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ON STRONG N (A, F)-CONVERGENCE

HACER SENGUL AND ZELAL ARICA

ABSTRACT. In the papers [T. Bilgin, Studia Univ. Babeg-Bolyai Math. 46(4),
(2001), 39-46] and [T. Bilgin, Appl. Math. Comput. 151(3), (2004), 595-
600], author defined the spaces of strongly Ny (A, f) —convergent with respect
to a modulus sequences and strongly Ny (A, F') —convergent with respect to a
sequence of modulus functions sequences. In this paper, we introduce strong
N§ (A, F) —convergence with respect to a sequence of modulus functions and
give some connections between sets of strongly N§* (A4, F) —convergent with
respect to a sequence of modulus functions sequences and S§ (A)—convergent
sequences.

1. INTRODUCTION

In 1951, Steinhaus [33] and Fast [I7] introduced the concept of statistical con-
vergence and later in 1959, Schoenberg [32] reintroduced independently. Bhardwaj
and Dhawan [4], Caserta et al. [5], Connor [6], Cakalli [9], Cinar et al. [I0], Colak
[11], Et et al. ([13], [I5]), Fridy [19], Isik [24], Salat [31], Di Maio and Ko¢inac [12],
Demirci [7] and many authors investigated some arguments related to this notion.

A modulus f is a function from [0, 00) to [0, 00) such that

i) f(z) =0if and only if z =0,

i) f(z+y) < f(x) + f(y) for a,y > 0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous in everywhere on [0,00). A modulus may
be unbounded or bounded.

By a lacunary sequence we mean an increasing integer sequence 6 = (k) of
non-negative integers such that kg = 0 and h, = (k, — k.—1) — 00 as r — oo. The
intervals determined by 6 will be denoted by I, = (k,_1, k-] and the ratio kfil will
be abbreviated by ¢, and g1 = k; for convenience.
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In [20], Fridy and Orhan introduced the concept of lacunary statistically conver-
gence in the sense that a sequence (zy) of real numbers is called lacunary statisti-
cally convergent to a real number /, if

1
lim — kel :|zp -0 >} =0

r—00 h'r

for every positive real number ¢.

Lacunary convergence and lacunary statistical convergence were studied in ([IJ,
8], [16], [18], [20], [22],[23],[25], [35], [29], [37], [38]).

The notion of a modulus was given by Nakano [27]. Maddox [26] used a modulus
function to construct some sequence spaces. Afterwards different sequence spaces
defined by modulus have been studied by Altin and Et [3], Et et al. [14], Isik [24],
Gaur and Mursaleen [2I], Nuray and Savas [28], Pehlivan and Fisher [30], Sengiil
[34] and everybody else.

2. MAIN RESULTS

In this section, we will give the definition of lacunary strong Ng* (A, F') —convergence
where A = (a;x) is an infinite matrix of complex numbers and 0 < o < 1 and give
some results related to this concept.

Definition 1. [2] Let A = (a;x) be an infinite matriz of complex numbers. If
A; (z) = Y02, aixy, converges for each i then Az = (A; (x)) such that

Ny (A, F) = {x = () : lim hi > fi(|Ai (z) = £]) = 0 for some E}
r el
where F' = (f;) is a sequence of modulus functions such that lim, o+ sup; f;(u) =
0.

Definition 2. Let A = (a;;) be an infinite matriz of complex numbers, F' = (f;) be
a sequence of modulus functions and 0 < a < 1. We say that the sequence v = (xy)
18 lacunary strong A— convergent of order a to a number £ with respect to a sequence
of modulus functions (or N§ (A, F)—convergent to £) if

Ng(A F) = {a: = (x;): rlggohia Z fi(J4; (z) — £]) = 0 for some K} .
"iel,
In this case, we write x; — {(N§(A, F)) or N (A, F)—limz, = {£. Note that, if we
get fi = f, then N§(A, F) = N (A4, f). If A =1 unit matriz, we write Ng*(F) for
N§(AF).
N§ (A, F) are linear spaces. Suppose that z; — {(N§(A, F)) andy; — '(N§(A, F))
to show it. Then there exist integers Ty and Ty such that |a| < Ty and |b] < Ty. We

have
hiaZfi(

T el

Aj(ax + by) — (al + b))
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= 3 flfaAie) — 0+ b(Aiy) — 0))

hz icl,
< %Z(fxmmi(x)—e)\)wi( b(&(y)—é’)]))
r ie]
< ZﬂM N+T — Zﬂ ‘).
T i€l T iel,

This implies that ax + by — al + bl (N§ (A, F)).

