ani, mn,v=0,1,.. (8)
i=v
and
CALOO = app = aopo, &nv = Gpy — anfl,vu n= 17 27 (9)

Then A defines the sequence-to-sequence transformation, mapping the sequence
s = (sp) to As = (4,(s)), where

An(s) = Zamsv, n=0,1,.. (10)
v=0

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

n

n n v n
PRETD SYWPD S ST 370 e
v=0 v=0 1=0

1=0 v=1
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n n
= Zai&m = Z&,wav. (11)
=0 v=0

Since An—1,n = Z Ap—1,4 = 0,

n—1

AAH(S) = An(s) - An—l(s) = Zanvav - Z Ap—1,00y
v=0 v=0

n n
= Z(anv - an—l,’u)av + Gp—1,n0n = Z&nvav- (12)
v=0 v=0

The series ) a,, is said to be summable |A,p,;d|,, k> 1 and § > 0, if (see [16])

Sktk—1 i
Z (pn> |AA,(s)]" < o0 (13)

where
AA,(s) = Ap(s) — Apii(s), and AA,(s) = A,(s) — An_1(s).
By a weighted mean matrix we state

- %Z, 0<wv<n
n 0 v >n,

where (p,,) is a sequence of positive numbers with P, = pg+p1 +p2+ ... +pn — 00
as n — oo.

If we take 0 = 0, then |A, p,;d|, summability is the same as |A, p,|, summability
(see [20]) and if we take 6 = 0 and an, = %+, then |A,p,;d|, summability is the

same as | N, p,|x summability. Also, if we take 0=0, ap, = 1’;—” and p, = 1 for all

n, then |A, py;d|, summability is the same as |C, 1|, summability.

2. THE KNOWN RESULTS

Quite recently, Bor has proved the following theorems concerning on weighted
arithmetic mean summability factors of infinite series.

Theorem 1. [4] Let (X,,) be a positive non-decreasing sequence and suppose that
there exists sequences (8,,) and (A\,) such that

|AA’H| S ﬁn? (14)
B,—0 as n— oo (15)
Zn|A6n|Xn < 00, (16)
n=1
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If
i |82‘k =0(Xy) as m— oo, (18)
n=1
and (py) is a sequence that
P, = O(npy), (19)
Polpn = O(pnpn+1), (20)
then the series S an£222 is summable |N, py, |, k > 1.

nPn

Theorem 2. [0] Let (X,,) be a positive non-decreasing sequence. If the sequences
(Xn), (B,), (M), (pn) satisfy the conditions (14)-(17), (19)-(20) of Theorem 1,
and

m ok k
P7L n
() Jsal® =0(X,,) as m — oo, (21)
=1 \Pn n
m+1 dk—1
P, 1 P, 1
Z () =0 (()‘”“) as m — oo, (22)
S Pn Py Y2 P,
then the series Zan% is summable [N, pn;d|p, k> 1 and 0 < § < 1/k.

Theorem 3. [7] Let (X,,) be a positive non-decreasing sequence. If the sequences
(Xn), (B,), (A\n), and (pn) satisfy the conditions (14)-(17), (19)-(20) of Theorem
1, and

k
Z f(nlj_l =0(X,) as m— oo, (23)
NAn

n=1

then the series Zan%j\” is summable |N,pn; 0|k, k> 1 and 0 < § < 1/k.

Theorem 4. [7] Let (X,,) be a positive non-decreasing sequence. If the sequences
(Xn), (B,), (M), and (py) satisfy the conditions (14)-(17), (19)-(20) of Theorem
1, and

k
Z |)S("IJA =0(Xm) as m— oo, (24)
NAn

n=1

then the series > ay, Ij;‘p)‘" is summable |N, pp i, k > 1.

Theorem 5. [§] Let (X,,) be a positive non-decreasing sequence. If the sequences
(Xn) , (8,), (An), and (py) satisfy the conditions (14)-(17), (19)-(20) of Theorem
1, condition (22) of Theorem 2, and

m ok
Pn n k
g <Pn> nf(ﬁ_l =0(Xy) as m — oo, (25)

n=1
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then the series S an£22n is summable [N, pn;6lp, k>1,0<6 < 1/k.

7"p’n

We need the following lemmas.

Lemma 6. [I3] Under the conditions on (X,,), (B,,), and (A\,) as expressed in the
statement of Theorem 1, we have the following:

nX,f, = 0(1), (26)
> B < 0. (27)
n=1

Lemma 7. [I5] If the conditions (19) and (20) of Theorem 1 are satisfied, then
P\ _ (1

A(E)=0().

Remark 8. Under the conditions on the sequence (A,) of Theorem 1, we have that

(An) is bounded and AN, = O(1/n) (see [4]).

3. THE MAIN RESULTS

A positive sequence (b,,) is said to be almost increasing if there exists a positive
increasing sequence (z,) and two positive constants C' and B such that Cz, <b,, <
Bz, (see [1]). It is known that every increasing sequences is an almost increasing
sequence but the converse need not be true. In this paper we generalize Theorem
5 to |A, pn; |k summability method using almost increasing sequences and normal
matrix instead of non-decreasing sequences and weighted mean matrix, respectively.
The following our main theorem is generalized the above results concerning | N, p,, |x
and |N, pp;§|r summability methods.

Theorem 9. [22] Let k > 1 and 0 < 6 < 1/k. Let A = (any) be a positive normal
matriz such that

Go=1, n=0,1,.., (28)
Gp—1,v 2 Any, fOT n Z v+ ]-a (29)
Pn
nn — O(= 5 30
omn = O(22) (30
n—1
Z avvdn,v+1 = O(ann)7 (31)
v=1
m+1 ok dk—1
P, R P,
Z (> |Ay(@no)| = O () as m — 00, (32)
neotl Pn Dou

mZH <Pn>5k |n,vi1] = O { (PU)M} as m — oc. (33)

TL:’UJrl n p?)
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Let (X,,) be an almost increasing sequence. If the sequences (Xy,), (B,,), (An), and
(pn) satisfy all the conditions of Theorem 5, then the series Y  ay, {’j:p)‘" is summable
| A, pnidl,. k>1,0< 6 <1/k.

4. PROOF OF THEOREM 9

Proof. Let (V) denotes the A-transform of the series Zan%’\”. Then, by the
definition, we have that
. P
= Z AppQy v
=1

v

v
Applying Abel’s transformation to this sum, we have that
n—1 v n
- Ay Py A A P\
AVn:ZAU <anv v U>Zar+ann n nZaT
UPv r=1 "Pn r=1

P, G P,
AV —ZA <anv )\ >Sv+ann n)\nSn’

NPn

n—1 n—1
A annPTL)\n z : Pv)\’l) ~ j :
AVn = —S8n, + A (anu Sy + an U—‘,—lA A ( p ) Sy

"Pn v=1 UPv v=1
v+1
AN,
+ Z Qnp, v+1 v+ 1 pv+1 vSv
AV’I’L = Vn,l + Vn,2 + Vn,3 + Vn,4~
To complete the proof of Theorem 9, by Minkowski inequality, it is sufficient to

show that

s p N\ kth—1
Z <n> [Vorl¥ <00, for r=1,2,34
n=1 n

First, by applying Holder’s inequality with indices & and £/, where &k > 1 and
% + % = 1, we have that

m Sktk—1 Sktk—1 k &
Py k(Do k n]
Z <pn) | Va1 ‘ < Z ( ) G (p ) |Anl nk

n=1 n

m P, Sk+k—1 k‘sn| m P ok k—l 1 .
:O(I)Z pf | An] Z Tk [An] 7 | An]|sn]

m ok
P, 1 1 N
— 0(1)7;1 ) o XET IAnl|5n]
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m—1 m—1
1Y AMIX + O) A Xon = O(1) Y B, Xy + O(1)| A | Xy = O(1)
n=1 n=1

as m — o0o0.By applying Holder’s inequality with indices k and k', where & > 1 and
++4 % =1and as in V,, 1, we have that