Definition 3. Let A = (a;;) be an infinite matriz of complex numbers, F' = (f;) be
a sequence of modulus functions and 0 < a < 1. We say that the sequence v = (xy)
is strong A—convergent of order o to a number £ with respect to a sequence of
modulus functions (or w*(A, F)—convergent to £) if

w*(A, F) = {w = (x;) : nlingon% ifiin (x) —¢|) =0 for some E} .

i=1

In this case, we write z; — C(w*(A,F)). Note that, if we get f; = f, then
w*(A, F) =w*(A, f). If A= 1 unit matriz, we write w*(F) for w*(A, F).

Definition 4. [36] Let A = (a;;) be an infinite matriz of complex numbers. Then
a sequence x = (xy) is said to be lacunary A—statistical convergent to a number ¢
(or Sy (A)—convergent to £ ) if for every e > 0,

1
lim e Hiel :|Ai(x)— ¥4 > e} =0.

The set of all lacunary A—statistical convergence sequences of order « will be de-
noted by Sg(A). If 0 = 27, we write S*(A) instead of Sg(A).
Theorem 5. If N§'(A, F) —limz; = {1 and N§(A, F) —limz; = {y, then {1 = 5.

Proof. Since N§*(A, F) —limz; = ¢, and N§*(A, F) — limz; = {3, we can write

hmfot |Ai () = &a]) =

R
and
. 1
T{%O@ Z fi(l4; (z) — £2]) = 0.
i€l
‘We have
[ —la] = |l — Lo+ Aj(x) — Ai(x)]

IN

|Ai(z) — 1| + |Ai(z) — £o] .
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We get
1 1
hjZfz’Wl*ézD = hjZfi(|€1*£2+Ai($)*Ai($)\)
" el T iel,
1 1
< hjZfi(|14~z(90)—£1|)+h72fi(|f4i($)—52|)~

T el " iel,

This is possible with ¢; = /5. [l

Theorem 6. Let 0 < a < 1. If lim inf; # >0, then N§(A,F) C N§(A).

U— 00

Proof. If lim inf; filw) 0, then there exist a number 8 > 0 such that f;(u) > Su

U— 00 u

for all w > 0 and ¢ € N. Let x € NJ(A, F). It is clear that
1 1 1
g 2 fillAiw) =€) > 2 3 BAi(w) — 0 = B D Au(x) — 4]
T 4el, T 4el, T 4el,.

Therefore z; — ((Ng(A)).
If 8 =0, then N§*(A, F) C N§(A) may not be provided. Consider A = I and
filzx) = m%(i > 1,z > 0). Define x = (x;) by for r =1,2,3, ...

x__{ Vhy, i i=F,

0, otherwise.

We can write

1 1 1 L
S SA@D) = i (Vi) = ohE =0, (as = o)
T e, r r

for a > % and so x € Ng’a(A,F) C NJ (A, F). But

1 1 1
hjZMi(@\ :h72|$i\ :hfa\/hir—ﬂy (as 7 — o0)

" iel, " iel,
for o = % and
=3 @) = 2 3 il = oV — oo, )
ha i(x e - x; pa Ve 00, (as 1T — 00
i€l i€l
fora<i. z¢ Ng’a(A) C N§(A) is obtained. As a result § > 0 must be. O

Theorem 7. Let (f;) be pointwise convergent. If limf;(u) > 0 for u > 0, then
NG(A F) CSg(A) for0<a <1,
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Proof. Let € > 0 and x; — {(N§ (A, F)). If limf;(u) > 0, then there exist a number
K3
p>Osuchthat fi(e) > p for u > ¢ and i € N. We have

1
T Zfz |[Ai(z) = 1) = o > LllAd@) — 1)
7" i€l, r i€l
|A;(z)—Ll|>e

> MJ&EI |Ai(z) — £ = e} fi(e)

> gz lie dsldo) — 112 )
for 0 < a < 1. It follows that x; — £(Sg (A)). O
Theorem 8. Let 0 < o < 1. Iflim f; (u) > 0 for u > 0, then w*(A, F) C S*(A).

Proof. Let z; — ¢(w*(A, F')) be. From Theorem 7, we can write

Zfz A - = o > LA - 6)

n< —
[Ai(z)—L]>e
1 .
> i <n:|A@) — 0= i)
1
> p— i <n:|Ai) 0] 2 e}

and so z; — £(S*(A)). O

Theorem 9. i) Ifhmlnfq,, > 1, then w*(A, F) C N§ (A, F), for 0 < a < 1.
i) If limsup = Fa < 00, then Ng(A, F') Cw*(A,F), for0 < a < 1.

Proof ) Let z; — {(w*(A, F)) and liminf g, > 1. There exist a § > 0 such that

qr =
k) “6+1  \k ) “\0+1

for 0 < o < 1. We can write

fzfz|A D-t) 2

Y

x; — L(N§' (A, F)) is obtained.
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i1) If lim sup k§T < 00, then there is M > 0 such that kﬁr < M for r > 1. Now
r—1

suppose that z € N (A, F) and € > 0. We can find R > 0 and K > 0 numbers

such that sup,>p7; < ¢ and 7; < K for every ¢ = 1,2,3,.... Let ¢ be any integer

with k,_1 <t <k,. Forr >Rand 0<a <1

L3046 £ 2 3 A
i=1 =1 =1
= g (S A0+ Saiaw + s ;foz—(xm)
= k§11T1 + kz;fl To+ ...+ kRk:gkf_lTR + kR;;_l kRTR—i—l + .+ Fr = Koo k_;“k;_l r
< (r) e+ (o) B < e
We deduce z € w% (A, F). O

Theorem 10. Let 0 = (k,) and §' = (s,) be two lacunary sequences such that I, C
Jr for allm € N and let a1, aq, B and By be such that 0 < ag < ag < B, <[, <1,

() If

h
lim inf -2 >0 (1)
r—00 67.2
then fo‘:az (A,F) C Ny (A F),
(4i) If the modulus F' = (f;) is bounded and
lim L =1 (2)

r—oo h?

then Np%, (A,F) C NJ» (A F).
El , Q2

Proof. (i) Let z € NEF (A, F). We can write
&2

B2 B2
j(z f,»<|Ai<x>—£|>> > é(zfxmi(a:)—w)

keJ, kel,

B
hot
> o (Z FllA, (x)—en) .

kel,

Thus if z € Ne‘@fm (A,F), then w € Nj% (A, F).

(#7) Let x = (x) € Ngifll (A, F) and (2) holds. Assume that F' = (f;) is bounded.
Therefore f; () < K, for a positive integer K and all z > 0. Now, since I, C J,
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and h, </, for all » € N, we can write

By R
1
gaz > fillAi () — 1) = > fiAi (@) —4)
ke, " \keJ,.—I,
B,
gaz > FillA () - €))
kel,.
l 1 o
< r r B1 _ . . _
< (“g) e e (S a0
kel,.
0 — o 1 o
. <rhm )Kﬁl+ha2 S FillAi (2) - )
r kel,.
. B,
< 51 . . —
< (i) K 4 g | 5 A4 @ - )
kel,
for every r € N. Therefore Nfﬁal (A F) C Nﬁlaz (A F). O

Now as a result of Theorem 10 we have the following Corollary 11.

Corollary 11. Let § = (k) and 0 = (s,.) be two lacunary sequences such that
I. C J for allT € N.
(i) If (1) holds then, Ny (A, F) C Ng (A, F) for oy = ag =1 and B, = 5 = 1.
(it) If (2) holds then, Ng (A, F) C Ny (A, F) for a1 =az =1 and f; = B, = 1.
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