m+1 P, Ok+k—1 L m+1 P, Sk+k—1
2 o [Vaz =3 (F
n=2 n=2

Pn Pn

n—1

Z By A, (&n’u)sv

v
v=1 Pv

m+1 Sk+k—1 (n—1 1 k k—1
= Z (p ) {Z|A any H>‘ ‘ |5v|]C <U> } {Z|A anv }
m+1 Sk+k—1 1 p k
—omy () Zm il sl 5 ()
n=2

v

m Sk kE m+1
P7l — 1 P’U A
—om Y (2] il (52) 3 18w
1 Dn Pv it
m Sk k
P, 1 .1 (P
-0y (52) e (5)
m P ok P k—1
W () sl il (57)
m ok 1 . 1
-owd () ke
m ok
P, 1 1
=0(1 ) ——s|F|X|- =001 .
();(pv> Xff_1|8|| \U (1) as m— o

Also, by using conditions of Theorem 9, we obtain that

mil s\ Stk mAl g N Skth—1 |n—1 k
z() Vs k:z(") zawHA( )Asu

n=2 Pn Pn

ok+k—1 1 n—
{Zavu an ’U+1‘/\ | |$U|k } X {Z avv&mv-‘rl}
v=1

Sk+k—1 n—1 k—1
P, . 1
) Y () el

Py
m+1

‘/\ |k 1‘)‘ H3U|k Z anv+1
n=v+1

m+1 k—1
m+1

i

v=1

”3\“ ”3\“

<
TN
v
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m Pv ok B 1
—om > () s

v=1 v

m ok
oMY (2) st =0(1) as m— oo,
p X5t v

v=1 v

Finally, by virtue of the hypotheses of Theorem 9, by Lemma 6, we have v3, =
O(X%J), then

m+1 Sktk—1 m41 Sktk—1 [n—1 k
P, P, P,
—= Vi |F= —r 041 AN
LG R () e
m+1 Skt+k—1 (n—1 n—1 k-1
= 0(1) Z (n) { a};q;k&n,v+1|A/\v|k5v|k} X {Z avvdn,v-i-l}
n=2 Dn v=1 v=1
m-+1 ok+k—1 n—1
—o Y (2]t Yk A s
n=2 Pn v=1
m ok P k—1 m+1
=0y () () [sul* I AN]T D g
v=1 Duv Do n=v+1
m ok m 1
—0W > () Il w85, = 0 S vhilsu iy
=1 Puv o UXU
m—1 v ok . m ok X
P, |Sr|k (Pv) |SU|k
=0(1 A(vg, — + O(1)mpg,, —
( )vzl ( 6 ); (p7> TXf_l ( ) 6 vgl Pov ’UXrL];c_l
m—1 m—1
=0(1) Y |A@WB,)|1Xy +O(1)mB,, X = O0(1) > |(v+ 1)AB, — B,|X,
v=1 v=1
+0()ymB,, Xm
m—1 m—1
=0(1) > v[ABIX, +0(1) > X8, +O0(1)mB,, Xm = O(1) as m — oo.
v=1 v=1
O

This completes the proof of Theorem 9.

Conclusion 10. If we take § = 0 in Theorem 9, then Theorem 9 reduces to |A, py |
summability theorem (see [21]).

Let (X,,) be a positive non-decreasing sequence. The following results have been
obtained.

1. If we take an, = %; in Theorem 9, then Theorem 9 reduces to Theorem 5.

2. If we take § = 0 and any = ;;—: in Theorem 9, then we obtain Theorem 4 and
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if we put § = 0 and k = 1 in Theorem 5, we have a known result of Mishra and
Srivastava dealing with |N,pn} summability factors of infinite series (see [19]).

3. If we take an, = %”; and p, = 1 for all values of n in Theorem 9, then we ob-
tain a known result of Mishra and Srivastava concerning the |C,1; 8|, summability
factors of infinite series.

4. If we take § =0, ay, = ;—Z and p, =1 for all values of n in Theorem 9, then we

obtain a known result of Mishra and Srivastava concerning the |C, 1| summability
factors of infinite series (see [14] ).
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